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preface 


This  book  is  intended  as  a general  introduction  to  modem  physics  for  science  and 
engineering  students.  It  is  written  at  a level  which  presumes  a prior  full  year's 
course  in  classical  physics,  and  a knowledge  of  elementary  differential  and 
integral  calculus 

The  material  discussed  here  includes  probability,  relativity,  quantum  me- 
chanics, atomic  physics,  statistical  mechanics,  nuclear  physics  and  elementary 
particles  Some  of  these  tOpicS,  such  as  statistical  mechanics  and  probability,  are 
ordinarily  not  included  in  textbooks  at  this  level.  However,  we  have  felt  that  for 
proper  understanding  of  many  topics  in  modern  p hysic s--suc h as  quantum  me- 
chanics and  its  applications--this  material  is  essential.  It  is  our  opinion  that 
present-day  science  and  engineering  students  should  be  able  to  v/ork  quanti- 
tatively with  the  concepts  of  modern  physics.  Therefore,  we  have  attempted  to 
present  these  ideas  in  a manner  which  is  logical  and  fairly  rigorous.  A number  of 
topics,  especially  in  quantum  mechanics,  are  presented  in  greater  depth  than  is 
customary.  In  many  cases,  unique  ways  of  presentation  are  given  which  greatly 
simplify  the  discussion  of  there  topics.  However,  few  of  the  developments  require 
more  mathematics  than  elementary  calculus  and  the  algebra  of  complex  num- 
bers; in  a few  places,  familiarity  with  partial  differentiation  will  be  necessary. 

Unifying  concepts  which  halve  important  applications  throughout  modern 
physics,  such  as  relativity,  probability  and  the  laws  of  conservation,  have  been 
stressed.  Almost  all  theoretical  developments  are  linked  to  examples  and  data 
taken  from  experiment.  Summaries  are  included  at  the  end  of  each  chapter,  as 
well  as  problems  with  wide  variations  in  difficulty. 

This  book  was  written  for  use  in  a one-semester  course  at  the  sophomore  or 
junior  level.  The  course  could  be  shortened  by  omitting  some  topics;  for  example. 
Chapter  7,  Chapter  12,  Chapters  13  through  15,  and  Chapter  16  contain  blocks 
of  material  which  are  somewhat  independent  of  each  other. 

The  system  of  units  primarily  used  throughout  is  the  meter-kilogram-second 
system.  A table  of  factors  for  conversion  to  other  useful  units  is  given  in  Appen- 
dix 4.  Atomic  mass  units  are  defined  with  the  atom  as  the  standard. 

We  are  grateful  for  the  helpful  comments  of  a large  number  of  students,  who 
used  the  book  in  preliminary  form  for  a number  of  years.  We  also  thank  our 
colleagues  and  reviewers  for  their  constructive  criticism.  Finally,  we  wish  to  ex- 
press our  thanks  to  Mrs.  Ruth  Wilson  for  her  careful  typing  of  the  manuscript. 
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principles  of  modern  physics 


L introduction 


.1  HISTORICAL  SURVEY 

The  term  modern  physics  generally  refers  to  the  study  of  those  facts  and  theories 
developed  in  this  century,  that  concern  the  ultimate  structure  and  interactions  of 
matter,  space  and  time.  The  three  main  branches  of  classical  physics-mechanics, 
heat  and  electromagnetism---were  developed  over  a period  of  approximately 
two  centuries  prior  to  1900.  Newton’s  mechanics  dealt  successfully  with  the 
motions  of  bodies  of  macroscopic  size  moving  with  low  speeds,  and  provided  a 
foundation  for  many  of  the  engineering  accomplishments  of  the  eighteenth  and 
nineteenth  centuries.  With  Maxwell's  discovery  of  the  displacement  current  and 
the  completed  set  of  electromagnetic  field  equations,  classical  technology  re- 
ceived new  impetus:  the  telephone,  the  wireless,  electric  light  and  power,  and  a 
host  of  other  applications  followed. 

Yet  the  theories  of  mechanics  and  electromagnetism  were  not  quite  consistent 
with  each  other.  According  to  the  Gafifeon  principle  of  relativity,  recognized  by 
Newton,  the  laws  of  mecharics  should  be  expressed  in  the  same  mathematical 
form  by  observers  in  different  inertial  frames  of  reference,  which  are  moving  with 
constant  velocity  relative  to  each  other.  The  transformation  equations,  relating 
measurements  in  two  relatively  moving  inertial  frames,  were  not  consistent  with 
the  transformations  obtained  by  Lorentz  from  similcir  considerations  of  form- 
invariance  applied  to  Maxwell's  equations.  Furthermore,  by  around  1900  a 
number  of  phenomena  had  been  discovered  which  were  inexplicable  on  the  basis 
of  classical  theories 

The  first  major  step  toward  a deeper  understanding  of  the  nature  of  space 
and  time  measurements  was  due  to  Albert  Einstein,  whose  special  theory  of  rela- 
tivity (1905)  resolved  the  inconsistency  between  mechanics  and  electromagnetism 
by  showing,  among  other  things,  that  Newtonian  mechanics  is  only  a first  ap- 
proximation to  a more  general  set  of  mechanical  laws;  the  approximation  is, 
however,  extremely  good  when  the  bodies  move  with  speeds  which  are  small 
compared  to  the  speed  of  light.  Among  the  important  results  obtained  by 
Einstein  was  the  equivalence  of  mass  and  energy,  expressed  in  the  famous 
equation  £ = mc^. 

From  a logical  standpoint,  special  relativity  lies  at  the  heart  of  modern 
physics.  The  hypothesis  that  electromagnetic  radiation  energy  is  quantized  in 
bunches  of  amount  hu,  where  V is  the  frequency  and  h is  a constant,  enabled 
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Planck  tD  explain  the  intensity  distribution  of  black-body  radiation.  This  occurred 
several  years  before  Einstein  published  his  special  theory  of  relativity  in  1905. 
At  about  this  time,  Bnsbein  also  applied  the  quantum  hypothesis  to  photons  in  an 
explanation  of  the  photoelectric  effect.  This  hypothesis  was  found  to  be  con- 
sistent with  special  relativity.  Simiiariy,  Bohr's  postuiate-that  the  eiectron's 
anguiar  momentum  in  the  hydrogen  atom  is  quantized  in  discrete  amounts — 
enabied  him  to  explain  the  positions  of  the  spectiai  iines  in  hydrogen.  These  first 
guesses  at  a quantum  theory  were  foilowed  in  the  first  quarter  of  the  century  by 
a number  of  refinements  and  ad  hoc  quantization  ruies;  these,  however,  achieved 
only  limited  success,  it  was  not  untii  after  1924,  when  Louis  de  Brogiie  proposed, 
on  the  basis  of  reiativity  theory,  that  waves  were  associated  with  materiai  par- 
ticles, that  the  foundations  of  a correct  quantum  theory  were  iaid.  Foiiowing 
de  Brogiie's  suggestion,  Schrodin9er  in  1926  proposed  a wave  equation  describ- 
ing the  propagation  of  these  partic ie-waves,  and  developed  a quantitative 
expianation  of  atomic  spectrai  iine  intensities,  in  a few  years  thereafter,  the 
success  of  the  new  wave  mechanics  revoiutioniKd  physics. 

Foiiowing  the  discovery  of  electron  spin,  Pauli's  exclusion  principle  was  rigor- 
ously established,  providing  the  expianation  for  the  structure  of  the  periodic 
tabie  of  the  elements  and  for  many  of  the  details  of  the  chemical  properties  of 
the  elements.  Statistical  properties  of  the  systems  of  many  particles  were  studied 
from  the  point  of  view  of  quantum  theory,  enabiing  Sommerfeld  to  expiain  the 
behavior  of  electrons  in  a metal.  Bloch's  treatment  of  electron  waves  in  crystais 
simpiified  the  application  of  quantum  theory  to  probiems  of  electrons  in  soiids. 
Dirac,  whiie  investigating  the  possibie  first  order  wave  equations  ailowed  by 
reiativity  theory,  discovered  that  a positiveiy  charged  electron  should  exist;  this 
particie,  cailed  a positron,  was  later  discovered.  These  are  oniy  a few  of  the 
many  discoveries  which  were  made  in  the  decade  from  1925-i  935. 

From  one  point  of  view,  modem  physics  has  steadiiy  progressed  toward  the 
study  of  smaiier  and  smailer  featuies  of  the  microscopic  sbucture  of  matter,  using 
the  conceptuai  toois  of  reiativity  and  quantum  theory.  Basic  understanding  of 
atomic  properties  was  in  principle  achieved  by  means  of  Sc hrodingeris  equation 
in  1926.  (in  practice,,  working  out  the  impiications  of  the  Schrodinger  wave 
mechanics  for  atoms  and  molecuies  is  difficult,  due  to  the  large  number  of 
variables  which  appear  in  the  equation  for  systems  of  more  than  two  or  three 
particies.)  Starting  in  1932  with  the  discovery  of  the  neutron  by  Chadwick, 
properties  of  atomic  nuciei  have  become  known  and  understood  in  greater  and 
gieater  detail.  Nuclear  fission  and  nuclear  fusion  aie  byproducts  of  these  ^dies, 
which  are  still  extremely  active.  At  the  present  time  some  details  of  the  inner 
structure  of  protons,  neutrons  and  other  particles  involved  in  nuclear  inter- 
actions aie  just  beginning  to  be  unveiled. 

Over  fifty  of  the  SO'COll^d  elementary  particles  have  been  discovered.  These 
particles  are  ordinarily  created  by  collisions  between  high-energy  particles  of 
some  other  type,  usually  nuclei  or  electrons.  Mo^  of  the  elementaiy  particles  are 
unstable  arxi  decay  into  other  more  ^ble  objects  in  a very  short  time.  The  study 
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of  these  particles  and  their  interactions  forms  an  important  branch  of  present-day 
research  in  physics. 

It  should  be  emphasized  that  one  of  the  most  important  unifying  concepts  in 
modem  physics  is  that  of  energy.  Energy  as  a conserved  quantity  was  well-known 
in  classical  physics.  From  the  time  of  Newton  until  Einstein,  there  were  no  funda- 
mentally new  mechanical  laws  introduced;  however,  the  famous  variational 
principles  of  Hamilton  and  Lagrange  expressed  Newtonian  lows  in  a different 
form,  by  working  with  mathematical  expressions  for  the  kinetic  and  potential 
energy  of  a system.  Einstein  showed  that  energy  and  momentum  are  closely  re- 
lated in  relativistic  transformation  equations,  and  established  the  equivalence  of 
energy  and  mass.  De  Broglie’s  quantum  relations  connected  the  frequency  and 
wavelength  of  the  wave  motions  associated  with  particles,  with  the  particle's 
energy  and  momentum.  Schrodinger^S  wave  equation  is  obtained  by  certain 
mathematical  operations  performed  on  the  expression  for  the  energy  of  a sy^em. 
The  most  sophisticated  expressions  of  modern-day  relativistic  quantum  theory  are 
variational  principles,  which  involve  the  energy  of  a system  expressed  in 
quantum-mechanical  form.  And,  perhaps  most  important,  the  stable  stationary 
Sates  of  quantum  ^Sems  are  Sates  of  definite  energy. 

Another  very  important  concept  used  throughout  modern  physics  is  that  of 
probability.  Newtonian  mechanics  is  a strictly  deterministic  theory;  with  the 
development  of  quantum  theory,  however,  it  eventually  became  clear  that 
microscopic  events  could  not  be  precisely  predicted  or  controlled.  Instead,  they 
had  to  be  described  in  terms  of  probabilities.  It  is  somewhat  ironic  that  proba- 
bility was  first  introduced  into  quantum  theory  by  Einstein  in  connection  with  his 
discovery  of  stimulated  emission.  Heisenberg's  uncertainty  principle,  and  the 
probability  interpretation  of  the  Schrodinger  wavefunction,  were  sources  of 
distress  to  Einstein  who,  not  feeling  comfortable  with  a probabilistic  theory,  later 
declared  that  he  would  never  believe  that  "God  plays  dice  with  the  world." 

As  a matter  of  convenience,  we  shall  begin  in  Chapter  2 with  a brief  intro- 
duction to  the  concept  of  probability  and  to  the  rules  for  combining  proba- 
bilities. This  material  will  be  used  extensively  in  later  chapters  on  the  quantum 
theory  ond  on  statistical  mechanics 

The  remainder  of  the  present  chapter  consists  of  review  and  reference  material 
on  units  and  notation,  placed  here  to  avoid  the  necessity  of  later  digressions. 

1.2  NOTAHON  AND  UNITS 

The  well-known  meter-kilogiram-second  (MKS)  system  of  units  will  be  used  in 
this  book.  Vectors  will  be  denoted  by  boldface  type,  :>uch  as  F for  force.  In  these 
units  the  force  on  a point  charge  of  Q coulombs,  moving  with  velocity  v in  meters 
per  second,  at  a point  where  the  electric  field  is  E volts  per  meter  and  the  mag- 
netic field  is  B webers  per  square  meter,  is  the  Lorentz  force: 


F = Q(E  + V X B) 


(1.1) 


4 Introduction 


where  v x B denotes  the  vector  cross-product  of  v and  B.  The  potential  in  volts 
produced  by  a point  charge  Q at  a distance  r from  the  position  of  the  charge  is 
given  by  Coulomb's  law: 

V(r)  = (1.2) 

4ir(o,r 

where  the  consent  Cq  given  by 

— ! —9  X 1 o’ newtons-m^/coulomb^  (1.3) 

(4^-£o) 

These  particular  expressions  from  electromagnetic  theory  are  mentioned  here 
because  they  will  be  used  in  subsequent  chapters. 

In  conformity  with  modern  notation,  a temperature  such  as  "300  degrees 
Kelvin"  will  be  denoted  by  300K.  Boltzmann's  constant  will  be  denoted  by 
kg  , with 

jicg  = 1.38  x 10”^^  jo  u le s/ m o le  c u le - K (1-4) 

A table  of  the  fundarTi&ntal  constants  is  given  in  Appendix  4. 

1.3  UNITS  OF  ENERGY  AND  MOMENTUM 

While  in  the  MKS  system  of  units  the  base  energy  unit  is  the  joule,  in  atomic  and 
nuclear  physics  several  other  units  of  energy  have  found  widespread  use.  Most  of 
the  energies  occurring  in  atomic  physics  are  given  conveniently  in  terms  of  the 
electron  volt,  abbreviated  eV,  The  electron  volt  is  defined  as  the  amount  of  work 
done  upon  an  electron  as  it  moves  through  a potential  difference  of  one  volt. 
Thus 

1 eV  = e X V = e(coulombs)  x i volt 

= 1.602  X 10  joules  (^-^) 

The  electron  volt  is  an  amount  of  energy  in  joules  equal  to  the  numerical  value 
of  the  electron's  charge  in  coulombs.  To  convert  energies  from  joules  to  eV,  or 
from  eV  to  joules,  one  divides  or  multiplies  by  e,  respectively.  For  example,  for  a 
particle  with  the  mass  of  the  electron,  moving  with  a speed  of  1%  of  the  speed  of 
light,  the  kinetic  energy  would  be 

- mv’’  = ^(9.11  X 10“^’kg)(3x  lO^m/sec)^ 

= 4.1x10“'®  joules 
4 . 1 X 10“'®  i 
" (1.6  X 10“”  j/eV) 

= 2.6  eV  (1.6) 

In  nuclear  physics  most  energies  are  of  the  order  of  several  million  electron 
volts,  leading  to  the  definition  of  a unit  called  the  MeV; 
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1 MeV  = 1 million  eV  = 10* eV 

= 1.6  X 10“’^  joules  = (1  0*e)joules  (1.7) 

For  example,  a proton  of  mass  1.667  x 10”^^  kg.  traveling  with  10%  of  the 
speed  of  light,  would  have  a kinetic  energy  of  approximately 

1 o 1 ( 1 . 6 7 X 10"^^  kg)(3  X 10^  m/sec)^ 

- Mv  — - 7^ 

2 2 (1.6  X 10^'^i/MeV) 

= 4.7  MeV  (1.8) 

Since  energy  has  units  of  mass  x (speed)^,  while  momentum  has  units  of 
mass  X speed,  for  mony  applications  in  nuclear  and  elementary  particle  physics 
a unit  of  momentum  called  MoV/c  is  defined  in  such  o way  that 

iMeV  10'  e, 

- kg-m/sec 

c c 

= 5.351  X 10~^®  kg-m/sec  (1-9) 

where  c and  e are  the  numerical  values  of  the  speed  of  light  and  electronic 
charge,  respectively,  in  MKS  units.  This  unit  of  momentum  is  particularly  con- 
venient when  working  with  relativistic  relations  between  energy  and  momentum, 
such  as  E = pc,  for  photons.  Then  if  the  momentum  p in  MeV/c  is  known,  the 
energy  in  MeV  is  numerically  equal  to  p.  Thus,  in  general,  for  photons 

E(in  MeV)  = p(in  MeV/c)  (i.io) 

Suppose,  for  instance,  that  a photon  hos  a momentum  of  10"^^  kg-m/sec.  Th^ 
energy  would  be  pc  = 3 x joules  = 1.9  MeV,  after  using  Equation  (1.7). 

On  the  other  hand,  if  p is  expressed  in  MeV/c,  using  Equation  (1.9)  we  find  that 

p = 10“^'  kg-m/sec  = 1.9  MeV/c 

The  photon  energy  is  then  £ = pc  = (1.9  MeV/c)(c)  = 1-9  MeV. 

1.4  ATOMIC  MASS  UNIT 

The  atomic  mass  unit,  abbreviated  amu,  is  chosen  in  such  a way  that  the  mass 
of  the  most  common  atom  of  carbon,  containing  sx  protons  and  six  neutrons  in  a 
nucleus  surrounded  by  six  electrons,  is  exactly  12.000000000  . . OfTlU.  This  unit  is 
convenient  when  discussing  atomic  masses,  which  are  then  always  very  close  to 
an  integer.  An  older  atomic  mass  unit,  based  on  on  atomic  mass  of  exactly 
16  units  for  the  oxygen  atom  with  8 protons,  8 neutrons,  and  8 electrons,  is  no 
longer  in  use  in  physics  rCSCOrch.  In  addition,  a slightly  different  choice  of  atomic 
mass  unit  is  commonly  US60  in  chemistry.  All  atomic  masses  appearing  in  this 
book  are  based  on  the  physical  scale,  using  carbon  as  the  standard. 

The  conversion  from  OmU  on  the  physical  scale  to  kilograms  may  be  obtained 
by  using  the  fact  that  one  gram-molecular  weight  of  a substance  contains 
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Avogadro's  number,  Nq  = 6.022  x 10^^,  of  molecules.  Thus,  exactly  12.000  . 
grams  of  atoms  contains  Ng  atoms,  and 


1 amu 


10-^  kg/g 


1.660  X 10  kg 


(1.11) 
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In  later  chapters,  many  different  types  of  wave  propagation  will  be  considered: 
the  de  Broglie  probability  waves  of  quantum  theory,  lattice  vibrations  in  solids, 
light  waves,  and  so  on.  These  wave  motions  can  be  described  by  a displacement, 
or  amplitude  of  vibration  of  some  phyacal  quantity,  of  the  form 

r)  = A cos  ( k X ± 0)/  + 0)  (112) 

where  A and  0 are  constants,  and  where  the  wavelength  and  frequency  of  the 
wave  arie  given  by 


A 


2tt 

k ’ 


27T 


(1.13) 


Here  the  angular  frequency  is  denoted  by  Oi;  = o(k),  to  indicate  that  the  fre- 
quency is  determined  by  the  wavelength,  or  wavenumber  k.  This  frequency- 
wavelength  relation,  Cc'  = w(k),  is  called  a dispersion  relation  and  arises  because 
of  the  basic  physical  laws  satisfied  by  the  particular  wave  phenomenon  under 
investigation.  For  example,  for  sound  waves  in  air,  Newton’s  second  law  of 
motion  and  the  adiabatic  gas  law  imply  that  the  dispersion  relation  is 


w 


vk 


(1.14) 


where  v is  a constant. 

If  the  negative  sign  is  chosen  in  Equation  (1.12),  the  resulting  displacement 
(omitting  the  phase  constant  0)  is 


\^(x,  f)  = A cos(kx  — wt)  = A cos 


(1.15) 


This  represents  a wave  propagating  in  the  positive  x direction.  Individual  crests 
and  troughs  in  the  waves  propagate  with  a speed  called  the  phase  speed, 
given  by 

W = — (1.16) 

k 


In  nearly  all  cases,  the  wave  phenomena  which  we  shall  discuss  obey  the 
principle  of  superposition-namely,  that  if  waves  from  two  or  more  sources 
arrive  at  the  same  physical  point,  then  the  net  displacement  is  amply  the  sum  of 
the  displacements  from  the  individual  waves.  Consider  two  or  more  wave  trains 
propagating  in  the  same  direction.  If  the  angular  frequency  w is  a function  of 
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the  wavelength  or  wavenumber,  then  the  phase  speed  can  be  a function  of  the 

wavelength,  and  waves  of  differing  wavelengths  travel  at  different  speeds. 
Reinforcement  or  destructive  interference  can  then  occur  as  one  wave  gains  on 
another  of  different  wavelength.  The  speed  with  which  the  regions  of  constructive 

or  destructive  interference  advance  is  known  as  the  group  speed. 

To  calculate  this  speed,  consider  two  trains  of  waves  of  the  form  of  Equation 
(1.15),  of  the  same  amplitude  but  of  slightly  different  wavelength  and  frequency, 

sjch  as 

i/',  = A COS  [(k  + 1/2  Ak)x  (o)  -h  Vi  Ao))f] 

i/'2  = A cos  [(k  - V2  Ak)x  — (o)  - Vi  Ao>)f]  (117) 

Here,  k and  o!  are  the  central  wavenumber  and  angular  frequency,  and  Ak, 
Ao)  are  the  differences  between  the  wavenumbers  and  angular  frequencies  of 
the  two  waves.  The  resultant  displacement,  using  the  identity  2 cos  A cos  fi  = 
COS  {A  + 13)  + cos  {A  — B),  is 

u = }j/2  {2  A cos  V7  (Akx  — Aa)f)l[  COS  (kx  — wt)  (1.18) 


This  expression  represents  Qwave  traveling  with  phase  speed  w/k,  and  with  an 
amplitude  given  by 


2 A COS  V2  {Akx 


Awt)  = 2 A cos  V2  Aic  X — t 

Ak 


(1.19) 


The  amplitude  is  a cosine  curve;  the  spatial  distance  between  two  successive  zeros 
of  this  curve  at  a given  instant  is  ir/Ak,  and  is  the  distance  between  two  suc- 
cessive regions  of  destructive  interference.  These  regions  propagate  with  the 
group  speed  Vy  , given  by 


A<jc  ^ijc{k) 

« “ X“  k dk 


(1.20) 


in  the  limit  of  sufficiently  small  Ak. 

Thus,  for  sound  waves  in  air,  since  (jj  = vk,  we  derive 

d{vk) 

''g  = = V = w (1.21) 

^ dk 


and  the  phase  and  group  speeds  are  equal.  On  the  other  hand,  for  surface 
gravity  waves  in  a deep  seo,  the  dispersion  relation  is 

w = |gfc+  k^T/p\'^^  (1.22) 

where  g is  the  gravitational  acceleration,  J is  the  surface  tension  and  p is  the 
denaty.  Then  the  phase  speed  is 


w 


O) 


k 


9 

k 


Tk 

P 


1/2 


(1.23) 
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whereas  the  group  speed  is 

^ 1 ( g + 3k^T/p  \ 

“ rfk  2 l^(gk  + k^T/prj 

If  the  phase  speed  is  a decreasing  function  of  k,  or  an  increasing  function  of 
wavelength,  then  the  phase  speed  is  greater  than  the  group  speed,  and  individ- 
ual crests  within  a region  of  constructive  interference-!. e.  within  a group  of 
waves-travel  from  rectr  to  front,  crests  disappearing  at  the  front  and  reappear- 
ing at  the  rear  of  the  group.  This  can  easily  be  observed  for  waves  on  a pool 
of  water. 


1.6  COM  P LEX  NUMBER!: 

Because  the  use  of  complex  numbers  is  essential  in  the  discussion  of  the  wavelike 
character  of  particles,  a brief  review  of  the  elementary  properties  of  complex 
numbers  is  given  here.  A complex  number  is  of  the  form  \p  = a -H  ib,  where 
0 and  b are  real  numbers  and  » is  the  imaginary  unit,  / = -"  1.  The  real  part 
of  \p  is  a,  and  the  imaginary  part  is  b; 

Re  ( a -I-  i b ) = a 

|m(a  + i b ) = b (1-25) 

A complex  number  ]p  zz  a -i-  ib  can  be  represented  as  a vector  in  two  dimensions, 
with  the  X component  of  the  vector  identified  with  Re(l/'),  and  the  y component 


Figure  1 ,1,  Two-dimensional  vector  representation  of  a complex  number  \f/  = a + h. 

of  the  vector  identified  with  Im  (\[/),  as  in  Figure  1 .1  . The  square  of  the  magnitude 
of  the  vector  is 

^ I ^ (1-26) 

The  complex  conjugate  of  = a -i-  ib  is  denoted  by  the  symbol  \p*  and  is  ob- 
tained by  replacing  the  imaginary  unit  i by  — 

l/'*  = a - ib 


(1.27) 
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We  can  calculate  the  magnitude  of  the  square  of  the  vector  by  multiplying  by 
its  complex  conjugate: 


I t/-  I ^ \p*\p  = (ibf  = 


(1.28) 


The  complex  exponential  function,  or  oxp  [id),  where  ^ is  a real  function 
or  number,  is  of  particulo'  importance;  this  function  may  be  defined  by  the 
power  series 


e''^  = ’ + (id)  + 


■ 2 

Then,  replacing  / everywhere  that  it 
imaginary  terms,  we  find  that 


2!  3! 

(1.29) 

ppears  by  --  1 and  collecting  real  and 


= 1-  ^4-^. 

2!  4! 

:=  COS  ^ sin  ^ 


+ i{e  - ^ + + 

' 3!  5! 


(1.30) 


Since  je'^["=  we  have  de  Moivre's  theorem: 

= COS  nO  + i sn  nO  = (cos  ^ f j sin  (1.31) 

Since  = e~*^,we  also  IQVe  the  following  identities: 


Re  e'  * 

cos  0 = 

^ ^ (e'^ 

+ e-'") 

(1.32) 

Im  e'®  = 

sin  9 = 

^ (e" 

2/1 

- e-'") 

(1.33) 

e'®  1 ^ =: 

= e°  = 

1 

(1.34) 
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i_ 
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A 

a — 
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The  integral  of  an  exponential  function  of  the  form  js 


— - + c o nsta  nt 

c 


and  this  is  also  valid  when  c is  complex.  For  example, 


I 


7T 


e'^dd 


L\  - e° 

i 0 i 

(cos  7T  + / sin  7T  — 1) 
i 

M + 0-1)  ^ ^ ^2; 

i i 


(1.36) 


(1.37) 
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Ihe  complex  exponential  function  is  a periodic  function  wifh  period  2tt.  thus 


gi(«  + 2i)  ^ ^ 27r)  + i sin  (0  + 27t) 

= cos  0 + i sin  0 

iS 


(1.38) 


More  geneiaiiy,  if  n is  any  positive  infeger  or  negative  integer, 

^,(«+2xn)  _ 

or  exp  (2n7ri)  = 1-  Converseiy,  if  exp  (j6)  = 1,  the  oniy  possibie  solutions  for 

6 are 

6 = 2irn,  n = 0,  ±1,  ±2,  ±3  , . . . (i.40) 


2 probability 


We  have  ninety  chances  in  q hundred. 

Napoleon  at  Waterloo,  1815 

The  commonplace  meaning  of  the  word  "chance'^  js  probably  already  familiar 
to  the  reader.  In  everyday  life,  most  situations  in  which  we  act  are  chorOCtCfizcd 
by  uncertain  knowledge  of  the  facts  and  of  the  outcomes  of  our  actions  We  are 
thus  forced  to  make  guesses,  and  to  take  chances.  In  the  theory  of  probability, 
the  concepts  of  probability  and  chance  are  given  precise  meanings.  The  theory 
not  only  provides  a systematic  way  of  improving  our  guesses,  it  is  also  an 
indispensable  tool  in  Sudying  the  abSract  concepts  of  modem  physics  To  avoid 
the  necessity  of  digressions  on  probability  during  the  later  development  of 
statistical  mechanics  and  quantum  mechanics,  we  present  here  a brief  intro- 
duction to  the  basic  elements  of  ptDbability  theory. 

When  Napoleon  uttered  the  statement  above,  he  did  not  mean  that  if  the 
Battle  of  Waterloo  were  fought  a hundred  times,  he  would  win  it  ninety  times. 
He  was  expressing  an  intuitive  feeling  about  the  outcome,  which  was  based  on 
years  of  experience  and  on  the  facts  as  he  knew  them.  Had  he  known  enemy 
reinforcements  would  arrive,  and  French  would  not,  he  would  have  revised  the 
estimate  of  his  chances  downward.  Probability  is  thus  seen  to  be  a relative  thing, 
depending  on  the  state  of  knowledge  of  the  observer.  As  another  example,  a 
student  might  decide  to  study  only  certain  sectiorhi  of  the  text  for  an  exam, 
whereas  if  he  knew  what  the  professor  knew-namely,  which  questions  were  to 
be  on  the  exam-he  could  probably  improve  his  chances  of  passing  by  studying 
some  other  sections 

In  physics,  quantitative  application  of  the  concept  of  chance  is  of  great 
importance.  There  are  several  reasons  for  this.  For  example,  it  is  frequently 
necessary  to  describe  qucintitotively  systems  with  a great  many  degrees  of 
freedom,  such  as  a jar  containing  10^^  molecules;  however,  it  is,  as  a practical 
matter,  impossible  to  know  exactly  the  positions  or  velocities  of  all  molecules  in 
the  jar,  and  so  it  is  impossible  to  predict  exactly  whot  will  happen  to  each  mole- 
cule. This  is  simply  because  the  number  of  molecules  is  so  great.  It  is  then  neces- 
sary to  develop  some  approximate,  ^atistical  way  to  describe  the  behavior  of  the 
molecules,  using  only  a few  variables.  Such  studies  form  the  subject  matter  of  a 
brench  of  physics  called  sfaiisficol  mechanics. 

Secondly,  since  1926  the  development  of  quantum  mechanics  has  indicated 
that  the  description  of  mechanical  properties  of  elementary  particles  can  only 
be  given  in  terms  of  probcibilities.  These  results  from  quantum  mechanics  have 
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profoundly  affected  the  physici^'s  picture  of  nature,  which  is  now  conceived  and 
interpreted  using  probabilities. 

Thirdly,  experimental  measurements  are  always  subject  to  errors  of  one  sort 
or  another,  so  the  quantitative  measurements  we  make  always  have  some  un- 
certainties associated  with  them.  Thus,  a person's  weight  might  be  measured  as 
176.7  lb,  but  most  scales  are  not  accurate  enough  to  tell  whether  the  weight 
is  176.72  Ibvy  or  176.68  lb,  or  something  in  between.  All  measuring  instruments 
have  similar  limitations.  Further,  repeated  measurements  of  a quantity  will 
frequently  give  different  values  for  the  quantity.  Such  uncertainties  can  usually 
be  best  described  in  terms  of  probabilities. 


2.1  DEFINITION  OF  PROBABILITY 

To  make  precise  quontltative  statements  about  nature,  we  must  define  the  con- 
cept of  probability  in  a quantitative  way.  Consider  an  experiment  having  Q 
number  of  different  possible  outcomes  or  results.  Here,  the  probability  of  a par- 
ticular result  is  simply  the  expected  fraction  of  occurrences  of  that  result  out  of  a 
very  large  number  of  repetitions  or  trials  of  the  experiment.  Thus,  one  could  ex- 
perimentally determine  the  probability  by  making  a large  number  of  trials  and 
finding  the  fraction  of  occurrences  of  the  desired  result.  It  may,  however,  be 
impractical  to  actually  repeat  the  experiment  many  times  (consider  for  example 
the  impossibility  of  fighting  the  Battle  of  Waterloo  more  than  once).  We  then 
use  the  theory  of  probability;  that  is  a mathematical  approach  based  on  a simple 
set  of  assumptions,  or  postulates,  by  means  of  which,  given  a limited  amount  of 
information  about  the  situation,  the  probabilities  of  various  outcomes  may  be 
computed.  It  is  hoped  that  the  assumptions  hold  to  a good  approximation  in  the 
actual  physical  situation. 

The  theory  of  probability  was  originally  developed  to  aid  gamblers  interested 
in  improving  their  income,  and  the  assumptions  of  probability  theory  may  be 
naturally  illustrated  with  simple  games.  Consider  flipping  a silver  dollar  ten 
times.  If  the  silver  dollar  is  not  loaded,  on  the  average  it  will  come  down  heads 
five  times  out  of  ten.  'The  fraction  of  occurrences  of  heads  on  the  average  is 
V,Q  or  V2  Then  we  say  that  probability  P(heads)  of  flipping  a head  in  one  try  is 
P(heads)  = V7  . similarly,  the  probability  of  flipping  a tail  in  one  try  is 

P(tails)  = 1/2  . 

In  this  example,  it  is  assumed  that  the  coin  is  not  loaded.  This  is  equivalent  to 
saying  that  the  two  sides  of  the  coin  are  essentially  identical,  with  a plane  of 
symmetry;  it  is  then  reasonable  to  assume  that  since  neither  side  of  the  coin  is 
favored  over  the  other,  on  the  average  one  side  will  turn  up  as  often  as  the  other. 
This  illustrates  an  important  assumption  of  probability  theory:  When  there  are 
several  possible  alternatives  and  there  is  no  apparent  reason  why  they  should 
occur  with  different  frequencies,  they  are  assigned  equal  probabilities.  This  is 
sometimes  called  the  postulate  of  equal  a priori  probabilities. 


2.2  Sums  of  probabf7f7/es 


2.2  SUMS  OF  PROBABILITIES 

Some  general  rules  for  combining  probabilities  are  also  illustrated  by  the  coin- 
flipplng  experiment.  In  every  trial,  it  is  certain  that  either  heads  or  tails  will  turn 
up.  The  fraction  of  occurrences  of  the  result  "either  hoQCls  or  tails"  mu^  be  unity, 
and  so 

^(either  heads  or  tails)  = ] (2.1) 

In  other  words,  the  probability  of  an  event  which  is  certain  is  taken  to  be  1. 

Further,  the  fraction  of  heads  added  to  the  fraction  of  tails  must  equal  the 

fraction  of  "either  heads  or  tails,"  and  so 

P(either  heads  or  tails)  = P(heads)  + P(tails)  (2-2) 

In  the  spec  la  I case  of  the  fair  coin,  both  P(heads)  and  P(tails)  a re  V2  , a nd  the 

above  equation  reduces  to  1 = 16  -h  16  . 

Moregenerally,  ifA,  B,  C,  , . .a  re  events  that  occur  with  probabilities 
P(A),  P(B),  P(C),  . . . , then  the  probability  of  either  A or  £l  occurring  will  be  given 
by  the  sum  of  the  probabilities: 

P{either  A or  B)  = P(A)  + P(6)  (2.3) 

Similarly,  the  probability  of  either  A or  6 or  C occurring  will  be 

P(either  A or  fi  or  C)  = P(A)  + P(B)  -t-  P(C)  (2.4) 

Here  it  is  assumed  that  the  labels  A,  6^  C,  . . . refer  to  mutually  exclusive  alterna- 
tives, so  that  if  the  event  A occurs,  the  events  B,  C,  .connot  occur,  and  so  on. 
The  above  relation  for  combining  probabilities  simply  amounts  to  addition  of  the 
fractions  of  occurrences  of  the  various  events  A,  6 and  C,  to  find  the  total  frac- 
tion of  occurrences  of  some  one  of  the  events  in  the  set  A,  B,  C. 

These  relations  may  easily  be  generalized  for  any  number  of  alternatives.  For 
example,  consider  an  experiment  with  six  possible  outcomes,  such  as  the  six 
possible  faces  of  a die  which  could  be  turned  up  when  the  die  is  thrown.  Imagine 
the  faces  numbered  by  an  index  / that  varies  from  1 to  6,  and  let  P,  be  the 
probability  that  face  / turns  up  when  the  die  is  thrown.  Some  one  face  will 
definitely  turn  up,  and  so  the  total  probability  that  some  one  face  will  turn  up  will 
be  equal  to  unity.  Also,  the  probability  that  some  one  face  will  turn  up  is  the 
same  as  the  probability  that  either  face  one,  or  face  two,  or  face  three,  or,.  . . , 
or  face  six  will  turn  up.  This  will  be  equal  to  the  sum  of  the  individual  probabili- 
ties P,.  Mathematia  lly, 

6 

1 = Z P'  (2.5) 

i = 1 

In  words,  this  equation  expresses  the  convention  that  the  probability  of  an  event 
which  is  certain  is  equal  to  i . It  also  utilizes  a generalization  of  the  rule  given  in 
Equation  (2.3),  which  says  the  probability  of  either  A or  6 is  the  sum  of  the 
probabilities  of  A and  of  B. 
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2.3  CALCULAHON  OF  PROBABIUHES  BY  COUNTING 

Given  a fair  die.  there  is  no  reason  why  the  side  with  the  single  dot  should  come 
up  more  often  than  the  side  with  five  dots,  or  any  other  side.  Hence,  according  to 

the  postulate  of  equal  a priori  probabilities,  we  may  say  that  P,  = P,,  and, 

indeed.  that  = P2  = P3  = P4  = P5  -■  Then  i P,  = 6P]  = X or 

P^  = and  hence  P,  = for  all  i.  This  simple  calculation  has  yielded 
the  numerical  values  of  the  probabilities  P..  A general  rule  which  is  very  useful 
in  such  calculations  may  be  stated  as  follows: 

The  probability  of  a particular  event  is  the  ratio  of  the  number  of  ways  this  event 
can  occur,  to  the  total  number  of  ways  all  possible  events  can  occur. 

Thus,  when  a die  is  thrown,,  six  faces  can  turn  up.  There  is  only  one  face  that  has 

two  dots  on  it.  Therefore,  the  number  of  ways  a two  dot  face  can  turn  up,  divided 
by  the  total  number  of  ways  all  faces  can  turn  up,  is  . 

If  one  card  is  drawn  at  random  from  a pack  of  cards,  what  is  the  probability 
that  it  will  be  the  ace  of  spades?  Since  the  ace  of  spades  can  be  drawn  in  only 
one  way,  out  of  a total  of  52  ways  for  all  possible  cards,  the  answer  is 

p (1  ace  of  spades) 

(52  possible  cards) 

or  P = Likewise,  if  one  card  is  drawn  from  a pack,  the  probability  that  it 

will  be  an  ace  is  (4  aces)/(52  possible  cards)  or  P = We  can  also 

consider  this  to  be  the  sum  of  the  probabilities  of  drawing  each  of  the  four  aces. 

2.4  PROBABIUTY  OF  SEVERAL  EVENTS  OCCURRING  TOGETHER 

Next  we  shall  consider  Q slightly  more  complicated  situation:  flipping  a coin 
twice.  What  is  the  probability  of  flipping  two  heads  in  succession?  The  possible 
outcomes  of  this  experiment  are  listed  in  Table  2.1. 


TABLE  2.1  Different  possible 
outcomes  for  flipping  a coin  twice. 


First  Flip 

Second  Hip 

heads 

heads 

heads 

tails 

tails 

heads 

tails 

tails 

(2.6) 


Since  there  are  two  possible  outcomes  for  each  flip,  there  are  two  times  two  or 
four  possible  outcomes  for  the  succession  of  two  coin  flips.  Since  there  is  no 
reason  to  assume  that  one  of  these  four  outcomes  is  more  probable  than  another, 
we  may  assign  each  of  the  four  outcomes  equal  probabilities  of  14.  The  total 
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number  of  outcomes  is  the  product  of  the  number  of  outcomes  on  the  first  flip  and 
the  number  of  outcomes  on  the  second  flip,  while  the  number  of  ways  of  getting 
two  heads  is  the  product  of  the  number  of  ways  of  getting  a head  on  the  first 
flip  and  the  number  of  ways  of  getting  a head  on  the  second  flip.  Thus, 

P(two  heads  in  succession) 

J # of  ways  for  head:i  on  flip  1 # of  ways  for  heads  on  flip  zl 

I # of  outcomes  on  flip  1 # of  OJtCOmes  on  flip  2 j 

= P(heads  on  flip  1)  x P{heads  on  flip  2) 


(2.7) 


ip/e  If  a die  is  rolled  twice  in  sucC6!>sion,  what  is  the  probability  of  rolling  the  snake 
eye  both  times? 

tion  P(snake  eye  twice)  = ('/^)  x ('4)=  V)/,- 

These  results  illustrate  another  general  property  of  probabilities:  If  two 
events  A and  6 are  independent-that  is,  if  they  do  not  influence  each  other 
in  any  way-then  the  probability  of  both  A and  6 occurring  is 

P(A  and  6)  = P(A)P(6)  (2.8) 

In  words,  the  probability  of  two  independent  events  both  occurring  is  equal  to 
the  product  of  the  probabilities  of  the  individual  events. 

rp/e  If  you  throw  a six-sided  die  and  draw  one  card  from  a pack,  the  probability  that 
you  throw  a six  and  pick  an  ace  (any  ace)  is  equal  to 

(1  X i-V 

\6  52/  78 

Another  way  to  obtain  the  answer  is  to  divide  the  number  of  ways  of  getting  the 
six  and  any  ace  (1  x 4),  by  the  total  number  of  ways  of  getting  all  possible 
results  (6  x 52),  or 

(1x4)  1 

(6  X 52)  = 78 

in  this  case. 


2.5  SUMMARY  OF  RULES  FOR  CALCULATING  PROBABIUT1ES 

We  may  summarize  the  important  features  of  the  probability  theory  discussed  so 
far  in  the  following  rules: 

(1)  The  probability  of  an  event  that  is  certain  is  equal  to  1. 

(2)  In  a set  of  events  that  can  occur  in  several  ways,  the  probability  of  a 
particular  event  is  the  number  of  ways  the  particular  event  may  occur,  divided  by 
the  total  number  of  ways  all  possible  events  may  occur. 
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(3)  (Postulate  of  equal  a priori  probabilities):  In  the  absence  of  any  contrary 
information,  equivalent  possibilities  may  be  assumed  to  have  equal  probabilities. 

(4)  If  A and  B are  mutually  exclusive  events  that  occur  with  probabilities 
P(A)  and  P(6),  then  the  probability  of  either  A or  6 occurring  is  the  sum  of  the 
individual  probabilities: 

P(A  or  6)  = P(A)  + P(B)  12,  J| 

(5)  If  A and  6 are  independent  events  that  occur  with  probabilities  P(A) 
and  P(B),  then  the  probability  of  both  A and  6 occurring  is  the  product  of  the 
individual  probabilities: 

P(A  and  B)  = P{A}P{B)  (2.10) 

2.6  DISTRIBUHON  FUNCHONS  FOR  COIN  FUPPING 

In  order  to  introduce  the  idea  of  a distribution  function,  we  continue  with  some 
examples  of  c o In-tossing . Distribution  functions  are  functions  of  one  or  more  inde- 
pendent variables  which  label  the  outcomes  of  some  experiment;  the  diSribution 
functions  themselves  are  proportional  to  the  probabilities  of  the  various  out- 
comes (in  some  case's  they  are  equal  to  the  probabilities).  The  variables  might 
be  discrete  or  continuous.  Imagine,  for  example,  a single  experiment  consisting 
of  flipping  a coin  N times,  when  N might  be  some  large  integer.  Let  be  the 
number  of  times  heads  turns  up  in  a particular  experiment.  If  we  repeat  this 
experiment  many  times,  then  can  vary  from  experiment  to  experiment.  We 
shall  calculate  the  probability  that  heads  will  turn  up  out  of  N flips;  this 
probability  will  be  denoted  by  (^h)-  Here  the  independent  variable  is  Hh; 
and  the  quantity  which  for  fixed  N is  a function  of  Oh/  is  an  example 

of  a distribution  function.  In  this  case,  the  function  only  has  meaning  If  is  a 
nonegative  integer  not  greater  than  N. 

To  get  at  the  problem  of  finding  PN(riH)/  define  P^^  to  be  the  probability 
of  getting  a head  in  the  first  toss  and  Pj]  to  be  the  probability  of  getting  a tail 
(both  are  16  for  a fair  coin  but  differ  fromi  Vi  for  a weighted  coin).  Then  P^y  + 
Pj-\  =1.  Likewise  for  the  sec ond  toss,  P h2  + 1 • If  th e se  two  e xp  re  ssio  n s 

are  multiplied  together,  we  get  Ph1^H2+  ^H]Pt2  + ^n^H2+  ^71^72=  1- 

Note  that  these  four  fprniiS  correspond  to  the  four  possibilities  in  Table  1,  and  that 
each  term  gives  the  probability  of  getting  the  heads  and  tails  in  a particular 
o rd  e r. 

In  N tosses, 

(Phi+  Pr^)(PH2  + Pn)---(PHN  + PTN)  ^ 1 12.11) 

and  when  the  products  on  the  left  are  carried  out,  the  various  terms  give  the 
probabilities  of  getting  heads  and  tails  in  a particular  order.  For  example,  in 
three  tosses,  the  product  of  Equation  (2.1  1)  contains  eight  terms,  one  of  which  is 
PfiP^jPra*  is  equal  to  the  probability  of  getting  a tail,  a head  and  a 

tail,  in  that  order,  in  three  tosses.  If  we  were  interested  only  in  the  probability  of 
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getting  a given  total  number  of  heads  in  N tosses  regardless  of  order,  we 

would  take  all  the  terms  which  contain  factors  of  the  form  regardless  of 

the  subscript  numbers,  and  simply  find  their  sum.  This  is  equivalent  to  dropping 

all  numerical  subscripts  and  combining  terms  with  similar  powers  of  P,. 

If  the  expression  on  the  left  of  the  equation,  (P.  4 Pj)^  = 1,  is  expanded, 
Du  _ N-nu 

the  term  proportional  to  (Ph)  ’(Pr)  ^he  probability  of  getting  heads 

ond  N — tails  in  N tosses,  regardless  of  order.  According  to  the  binomial 
theorem. 


(Ph  + Pj)^  - Z 


N ! 


0 [nnKN  n„)!] 


p "Hp 


(2.12) 


where  zero  factorial  (O!)  is  defined  to  be  one  and  n!  = n(n  — l)(n  — 2)  » * « 
3‘2‘1.  The  reader  may  recognize  the  binomial  coefficient  N!/n^!(N  “■  n,)!  as 
the  number  of  ways  of  selecting  objects  from  a total  of  N objects,  regardless 

of  order,  or  in  our  case,  the  number  of  ways  of  getting  heads  in  N tosses  Thus, 
□ given  term  is  the  total  number  of  different  ways  of  getting  heads  times  the 

,nu/_ 

probability,  (P^ ) (Pj)  , getting  heads  in  one  of  these  ways.  There- 

fore, in  the  special  case  of  a fair  coin  when  P^  = Pj  = 16  , the  probability  of 
getting  heads  in  N tosses,  regardless  of  order,  is 


N ! 1 

^ (2-13) 

In  Figures  2.1  through  2.4,  the  probability  Pf<^(riH)  of  Equation  2.13  is  plotted 
as  o function  of  for  N = 5,  ‘I  0,  30  and  100.  It  may  he  seen  that  as  N becomes 
larger,  the  graph  approaches  a continuous  curve  with  a symmetrical  bell-like 
:>hape.  The  function  P^  ) is  o a Med  a probability  c/rs/ntu/zOD  function,  because 
lit  gives  a probability  as  a function  of  some  parameter,  in  this  case  n^. 

ip/e  1(a)  Consider  a coin  which  i>  loaded  in  such  a way  that  the  probability  P^  of 
flipping  a head  is  P^  = 0.3.  The  probability  of  flipping  a tail  is  then  Pj  = 0.7. 
'What  is  the  probability  of  flipping  two  heads  in  four  tries? 


*/on  Use  Equation  (2.13)  with  N = 4,  = 2;  the  required  probability  is 

“ (PHfiPrf  - 0-2646 

ip/e  1 (b)  What  is  the  probability  of  getting  at  least  one  head  in  four  tries,  i.e.  either 
one  or  two  or  three  or  four  heads? 


‘ion  The  probability  of  getting  at  least  one  head  is  the  same  as  the  probability  of 
not  getting  four  tails,  which  is  one  minus  the  probability  of  getting  four  tails. 
In  this  case, 

41  n 

P (getting  all  four  tails)  = — ^ (Ph)  (Pt)  = 0.2401; 

0!4!  ^ ^ " ' 

Th  e re  f o re , 

P (at  least  one  head)  = 1 - 0.2401  r:  0.7599 
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Rguie  2.1.  Probability  of  getting  heads  Figure  2.2.  Probability  of  getting  heads 

in  5 tosses  in  10  tosses 


Figure  2.3.  Probability  of  getting  heads 
in  30  tosses 


Figure  2.4.  Probobility  of  getting  heads 
in  100  tosses 


2.7  More  fhon  two  possible  OU/cODieS  19 

p/e  2(a)  If  the  probability  of  getting  all  the  forms  filled  out  correctly  at  registration 
is  0.1,  what  is  the  probability  of  getting  all  forms  filled  out  properly  only  once 
during  registrations  in  three  successive  terms? 

ion  Ihe  probability  of  not  getting  the  forms  correct  is  0.9  each  time.  Ihen  the  desired 
probability  is 

:j^[;^(0.1)'(0.9)^  =0.243 

p/e  2(b)  What  is  the  probability  of  filling  out  the  forms  correctly  in  one  or  more  of 
the  three  registrations? 

ion  This  is  one  minus  the  probability  of  doing  it  incorrectly  every  time  or 

1 ^ (0.9)^  = 0.27  1 


!.7  DIS1RIBUHON  FUNCHONS  FOR  MORE  IHAN  IWO  POSSIBLE 
OUTCOMES 


Suppose  we  consider  another  experiment  in  which  there  are  four  possible  results, 
A,  B,  C.  and  D.  in  a single  trial.  The  probabilities  for  each  result  in  this  trial  ore, 
respectively,  and  Pp  = 1 — p^  — Pg  — P,,  If  the  quantity  on  the  left 

side  of  the  equation 

(PA  + Pj  + PC  + Pof  = 1 (2.14) 


is  expanded,  the  term  proportional  to 


(Pa)"*  {Pb)"'(Pc)"^{pS^"*^"' 

is  the  probability  that  in  N trials  result  A occurs  times,  6 occurs  ne  times, 
Coccursr)ctimesand,ofcourse,  Doccurs  Do  times,  with  f70  = N n^™n5  — nc. 
A generalized  multinomial  expansion  may  be  written  os  follows: 


+ y + z 


\N 

w)  = 


p.q.r 

p + q + r< 


N! 


p!q!r!(N  - p _ q _ r)! 


x'’y‘'z' 


(2.15) 


The  probability  that  A OCCL'I'S  Boccurs  n,i  times,  and  C occurs  rif 

times  in  N trials  is  therefore 


Pn[n^,ni,nc) 


1^ 

fixlnelncllN  — n* 


r"A 


(Pb)“(Pc) 


N-nj,-nD-nr 


(2.16) 


The  genera  lizotion  to  the  case  of  any  number  of  alternatives  in  the  results  of  a 
single  trial  is  obvious. 


2 0 Probability 


example 


In  throwing  a die  three  times,  with  six  possible  outcomes  on  each  throw,  the 
probability  of  throwing  two  fours  and  a three  is 


2,8  EXPECTATION  VALUES 


One  of  the  important  uses  of  a probability  distribution  function  arises  in  the 
computation  of  averages.  We  shall  obtain  a general  formula  for  the  computa- 
tion of  an  average  using  a distribution  function.  Suppose  that  over  several 
months  a student  took  ten  examinations  and  made  the  following  grades:  91  once, 
92  twice,  93  once,  94  four  times,  95  twice.  Figure  2.5  is  a plot  of  the  number. 


f(n) 


90  91  92  93  94  95 

Figure  2.5.  Grade  distribution  function. 


f{n),  of  times  the  grade  n was  made,  as  a function  of  n.  This  function  f(n)  is  also 
called  a distribution  function,  but  it  is  not  a probability  distribution  function, 
since  f(n)  is  the  number  of  occurrences  of  the  grade  n,  rather  than  the  proba- 
bility of  occurrences  of  the  grade  n.  To  compute  the  average  grade,  one  must 
add  up  all  the  nurn6riicol  grades  and  divide  by  the  total  number  of  grades.  Using 
the  symbol  (n)  to  denote  the  average  of  n,  we  have 


(n) 


91  J-  92  4-  92  -H  93  -H  94  -H  94  -F  94  -F  94  -F  95  -F  95 

1+1  + 1 + 1 + 1 + 14-1  + 1 + 1 + 1 


(2.17) 


In  the  numerator,  the  grade  91  occurs  once,  the  grade  92  occurs  twice,  94  occurs 
four  times,  and,  in  general,  the  grade  n occurs  f(n)  times.  Thus,  the  numerator 
may  be  written  as  (1  x 91)  + (2  x 92)  + (1  x 93)  + (4  x 94)  + (2  x 95)  or, 
in  terms  of  n and  f(n),  the  numerator  is  ^ n f(n),  where  the  summation  is  over 
all  possible  n.  In  the  denominator,  there  is  a 1 for  each  occurrence  of  an  exam. 
The  denominator  is  then  the  total  number  of  exams  or  the  sum  of  all  the  f{n). 
Thus,  a formula  for  Ihe  denominator  is  ^ f(n),  summed  over  all  n.  Now  we  can 
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write  a general  expression  \r\  terms  of  n and  f(n)  for  the  average  value  of  n.  It  is 

(n)  = ^ (2.18) 

Z^f  ( n ) 

In  this  case,  the  average  grode  turns  out  to  be  93.4.  If  the  student  were  to  take 
several  more  examinations,  then,  on  the  basis  of  past  (experience,  it  could  be 
expected  that  the  average  grade  on  these  new  examinations  would  be  93.4. 
For  this  reason,  the  average,  (n) , .is  a so  called  the  expecfaf/on  value.  Expecta- 
tion values  are  of  considerable  importance  in  quontum  mechanics. 

As  a further  example,  suppose  you  made  grades  of  90,  80,  and  90  on  three 
examinations.  The  expoctatiOfl  value  of  your  grade  A'ould  be  (80  2 x 90)/ 

(1  -F  2)  = 86.67. 


2.9  NORMALIZATION 


For  any  distribution  function  f(n),  the  value  of  the  reciprocal  of  the  sum  ^ f(n)  is 
called  the  normalizafion  of  the  distribution  function.  It  f(n)  ==  N,  we  say  that 
f(n)  is  normalized  to  the  value  N,  and  the  normalizotion  is  l/N.  Since  the  sum 
of  the  probabilities  of  all  events  is  unity,  when  f(n)  is  a probability  distribution 
function,  it  is  normalized  to  jnity: 

Lf{n)-  1 (2.19) 

Equation  (2.18)  refers  to  the  expectation  of  the  ndependent  variable, 
Flowever,  in  some  applications  it  might  be  necessary  to  know  the  expectation 
values  of  n , or  n , or  of  some  other  function  of  n.  In  general,  to  find  the  average 
or  expectation  value  of  a function  of  n,  such  as  A(n),  one  may  use  the  equation: 


(A(n)) 


'^A(n)f{n) 

X^(") 


(2.20) 


.10  EXPECTAHON  VALUE  OIF  THE  NUMBER  OF  HEADS 

For  a more  detailed  example  of  an  expectation  value  calculation,  we  return  to 
the  flipping  of  a coin.  As  WOS  seen  before,  if  a number  of  experiments  are  per- 
formed in  each  of  which  the  coin  is  flipped  N times,  wC!  would  expect  that,  on  the 
average,  the  number  of  heads  would  be  N/2,  or  = N/2.  To  obtain  this 

result  mathematically  using  Equation  (2.18),  we  shall  evaluate  the  sum 

N 

<"h)  = X ImPnIoh) 


(2.21) 


2 2 Probabilify 


Here'^  f{n)  = {rtfi)  = 1 , since  Pi^(rin)  is  a probabiiity  distribution  function 

‘with  a normaiization  of  unity.  Therefore,  the  denominator  has  been  omitted. 
From  Equation  (2. 1 3),  (n^ ) = N!/j2’^nn!(N  n„)!jfor  a fair  coin.  Hence, 


("H>  = X! 


hnN! 

[2%„!(N  - n„)!] 


(2.22) 


‘The  result  is  indeed  N/2.  The  reader  who  is  not  interested  in  the  rest  of  the  details 
of  the  calculation  can  <,kip  to  Equation  (2.26). 

We  have  to  evaluate  the  summation  in  {nn)  = T.«H-onHN\/[2'^nH\(N  (!„)!]. 

We  can  calculate  this  by  a little  bit  of  relabeling.  First,  note  that  the  term  corre- 
sponding to  = 0 does  not  contribute  to  the  sum  because  the  factor  is  inside 
the  sum,  and  in  the  denominator  there  is  O!,  which  is  defined  to  be  1.  Therefore, 
instead  of  going  from  0 to  N,  the  sum  goes  effectively  from  1 to  N.  It  is  easily 
verified  that  after  using  the  following  identities: 


N!  = N(N  - 1)!;  — 

iDh! 


' ; (N  - n„)!  = (N 

(n„  - 1)! 


and 


2^ 


2_2n 


[n,  - 1])! 

(2.23) 

(2.24) 


Then  factoring  out  an  N/2,  we  get 


N 


(2.25) 


Then,  for  fT)  = 1,  the  summation  over  from  1 to  N can  be  rewritten 

as  follows: 


<"h)  = 


N - I 

1 

- N 

2 


m!(N  - 1 -m)!]  2 \2 


lV-'_  1 ^ 

2/  “2  ^(2-26) 


This  result  agrees  with  our  intuitive  idea  of  an  expectation  value.  The  result  does 
not  mean  that,  in  an  actual  experiment,  heads  will  come  up  exactly  N times, 
but  heads  will  only  COme  up  ’/2  N times  on  the  average  after  repeating  the 
N tosses  many  times. 


2.11  EXPERIMENTAL  DETERMINA110N  OF  PROBABIUIY 

Our  previous  discussion  has  suggested  that  we  could  experimentally  measure 
the  probability  of  S0rri6  particular  result  by  repeating  the  experiment  many  times. 
That  is,  the  probability  of  an  event  should  be  equal  to  the  fractional  number  of 
times  it  occurs  in  a series  of  trials.  For  example,  if  you  know  a coin  is  loaded,  you 
cannot  assume  that  P(heods)  = P(tails),  and  it  might  be  difficult  to  calculate 
these  probabilities  theoretically.  One  way  to  find  out  what  P(heads)  is,  would  be 


2.1  I fxpenmenfo/  c/e;ferm/no//on  of  probability 


to  flip  the  coin  many  times,  compute  n^/N,  and  set  the  result  equal  to  P(heads). 
Thus,  if  N is  very  large,  we  should  find  that 

IJi  = P(heads)  (2.27) 

N N 


Figure  2.6.  Graph  of  fractional  number  of  [■  eads  in  N tosses 

Figure  2.6  is  a graph  of  n^/N  as  a function  of  N in  (jn  actual  experiment.  Note 
the  logarithmic  horizontal  scale.  From  the  graph  we  sg©  that  for 


N = 1, 


N 


1 0 


N'  ■ 


= 0.3; 


N 


100, 


N 


0.52 


As  N becomes  very  large,  it  is  seen  that  n^/N  tends  to  Vz  • In  this  case,  therefore, 

P(heads)  = lim  - I (2.28) 

N N-:c  N 2 

Although,  as  N — > oc  , one  would  obtain  a unique  value  for  P(heads),  one  may 
see  from  the  graph  that  in  actual  practice  the  value  of  n^/N  for  any  finite  N may 
be  greater  or  less  than  !/2  , and  generally  could  oscillate  about  V2  in  some  ran- 
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dom  fashion;  the  amplitude  of  these  oscillations  should  decrease,  however,  as  N 
increases 

2.12  EXPERIMENTAL  ERROR 


Since,  in  practice,  we  have  to  stop  an  experiment  after  some  finite  number  of 
repetitions  of  the  measurements,  we  would  like  to  know  how  much  error  we  are 
making  on  the  average  when  we  do  this.  In  Figures  2.7  and  2.8  are  given  the 


Experiment  number  Experiment  number 

Figure  !2.7.  Figure  2.8. 

actual  fractions  n^/N,  obtained  in  several  repetitions  of  an  experiment  in  which 
a coin  was  flipped  M times.  In  the  first  experiment,  N = 4;  in  the  second, 

N = 10.  One  can  see  qualitatively  that  the  points  in  the  N = 10  case  lie  gen- 
erally closer  to  the  mean  value  of  V2  than  they  do  in  the  N = 4 case.  Judging 
roughly  from  the  scatter  of  the  values  of  n^/N  in  Figure  2.7,  one  might  expect 
the  error  made  in  stopping  at  N = 4 to  be  about  0.2,  whereas  in  Figure  2.8  it 
would  be  slightly  smaller.  Thus,  generally  speaking,  we  expect  the  error  to 
decrease  as  the  number  of  repetitions  of  the  measurement  increases 

2.13  RMS  DEVIATION  FROM  THE  MEAN 

Flow  can  we  define  a precise  numerical  measure  of  the  error?  One  way  would  be 
to  average  the  distances  of  the  points  n^/N  from  the  mean  value  In  using 

such  a measure  we  would  have  to  be  careful  to  take  the  magnitude  of  the 
distances;  if  we  took  some  di^ances  as  positive  and  others  as  negative,  we  might 
calculate  that  the  error  was  zero,  which  is  not  reasonable.  A similar  measure  of 
error  which  is  better  for  many  purposes  is  the  square  root  of  the  average  of  the 
squared  differences  of  the  points  from  the  mean  value.  This  is  called  the  root 
mean  squared  deviation  from  the  mean. 

To  illustrate  what  is  meant,  let  us  imagine  that  a coin  is  flipped  N times.  The 
mean^nH^  for  a large  number  of  experiments  N should  be  I/2  N.  Consider  the 
difference  for  a single  experiment  with  N flips.  This  difference  is 

called  the  deviation  from  the  mean.  The  squared  deviation  from  the  mean  would 
be  just  (dh  ""  . FI  e re  as  usual,  is  the  average  of  over  many 
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experiments,  and  is  the  result  for  any  one  experiment.  If  we  repeated  the 
experiment  many  times  and  averaged  this  squared  deviation  from  the  mean, 
(n^  — the  experiments  to  obtain  then  this  averaged 

squared  deviation  from  the  mean  would  be  a measure  of  the  square  of 
the  expected  error.  Thus,  0 measure  of  the  expected  error  would  be 
V ((hh  - the  root  mean  sq  u a re  d deviation  from  the  mean,  or  rms 

error  for  short. 

The  mean  squared  error  may  be  reduced  to  another  form  which  is  also  some- 
times useful.  First,  write  out  the  square  as  follows: 

(n„  ~ - 2nn(n„}  H-  (2.29) 

If  we  take  the  average  of  both  sides  of  this  equation,  then,  since  the  average 
of  a sum  of  terms  may  be  computed  term  by  term,  we  have 

((f>H  - = ("h)  - <2nH<nH»  + (2.30) 

But  from  Equation  2.20,  the  average  of  O constant  is  just  the  same  constant, 
so  = ^Hh^^.AIso  from  Equation  2.20,  for  any  con st ant  C we  have 

{Cn^)  = and  hence  (2nH{nH^)=  Combining  these  results,  we 

obtain 

((hh  - - (oh))')  = (2.31) 

This  result  is  quite  general,  for  the  mean  squared  ©TfOr  of  any  quantity;  it  was 
derived  here  using  the  variable  n^,  but  the  derivation  would  be  the  same  for 
any  other  variable.  The  equation  states  that  the  fTieCin  squared  deviation  from 
the  mean  is  equal  to  the  average  of  the  square  of  the  variable,  minus  the  square 
of  the  average  of  the  variable. 
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To  illustrate  the  use  of  rms  error  as  a measure  of  error,  we  shall  consider  the 
case  of  coin  flipping  with  a fair  coin,  and  use  the  pnabability 


^ N (n  H ) 


N ! I 

HhHN  - n„)!  ^ 


(2.32) 


to  calculate  the  rms  error  as  O function  of  N.  We  know  that  = N/2;  hence, 

in  this  case,  = N^/4.  To  calculate  we  need  to  find 

V ^hN!  1 

“o  HhKN  - Hh)!  2^ 

The  result  of  the  calculation  IS  nfi  = V4  + V4  N.  Anyone  not  interested  in  the 
details  of  this  calculation  should  skip  to  the  result  in  Equation  2.38. 

As  in  the  evaluation  of  previously,  we  shall  use  Cl  relabelling  trick  to  evalu- 

ate the  sum.  We  write  - nH(riH  ^ 1)  + n^,  and  use  the  fact  that  the 

average  of  a sum  is  the  sum  of  averages.  Then  1))  + 
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Since  we  already  knOW  that  N,  we  need  to 

(nH(nn  - l))-  This  is 

N 

(n„{n„  - - D)  = XI  nw(nH  - l)PN(nH) 
"H-° 

N 

V ”w(nH  - 1)N! 

“ [2^n„!(N  - Hh)!] 


calculate  only 


(2.33) 


The  terms  corresponding  to  = 0 9nd  Hh  = 1 contribute  because  of 

the  presence  of  the  factor  nH(nH  — 1)  in  the  numerator.  The  sum  then  goes  only 
over  values  of  from  2 through  N.  Now  we  will  use  the  following  identities  to 
reduce  the  sum  to  something  we  can  evaluate: 


nninn  ~ 1) 


N ! = N ( N - 1)(N  - 2)!; 


(riH  - - 2)'! 

(N  - n„)!  = (N  - 2 - [„H  - 2])!;  2^  = 4 -2^-^  (2.34) 


Factoring  out  14  N{N  — 1),  we  get 

N 

(n,(n„  - 1)>  = 1m{N  - 1)  X 

^ r^N-2 


(N  - 2)! 


.„.2[2^->h--  2)!(N  - 2 - [n„  - 2])!] 

(2.35) 

The  sum  may  be  evaluated  by  letting  m = Oh  2.  Then 

N-2 

- ">  - - " S 12~-‘.I(N  : 2-  „)l| 

= -N(N  - 1)(-  + ' = -N(N  - ]) 

4 ' \2  2/  4 ' (2.36) 

Collecting  the  resjlts,  we  have 

(oh)  = <nH(nH  - 1 ) ) +(nH)=  - N(N  - 1 ) + 1 N = -N(N+1)  (2.37) 

4 2 4 


Finally,  the  PDOt  mean  squared  deviation  from  the  mean  is 

- <"H»'>  ==  - (nny  = |/^  N(N  + 1)  _ 1n^  = 1 VN 

(2.38) 

This  rms  deviation  from  the  mean  is  the  approximate  number  of  heads  by 
which  we  could  usually  expect  the  observation  of  to  differ  from  the  expecta- 
tion value,  = N/2,  in  one  series  of  N flips.  We  could  call  this  the  ap- 

proximate error  in  finding  the  expectation  value  experimentally  if  we  do  one 
experiment  with  N flips.  The  fractional  error  in  N tosses,  i.e.  the  error  in  finding 
is  then  the  error  divided  by  the  number  of  tosses,  or  l/N  times  the  rms 

deviation.  The  fractional  error  is  therefore  V2  \/l^/N  = 1/(2'V'^N).  Thus,  in  at- 
tempting to  measure  a probability  such  as  P(heads),  we  would  have  to  say  that 

after  N flips  in  which  heads  turned  up,  the  probability  would  be  equal  to  the 
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fraction  n^/N  but  with  a fractional  error  1/(2'\/N).  Hence,  we  would  write 
P(Heads)  = (n^/N)  =b  1/(2  V N). 

mp/e  1 . After  one  flip  of  a fair  coin,  what  would  be  the  rms  error  in  the  measured 
p ro  b a b ility? 

uh'on  ’/2  /\/N  = '/2  ( 1 ) =0.5. 

mp/e  2.  How  many  times  would  you  have  to  flip  the  COir  to  reduce  the  uncertainty 
in  the  measured  probability  from  0.5  to  0.05? 

u/ion  0.05  =1/2  /A/Nor  N = /(0.05)^  = 100  flips. 

In  Figure  2.6  the  dashed  lines  are  drawn  at  Vl  zt  y2/'\/N  to  give  an  idea  of 
the  limits  within  which  one  could  expect  the  graph  to  vary.  This  square  root  type 
behavior  of  an  error  occurs  in  many  other  places  In  physics.  For  example,  in 
experiments  in  which  the  rate  of  decay  of  radioactive  substances  is  measured, 
one  simply  counts  the  number  N of  decays  in  some  time  t.  The  measured  counting 
rate  is  then  N/f,  and  it  can  be  shown  by  arguments  very  similar  to  those  for  coin 
flipping  that  the  fractional  0rrot  in  the  measured  rate  is  of  order  of  magnitude 
1 / \/N^  Thus,  to  obtain  good  statistics,  i.e.  low  error,  in  counting  experiments, 
it  is  necessary  to  take  large  numbers  of  counts.  To  get  the  counting  rate  correct 
to  three  significant  figures  or  a fractional  error  of  0.001,  one  would  need 
around  one  million  counts. 

!.15  ERRORS  IN  A COIN-FLIPIPING  EXPERIMENT 

We  may  now  compare  this  theory  of  the  rms  error  with  the  experiments  depicted 
in  Figures  2.7  and  2.8.  in  Figure  2.7,  each  experiment  (corresponds  to  N = 4. 
For  this  value  of  IV,  the  theory  gives  the  fractional  rms  deviation  to  be 
/\/4  = 0.25.  Next,  we  will  use  the  data  of  Figure  2.7  to  find  the  experimental 
rms  fractional  deviation  for  this  particular  set  of  trails.  To  do  this,  we  simply  cal- 
culate the  square  root  of  fho  average  of  [(n^/N)  ^ over  the  seven 

experiments.  The  expectation  va  lue  is  just  the  average  of  the  results  of 

these  experiments  and  is  0.571.  We  may  then  obtain  Fable  2.2: 


TABLE  2.2 


Experiment  Number 

Deviation 

(Deviation)  ^ 

1 

0.179 

0.0320 

2 

0.179 

0.0320 

3 

-0.071 

0.0050 

4 

-0.071 

0.0050 

5 

0.179 

0.0320 

6 

-0.321 

0.1030 

7 

0.071 

0.0050 

Sum  = 0.2140 
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The  average  deviation  squared  is  then  0.214/7  = 0.0306,  and  the  rms  deviation 
is  \/^06  = 0.175.  Based  on  these  seven  experiments,  the  result  of  the  first 
experiment  could  then  be  expressed  as 


( — ) = 0.750  ± 0.175  (2.39) 

\N  / 

Likewise  for  the  third  experiment,  = 0.500  ± 0.175.  This  is  in  reason- 

able agreement  with  the  theory,  which  supposes  a very  large  number  of  experi- 
ments instead  of  seven  and  gives  for  the  case  N = 4, 


= 0.500  di  0.25 


The  reader  can  perform  similar  calculations  for  the  data  given  in  Figure  2.8 
in  the  case  N = 10.  Here  the  experimental  result  for  the  rms  deviation  from  the 
mean  is  0.105.  The  theoretical  result  is 


— > = 0.500  ± 0.158 

,n/ 


2.16  ERRORS  IN  AVERAGES  OF  REPEATED  EXPERIMENTS 

Errors  of  the  type  we  have  described,  depending  on  1/\/N,  also  arise  when 
repeating  experiments  which  measure  the  average  value  of  some  physical 
quantity,  such  as  the  diameter  of  a cylinder  or  the  length  of  an  object.  Sjppose 
that  an  experiment  is  performed  in  which  the  quantity  x is  measured  N times.  It 
must  be  kept  in  mind  here  that  a single  experiment  means  N measurements  of 
the  value  of  the  quantity,  and  the  result  of  an  experiment  is  the  average  value 
of  the  quantity  for  these  N measurements.  Then  we  ask:  What  is  the  error  in  the 
average  value?  If  the  experiment  is  repeated,  it  should  give  a new  average  value 
that  does  not  differ  from  the  previous  one  by  much  more  than  the  error. 

What  is  being  measured  here  is  an  averege  itself.  This  average  is  not  the  same 
as  the  expectation  voilue.  The  expectation  value  would  be  equal  to  the  average 
if  the  number  of  meaj.urements,  N,  approached  infinity. 

Suppose  that  the  N individual  measurements  in  one  experiment  are  Xi  ,X2, 
. . ,Xf^.  The  result  of  fhe  experiment  is  then  (X]  + X2  + » ♦ ♦ + Xf^)/N.  sup- 
pose the  true,  or  expectation,  value  of  the  quantity  is  X.  This  would  be  the  aver- 
age of  an  extremely  large  number  of  measurements.  The  deviation  from  the  true 
value  X in  a particular  experiment  is 

X]  “F  X2  -H  • * * -H  X/sj  ^ 

N 

We  can  then  get  a measure  of  the  experimental  error  by  computing  the  rms  error, 
averaged  over  many  experiments  of  N measurements  each.  Call  the  error 


2.16  Etrois  in  overages  of  repeated  experiments 


The  n 


— 


X,  + X2 


+ Xn 


N 


(2.42) 


To  illustrate  how  this  may  be  worked  out,  we  shall  take  the  case  N = 2,  only 
two  measurements  in  an  experiment.  Then 


£n  = 


X,  + Xj  - Nxy) 
N* 


<([x,  - x;  + [x,  - x])^> 


<(x,  - + 2(.<,  - X)(X2  - X)  + (X2  ~ X)^> 

N" 

- x)7T<(x7^  x7y 


(2.43) 


for  N = 2.  Consider  the  term  ^(x j — X)(x,  X)).  Whereas  oterm  like 

((x,  — X)')  is  always  positive,  (x  i ™ X ) is  neg  ative  about  as  ofte  n as  it  is 
positive,  and  so  is  (x2  “ X).  Since  the  values  of  (x]  — X)  and  (X2  X) 
are  independent  of  eoch  other,,  their  product  will  also  be  negative  as  often  as  it 
is  positive,  and  the  expectation  value  ^(X]  — X)(x,  ■“  X))  will  be  zero.  Hence 
the  only  remaining  terms  produce: 


En 


- X)7  + <(X2  - X)^>! 


(2.44) 


This  was  for  the  cOSe  N = 2.  However  it  is  easy  to  see  that  a siimilar  argu- 
ment applies  for  any  N;  oil  the  expectation  values  of  the  cross-terms  which 
arise  in  the  square  [(xi—  X)  + + *'■  +(xN“X)]‘^will  be  nearly 

zero.  Therefore,,  for  any  N,  we  can  say 


En 


X)74((x,  - X)7  +. 


•+  <(XN-X)^>i 


(2.45) 


However,  since  the  svbscrip-ts  on  the  x's  denote  nothing  more  than  the  order  in 
which  the  measurements  are  made,  we  expect  that,  on  the  average,  the  quantity 
<(^.  X)^>  will  be  the  same  for  all  x,,  or 

<(x,  X)7  = <(x,  - X)^>  = <(x„  - X)=)  = £(  (2.46) 


We  call  this  average  , since  it  is  the  mean  squared  error  of  a single  measure- 
ment, averaged  over  many  experiments.  That  is,  is  the  rms  deviation  if  we 
consider  that  the  experiment  consists  of  one  measurement  rather  than  N measure- 
ments. Then,  since  there  are  N terms  like  ((x,  — X)‘). 


En  = 


Vn 


(2.47) 
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Thus,  the  error  in  the  result  of  an  N-mea surement  experiment  is  less  than  the 
error  in  the  result  of  Q one-measurement  experiment  by  0 factor  of  l/-\/N.  To 
see  how  this  works  in  practice,  Table  2.3  gives  the  actual  results  of  24  meosure- 

'TABLE  2.3  Results  of  Six  Experiments,  Each  Consisting  of  Four  Measurements  of  the 
Length  of  a Cylinder.  Distances  in  Centimeters. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

4.11 

4.07 

4.08 

4.05 

4.09 

4.06 

4.06 

4.05 

4.10 

4.06 

4.08 

4.10 

4.06 

4.06 

4.09 

4.09 

4.06 

4.07 

4.08 

4.08 

4.09 

4.10 

4.04 

4.08 

4.0775 

Av.  = 4.065 

Av.  = 4.090  Av.  = 4.075  Av.  = 

4.0675 

Av.  = 4.0775 

Overall 

average  of  the 

results  = 4.0754 

cm 

ments  of  the  diameter,  in  centimeters,  of  Q cylinder,  using  vernier  calipers.  If  we 
regard  these  as  24  separate  experiments  in  which  N = 1,  then  we  can  compute 
the  mean  value  and  the  error  for  these  24  experiments.  The  mean  of  the  24 
measurements,  which  we  shall  take  os  the  true  value,  is  X = 4.0754  cm  and  the 
rms  error  E]  for  one  measurement  is 


l:,  = ^^(deviations)^  ^ ^ 


(2.48) 


Let  us  next  regard  the  data  as  six  experiments  of  four  measurements  each, 
in  which  the  quantity  being  measured  is  the  average  of  four  measurements.  In 
this  case,  N = 4,  so  the  error  in  the  average  of  the  four  measurements  should 
be  about  £4  = £i/'\/5  = 0.009  cm.  By  subtracting  the  overall  average, 
4.0754  cm,  from  each  of  the  averages  of  the  six  experiments,  we  can  find  the 
experimental  deviations  of  the  averages  from  the  mean.  Then  the  experimental 
E4  is 

/ V'(deviations  of  averages)^ 

E4  =y  ^ = 0.0081  cm  (2.49) 

This  compares  favorcibly  with  the  result,  0.009  cm,  obtained  using  Equation 
(2.47).  Actually,  while  we  used  the  mean  of  24  experiments  as  the  true  value,  this 
itself  has  an  rms  error  associated  with  it.  An  estimate  of  this  error,  again  using 

Equation  (2.47),  is  EJVU  = 0.01 8/4.90  - .0037  cm.  The  reader  may  well 

reflect  that  these  differing  measures  of  error  for  the  same  data  look  somewhat 
suspicious;  however,  this  simply  means  that  quoted  errors  often  depend  on  the 
method  of  data  handling. 


2.17  PROBABILITY  DENSITIES 

So  far,  we  have  considered  distribution  functions  which  are  functions  of  a discrete 
variable.  In  many  cases,  the  independent  variables  are  continuous.  Consider,  for 
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example,  a thin  circular  disc  on  a horizontal  axle.  If  the  disc  is  given  a spin 
and  then  allowed  io  come  to  test;  what  is  the  probability  that  some  one  point  on 
the  rim  of  the  disc  will  be  exOCtly  on  top?  Obviously,  since  one  point  is  only  one 
of  an  uncountable  infinity  of  points  along  the  rim,  the  probability  will  be  zero. 
However,  let  us  introduce  a coordinate  system  fixed  in  the  wheel,  and  describe 
points  on  the  rim  in  teims  of  on  angle  0,  with  6 vaiying  continuously  from  0 to  27T 
to  describe  all  different  points  on  the  rim.  If  there  is  no  reason  why  one  portion 
of  the  disc  should  C0m6  to  the  top  more  often  than  any  other  portion,  then  the 
probability  that  some  portion  in  the  infinitBsimal  range  d6  will  come  up,,  denoted 
by  PfjQ,  is  PfjQ  = ddl2K.  The  factor  27r  in  the  denominator  is  chosen  so  that  the 
total  probability  that  some  point  (any  point)  on  the  rim  comes  to  the  top  is  unity. 
We  can  check  this  because 


z 

all  d9'% 


2ir 


1 


(2.501 


Once  an  infinitesimal  probalollity  of  this  nature  is  known,  it  can  be  used  to 
find  the  probability  that  an  event  takes  place  in  a given  range..  Thus,  the 
probability  that  some  point  in  the  portion  of  the  rim  between  7t/6  and  7T  will 
come  to  the  top  will  be  the  integral  of  d6f2TT  between  the  limits  of  7T/6  and  7T. 
The  result  is  5/12.  The  coefficient  of  dO  in  the  expression  for  P^e  is  called  o 
probability  density.  In  this  special  case,  the  probability  density  is  l/2x.  In  gen- 
eral, for  the  continuous  variable  S,  if  the  probability  of  finding  6 in  the  range 
dd  is  given  by  an  expression  of  the  form  = p{0)d6,  th6n  p(0)  is  called 
the  probability  density.  In  our  example,  the  probability  density,  p(B),.  was  a 
constant;  but  if,  for  instance,  there  were  more  friction  on  one  side  of  the  axle 
than  the  other,  the  wheel  would  be  more  likely  to  stop  in  certain  positions,  and 
p(0)  would  not  be  independent  of  d. 

Similarly,  with  a different  physical  situation  described  by  a variable  x,  and 
given  the  probability  density  p(x),  the  probability  that  x is  to  be  found  in  the 
range  dx  will  be  Pd.  = p(x)  dx.  A probability  density  is  thus  the  probability 
per  unit  x,  for  the  continuous  variable  x.  Moreover,  the  probability  that  x will  be 


p{x) 


Figure  2.9.  Crosshatched  artfQ  jnder  the  probability  density  curve  is  the  probability 
that  a measurement  of  x will  yield  a value  between  and  X2 
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found  in  the  range  between  Xi  and  X2  will  be  given  by  / P(x)  dx.  This  is  just 

Jx^ 

the  area  under  the  'curve  of  p(x),  versus  x between  the  limits  Xi  and  X2  (see 
Figure  2.9).  Probability  densities  have  the  property  that,  when  integrated  over  all 
possible  values  of  x,  the  result  must  be  the  total  probability  that  some  value  of 


X occurs,  or 


/' 


p(x)  clx  =: 


2.18  EXPECTATION  VALUES  FROM  PROBABIUTY  DENSITIES 


We  shall  next  show  how  to  compute  an  average  using  a probability  density. 
You  recall  that  for  a discrete  probability  distribution  function,  P(Xi),  of  the  dis- 
crete variable  X;,  the  meon  value  of  x is  given  by 

(x>  = ^ X,  P(x,) 

ail  Kj 


where  P(x;)  is  the  probability  that  x,  occurs.  It  is  unnecessary  to  divide  by 
Z^all  X;  P(x,)  here,  since  the  sum  of  the  probabilities  is  unity.  Now  consider  the 
entire  range  of  the  continuous  variable  x to  be  broken  up  into  small  increments 
Ax,.  If  X,  is  a point  in  Ax;,  then  the  probability  P(x,)  that  it  lies  in  the  range  Ax, 
will  be  given  approximately  by  PM  = pM  Ax,,  where  p{x)  is  the  probability 
density.  Thus,  (x)  = X;  p (x,)  AXj.  Taking  the  limit  as  Ax;  ^ 0,  we  get 


xp(x)  dx. 


all  X 


(2.51) 


example  1.  Consider  the  probability  density  defined  for  0 £ x < 1 by 

|2,  , 0 < X < '/2 

= 0,  < X < 1 


A plot  for  p{x)  is  given  in  Figure  2.10.  If  we  wish  to  compute  the  average  value 
of  some  quantity  using  the  given  p(x),  we  should  first  check  to  see  that  p(x)  is 
correctly  normalized.  It  will  be  correctly  normalized  if  the  integral 


p(x)dx 


is  equal  to  one.  In  this  case. 


1,  so  the  normalization  is 


correct.  The  limits  on  the  integral  are  0 and  V2  , because  in  this  special  case 
when  X > /6  , p{x)  is  equal  to  zero.  To  find  the  expectation  value  (x),  we  should 
compute  the  integral  j xp(x)dx.  In  this  case  also,  the  limits  on  the  integral  will  be 
from  0 to  V2  The  integration  may  then  be  performed  as  follows: 


2x  dx  :=  - 

4 


2.78  Expectafion  values  from  ptDbability  densities 


pU) 


Figure  2. 10. 

ip/e  2.  Consider  a particle  in  a one  dimensional  box  with  ends  at  x “0  and  x = 2. 
The  probability  density  for  finding  the  particle  outside  the  box  is  zero.  In  quan- 
tum mechanics  the  probability  density  is  ^(x)  | where  the  wave  function  \p(x) 
satisfies  a wave  equation  called  the  Schrodinger  equation.  Suppose  the  proba- 
bility density,  | ^(x)  is  given  by 

U(x)  M = P(X)  = 1 

for  0 < X < 2.  Outside  this  range,  p ( x ) is  zero.  A piot  of  this  function  is  shown 
in  Figure  2.1  1.  This  probability  density  p(x)  is  correctly  normalized  so  that 
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p(x)dx  = ].  We  can  calculate  the  average  value  or  expectation  value  of  x 


as  follows: 


XX X d X 


II  lx^_±xV  = 5 
16^4  24  / 0 4 


Let  us  also  calculate  the  rms  deviation  of  x from  the  mean.  This  is  a measure  of 
the  spiead  of  the  wave  function  The  mis  deviation  is 

<(x  - <x»^> 

We  know  that  the  expectation  value  of  x,  ^ is  Hence  we  wish  to  calculate 
the  expectation  value 


from  Equation  (2.31)  It  is 


5 

X — - 

4 


(x^)p(x)dx  - 


^ _ 1_5 
16  ” 16 


i’(«- 


15  /32  128  \ 25  17 


16  \5  28  / 16  112 


= 0.1518 


Ihen  the  ims  deviation  liom  the  mean  is 


X - \ =\/b.l518  = 0.390 


The  same  result  can  be  obtained  by  straightforward  calculation  of 


- 5 


2 5x  25\  , . , 

X - y + —jp(x)dx 


but  the  algebra  is  more  tedious. 


2.19  GAUSSIAN  DISTKIBUHON 


An  interesting  probability  density,  called  the  gaussiop  distribution,  arises  when  a 
fair  coin  is  flipped  an  extremely  large  number  of  times.  This  same  distribution 
arises  in  the  majority  of  physical  measurements  involving  random  errors.  In 
fl'ippin9  ^ coin  N times,  the  discrete  probability  distribution  function  was,  from 

Equation  (2.13), 

■ [2%„!(N  - n„)] 


(2.52) 


2.22  Expecfatlon  values  using  a gouss/an  distribution 


In  the  limit  of  very  large  N,  this  distribution  function  is  sharply  peaked  about 
the  average  value  of  V2  N,  This  tendency  may  be  seen  by  referring  to 

Figures  2.1  through  2.4. 

We  can  obtain  an  approximate  analytical  expression  for  for  large  N, 

by  using  Stirling’s  approximation  for  the  factorials:  For  large  n,  In  (n!) 

I/2  In  (2x)  + (n  + V2  ) In  (n)  — n.  This,  together  with  the  approximation 
In  (1  + b)  ^ b — V2  for  small  b,  leads  to  the  following  approximate  result 


for  Pf^(nn): 


PNinn) 


(2.53) 


when  N is  large  and  is  neor  its  averoge,  Vl  N.  A graph  of  Equation  (2.53) 
is  shown  for  N = 100  in  Figure  2.12.  The  corresponding  discrete  curve  of  pjg- 


Figure  2.12.  Comparison  of  the  discrete  probability  distribution  P,qq  (oh)  with  ap- 
proximate function,  a Gaussian.  The  Gaussian  curve  is  drawn  with  o dashed  line. 


ure  4 is  shown  on  the  some  graph.  It  may  be  seen  that  for  N = 100,  the  approxi- 
motion  of  Equation  (2.53)  is  oiready  extremely  good. 

The  exponential  curve  of  Equation  (2.53),  peaked  symmetrically  about  Vi  N,  is 
called  a goussian  or  normal  distribution.  It  occurs  often  in  probability  theory  and 
in  classical  statistical  mechanics.  Although  is  still  a discrete  variable  taking  on 
integral  volues,  when  N is  sufficiently  large  we  can  lump  many  of  these  integral 
values  together  and  regard  Pf^(nff)  as  a probability  density. 


20  EXPECTATION  VALUES  USING  A GAUSSIAN  DISTHIBl/TION 


In  other  chapters  we  will  need  o number  of  expectation  values  using  the  goussian 
distribution.  To  illustrate  the  types  of  integrals  which  arise,  let  us  find  the  root 


3 6 ProbabllHy 


mean  squared  deviation  of  x for  the  QOUSSIon  probability  density  p{x),  given  by 


p(x)  d X = 


1 


\/^  a 


exp 


(x  - X,)' 


2(7^ 


d X 


Here  x ranges  from  --  x to  x,  and  the  quantities  X]  and  (J  are  constonfs.  First, 
we  check  that  this  probability  density  is  normolized  to  unity.  Referring  to  the 
table  of  definite  integrals,  Table  2.4, 


TABLE  2.4  Tobleof  Integrals 


\/2t  <r 


y^exp 


dy  ~ \/2ira^ 


and  letting  y = x — Xi  with  dx  = dy,  we  find  that 

1 


£ 


p(x)  dx  = 


V27t 


£ L 


^]dy 

2a'  ' ^ 


In  calculating  the  rms  deviation  from  the  mean  of  x,  we  need  first  to  find  the 
mean.  Since  the  distribution  is  symmetric  about  x = x^,  it  is  clear  that  (x)  = Xi . 
If  this  were  not  obvious,  the  average  value  of  x could  be  calculated  by  the 
equation 


<">  = J 

X 


xp(x)  dx 


(2.54) 


In  the  case  of  the  gaussian,  this  is 


: exp 


— U f 

\/2ir  a J - 

-L-  f'\. 

V2  7T  (7  J~oc 


-(x  - X,)' 


2a' 


dx 


) e xp 


2 a' 


dx 


Xl 


V2-. 


a -'-X 


-(x  - X,)' 


2a' 


d x 


(2.55) 


The  first  integral  on  the  right  is  zero  because  the  integrand  is  odd  in  (x  — X]). 
'The  second  term  is  Xp  Thus,  for  a goussian  peaked  about  Xi,  the  average  value 

of  X is  just  the  position  of  the  center  of  the  peak:  (x)  = X], 

Let  us  next  calculate  the  rms  deviation  from  the  mean.  This  is  V<(x  - X,  )'), 

so  we  fii3t  need  to  calculate  the  expectation  value, 

^ \2 


((X 


Xl 


)’) 


1 

v'2ir 


:L 


(X 


X,)  expJ 


2a' 


dx]  (2.56) 
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Again,  with  the  substitution  y = x — x^,this  reduces  to  the  second  integral  in 
Table  2.4.  Therefore, ((x  — Hence,  the  rms  deviation  from  the  mean 

is  equal  to  (7,  As  a characteristic  width  of  the  gaussian  curve,  we  might  take  the 
distance  from  to  fh©  point  where  the  curve  is  half  its  maximum.  This  is  at 
X — X]  = \/2  ln2o'  = 1.180.  Thus  we  see  that  the  width  at  holf-maximum 
and  the  rms  deviation  are  about  the  same. 


summary 


CALCUIAHON  OF  PROBABIUIY 

The  probability  of  an  event  is  equal  to  the  number  of  possible  ways  of  getting  the 
particular  result,  divided  by  the  total  number  of  ways  of  getting  all  possible 
results.  If  A and  6 are  two  independent  events,  the  total  probability  of  getting 
either  the  resjit  A or  the  result  B is  equal  to  the  sum  of  the  probabilities  of  getting 
A and  of  getting  6 separately: 

P(either  A or  6)  = P(A)  + P(B) 

The  probability  of  getting  both  A and  B is  equal  to  the  product  of  the  probabili- 
ties of  getting  A and  of  getting  B separately: 

P(both  A and  B)  = P(A)  P(6) 

The  total  probability  of  getting  all  possible  results  in  a given  situation  is  unity. 

PROBABIUIY  DISTRIBUTION  FUNCTIONS  AND  DENSITIES' 

A probability  P(n),  which  is  a function  of  some  discrete  variable  n,  and  which 
gives  the  probability  of  the  event  characterized  by  n,  is  called  a probability 
distribution  function.  The  normalization  of  a probability  distribution  function  is 
unity: 

X P(n)  = 1 

alln 

A quantity  p(x),  which  is  a function  of  the  continuous  variable  x,  such  that 
p(x)  dx  is  the  probability  of  finding  x in  the  infinitesimal  interval  dx,  is  called 
a probability  density. 

J'p(x)  dx  = 1 

all  X 

If  f (n)  is  a distribution  function,  then  the  probability  distribution  function  P(n) 
is  given  by  P(n)  = f (n)/^^„n  „ f (o).  If  f (x)  js  a function  of  the  continuous  vari- 
able X,  then  likewise,  p{x)  =f  (x)/  y*f(x)dx. 


3 8 ProbabHiiy 


EXPECTAHON  VALUES 


Ihe  average  value  of  any  quantity  g(n)  or  g(x)  is  defined  as: 


or 


<9> 


Xg(”) 


2^9(0)  P(n) 


<«> 


J f{x)dx 


Ihe  average  value  is  also  called  an  expectation  value,  because  in  repetitions  of 
the  experiment,  wh6n  average  values  are  computed,  it  is  to  be  expected  that 
their  values  aie  equal  to  the  expectation  value. 


EXPERIMENTAL  DEFINITION  OF  PROBABIUTY 

If  an  experiment  is  peiformed  which  is  lepeated  N times^  and  the  event  H occurs 
a total  of  times,  then  the  experimental  definition  of  the  probability  of  the 
event  H is 

Jim  ^ = P(H) 

X N 

Ihe  root  mean  square  (rms)  deviation  of  from  the  mean  is  defined  as 

(i'^H  --  "h  )^)  = V {on)  - (n^ 

'The  rms  deviation  from  the  mean  of  a measured  quantity  is  a good  measure  of 
the  enor,  or  utKertainty,  in  the  measured  value  of  the  quantity. 

If  a measurement  is  repeated  N times,  the  probable  error  in  the  average  is 
proportional  to  1 / \^N  times  the  probable  error  for  one  measurement. 


problenis 


1.  If  you  draw  4 cards  from  a standard  deck  of  playing  cards,  what  is  the  probability 
that  they  are  all  aces? 

Answer:  {4-3.2.  l)/(52  * 51  -50-49)  = 1/270,725. 

2.  If  you  draw  4 cards  from  a standard  deck  of  playing  cards,  what  is  the  probability 
that  none  isan  ace? 

Answer:  (48  • 47  - 46  • 45)/(52  - 5 1 - 50  - 49)  = 38,91 6/54,1 45. 

3.  If  you  draw  4 cards  from  a standard  deck  of  playing  cords,  what  is  the  probability 
that  exactly  one  is  cin  ace? 

Answer:  4 . {48  .47  - 46  - 4)/(52  - 5 1 -50-49)  = 69,184/270,725. 

4.  A jar  contains  3 black  balls  and  4 white  balls.  If  you  draw  1 ball  out  of  the  jar, 

what  is  the  probability  that  it  will  be  white? 

Answer:  4/7. 


Problems  39 


5.  A jar  contains  4 black  balls  and  10  white  balls.  If  you  draw  2 balls  out  of  the  jar, 

what  is  the  probability  tfiai  both  will  be  white? 

Answer:  {10  x 9)(14  X 13)  = 45/91. 

6.  A blind  mon  in  a cafeteria  comes  to  pick  up  his  silverware,  which  is  stored  in  deep 

cans.  Two  of  the  cans  contain  forks.  One  can  contains  1 salad  fork,  the  other  con- 
tains 99  regular  forks  and  ‘I  salad  fork.  He  sticks  his  hand  at  random  into  a can  and 
picks  a fork  at  random  from  the  forks  in  the  can.  What  is  the  probability  that  he 
will  pick  a salad  fork? 

Answer:  0.505. 

7.  If  the  probability  of  nriissing  the  bull's-eye  target  shooting  is  0.96,  how  many 

bulKs-eyes  would  you  expect  to  hit  in  350  shots? 

Answer:  14. 

8.  What  is  the  probability  that  in  10  throws  of  Odie,  a 2 comes  up  5 times? 

Answer:  10!5V(5!)^6'°  = 21,875/1,679,616. 

9.  What  is  the  probability  that  in  10  throws  of  a die,  a 2 comeij  up  5 times  and  q 

3 comes  up  2 times? 

Answer:  10!4V5!2!3!6'°  = 35/13122. 

10.  If  a rabbit  tuns  past  you  and  the  probability  of  catching  it  is  0.05,  then  what  is  the 
probability  of  catching  of  least  2 rabbits  if  a herd  of  160  rabbits  runs  by  one  at  q 
time?  What  is  the  probabilify  of  catching  exactly  2 rabbits? 

Answer:  1 - (0.95)'‘®  - 1 60(0.95) • (0.05)  = 0 . 9 9 7 4 3 ; 

1601(0.95) '^“(0.05)  Vl  5812!  = 0.00961 

1 L According  to  quantum  mechanics,  a free  atom  may  hove  on  intrinsic  angular  momen- 
tum v7T(n  +2)h/2  associated  with  it,  where  n is  an  integer  and  ^ constant. 

If  a particular  component  is  measured,  it  can  have  with  equal  probability  n + 1 
equally  spaced  values  from  V2  riti  to  V2  nfi.  If  there  are  N such  noninteracting 
atoms,  what  is  the  probability  that  there  are  mi  with  ^ components  of  V2  nh, 
m2  with  (/2  n --  , N - (mi  + + ...  4.  m„)  with  - V7  lihl 

Answer:  N\/{n  + l)^mi  Imj!  . . . [n  ^ (mi  + + . . . + m,)]! 

12.  A crystal  is  grown  by  evaporating  A and  6 type  atoms,  and  then  letting  them 

condense  to  form  the  crystal.  If,  because  of  the  forces  involved,  on  a atom  is  twice 
as  likely  to  stick  to  the  crystal  os  a 6 atom,  what  is  the  probability  that  the  final 
crystal  will  consist  of  atoms  if  there  ore  3N  total  atoms?  What  is  the  probability 
in  terms  of  N that  it  will  consist  of  % g atoms?  Find  the  ratio  of  these  probabilities 
if  N = 10^^ 

Answer:  (3N) !2^'^/3^''' N!(2N) !;  (3N)!2^/3^'^N!(2N)1; 

2'°^’  = 10<i*  < 

13.  Suppose  a prism  whose  cross  section  is  on  equilateral  triangle  has  the  three  faces 

forming  the  triangle  marked  A,  6 and  C.  If  the  triangle  is  dropped  on  q table,  it  is 

equally  likely  that  any  of  these  faces  is  on  the  bottom.  If  it  is  dropped  N times,  find 

an  expression  for  the  probability  that  the  A face  is  on  the  bottom  n times,  B rn  times, 
and  C (N  n " m)  times 

Answer:  N!/3^n!m!(N  ---  n — m>! 

14.  If,  in  the  previous  problem,  the  triangular  cross  section  is  not  equilateral  but  is  such 

that  in  one  drop  of  the  prism  the  probability  that  side  A is  down  is  p and  that 

side  6 is  down  is  q,  what  iu  the  probability  of  n A's  and  m g's  in  N trials? 

Answer:  N!p”q"'(l  p — "'/n!m!(N  n — m ) ! 

15.  A particle  can  move  along  the  x sxis,  and  is  moved  successively  by  the  fixed  amount 
Ax  with  equal  probability  either  in  the  positive  or  the  negative  x direction.  If 
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it  is  moved  N times,  what  is  the  probability  that  it  is  n Ax  in  the  positive  x 
direction  away  from  where  it  started?  Assume  N and  n are  both  even  integers 

Answer:  N !/2^ 


16.  If  in  a trial  the  probability  of  getting  result  1 is  p and  that  of  getting  rosult  2 is 
q = 1 — p,  show  that  in  N trials  the  expectation  value  of  the  number  of  times  one 
gets  result  1 is 


X 


N\x"q^-" 
n\{N  - n)!_ 


d 

dx 


N 


P 


Find  this  expectation  value.  Also  find  the  expectation  value  of  the  square  of  the 

number  of  times  one  gets  result  1. 

2 2 

Answer:  Np;  Np  -j-  Npq. 

17.  In  quantum  mechonics,  it  is  found  that  a harmonic  oscillator  consisting  of  a mass  m 
and  a spring  of  constant  k can  have  energies  of  = (n  + where  is  a 

constant,  co  = Vt/m,  and  n is  an  integer  or  zero.  As  you  will  see  in  the  statistical 
mechanics  chapter,  the  prebability  that  it  has  an  energy  E„,  when  the  Kelvin 
temperature  is  J , is 


exp(-E„/<fg7-) 

'X 

2]  exp(-E„/k,T) 

n = 0 


where  kg  is  a constant  called  Boltzmonn's  constant.  The  denominator  is  a geometric 
series  whose  sum  is  given  by 


exp  (-  Vi  hoj/'kg  T) 
1 - exp  (tioj/kgT} 


Show  that  the  expectation  value  of  the  energy  is  given  by 


and  evaluate  it. 

Answer:  /lojjl  + l/[exp  (hco/fcgT')  - l]j. 

18.  Suppose  N noninteracting  particles  are  confined  in  a volume  V.  What  is  the  prob- 
ability that  any  one  particle  will  be  found  inside  a volume  V',  which  is  inside  V? 
What  is  the  probability  of  finding  all  N particles  in  V’? 

Answer: 

19.  An  unfair  coin  is  tossed  10  times,  with  p(H)  =;  0.6.  Calculate  the  rms  deviation  from 
the  mean  of  n^.  See  Problem  16. 

Answer:  1.549. 

20.  Suppose  N noninteracting  particles  are  confined  in  a volume  V,  and  all  momenta  are 
equally  probable  so  long  as  their  components  lie  between  p,  and  Px  + P.,  Py 
and  py  + Py,  and  and  p^  + P^.  What  is  the  probability  that  the  ith  particle  lies  in 
the  volume  dxjdyjdz,  inside  V and  lies  in  the  momentum  range  dp,„  dpy;,  dp,,  inside 
the  momentum  bounds?  What  is  the  total  probability  that  these  N particles  Ore  in 
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c/xi , c//i  , c/z] , , c/x^,,  d)'/v  a n d c/zf^,and  , ,,  c/p^w?  T h i s 6N  dimensional 

space  of  coordinates  and  momenta  is  called  phase  space. 


Answer: 


dx.  dyi  dzi  do..,dpy.  dp,^  dx^  d/i  . . . dz^j  dp,  dp^^  . . . dp^^ 
VP^Pyf,  ' {VPyPyP.f 


21.  The  displacement  of  a mciSS  executing  harmonic  motion  is  given  by  x = Xq  COS  uJf. 

The  time  it  spends  in  dx  is  dx/  v in  a given  half  cycle,  where  y = OJX(;i  sin  cof 
A half  period  is  tt/co.  In  terms  of  dx,  t,  a?,  Xq,  what  is  the  probability  of 
finding  the  mass  in  dx?  This  probability  can  be  written  as  f(x)  dx,  where  f{x) 

2 

is  the  distribution  function.  Find  f(x).  Find  the  expectation  value  for  x and  x 
Answer:  dx/  'n'xo  sin  ajf  | ; f { x ) = 1/tt  \/xq  - x^,  ^x")  = 0 , 

( X'  ) = '/7xl. 

22.  The  distribution  of  weights  x in  lb,  of  a large  set  of  objects  is  given  by  the 

distribution  function  f(x)  = where  0 < X < X.  What  is  the  normaliza- 

tion constant  C such  that  Ci(x)  is  the  probability  density?  What  is  the  average  value 
of  the  weight  x?  What  is  the  rms  deviation  from  the  mean? 

Answer:  10; 

23.  if  an  arrow  is  dropped  on  a uniform  table,  all  directions  are  equally  probable.  Find 

the  distribution  function  where  the  probability  that  it  points  in  the  increment 

dO  is  f(%)d%.  Find  the  expectation  value  of  0,  and  of  if  S varies  between 
-7T  and  7T. 

Answer:  1/(27t);0  ; ir'‘/3. 

24.  A piece  of  sand  falls  in  an  hourglass  a distance  h.  At  the  instant  it  hits,  another 

piece  starts  falling,  etc.  What  in  terms  of  the  distance  y down  from  the  top,  is  the 
probability  of  finding  a piece  of  sand  in  the  increment  dy  at  the  distance  y < h? 
What  is  the  expectation  value  of  y for  a moving  piece  of  sand? 

Answer:  dy/2  VTiy;  h/3. 

25.  A fair  coin  is  tossed  360,0^^0  times.  Estimate  the  ratio  of  the  probability  that  heads 

turn  up  179,000  times,  to  the  probability  that  heads  turns  up  180,000  times  {assume 
the  gaussian  distribution). 

Answer:  0.00387. 


3 sped  al  theory  of 
relativity 


In  this  chapter  it  will  be  seen  that  the  laws  of  Newtonian  mechanics,  when  used 
to  describe  objects  of  very  high  energies,  or  traveling  at  very  high  speeds,  give 
predictions  which  disagree  with  experiment.  The  understanding  of  the  funda- 
mental reasons  for  these  disagreements  and  the  discovery  of  the  theory  of 
relativity,  which  agrees  with  experiment,  are  due  to  Albert  Einstein  (1879-1  955). 
His  theory  is  based  on  some  simple  experimental  facts  and  on  a careful  analysis 
of  the  processes  of  measurement  of  length  and  time. 

We  shall  discuss  how  length  and  time  measurements  are  related  in  frames  of 
reference  which  are  moving  with  respect  to  each  other.  These  relationships  are 
called  the  /.orenfz  transformation  equations  and  are  basic  to  the  later  develop- 
ment of  the  laws  of  physics,  when  speeds  are  comparable  to  that  of  Might. 
Historically,  the  primary  experiment  which  helped  convince  other  physicists  that 
Einstein's  theory  was  correct  was  the  Michelson-Moriey  experiment,  to  be  dis- 
cussed in  Section  3.12.  However,  we  shall  first  look  at  some  other  discrepancies 
between  the  predictions  of  classical  physics  and  experiment;  such  discrepancies 
also  necessitate  the  introduction  of  the  theory  of  relativity. 


3.1  CONFUCT  BETWEEN  ULTIMATE  SPEED  AND  NEWTON'S  LAWS 

In  Newtonian  or  clossicol  mechanics^  the  basic  law  which  describes  the  motion  of 
any  particle  of  mass  fjf)  under  the  action  of  a net  applied  force  F and  with  ac- 
celeration a is  Newton's  second  law  of  motion,  F = ma.  This  law  agrees  with 
experiment  for  most  ordinary  situations,  but  it  breaks  down  in  extreme  situations, 
such  as  for  particles  going  at  very  high  speeds. 

Imagine,  for  example,  an  electron  of  mass  9.1  1 X 10~^^  kg  acted  on  by  an 
electric  field  of  10^  voH^m  over  a distarKe  of  ten  meters.  The  force  is  the  charge 
times  the  field  or  1.6  X 10  nt.  By  Newton's  second  law,  the  acceleration  is 
F/m  = 1.76  X 10^^  m/sec^.  If  the  electron  starts  from  rest,  the  kinematic  expres- 
sion for  the  speed  v is  v = \/2ctS,  where  S is  the  distance  the  particle  has 
moved.  In  this  example  for  s = 10  m,  the  final  speed  is  v = 1.9  X 1 0^  m/sec. 

However,  it  is  now  a well-known  fact,  substantiated  by  multitudes  of  experi-* 
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merits  with  cyclotrons  and  other  accelerating  machines,  that  no  particle  can  be 
made  to  go  faster  than  the  speed  of  light,  c = 2.9974  x 10^  ITl/sec  (hereafter 
we  will  use  3 x 10*  tn/sec  for  c).  Thus,  Newtonian  mechanics  disagrees  with 
experiment.  The  error  is  either  in  the  second  law  of  motion,  or  in  the  kinematics, 
or  both.  However,  since  the  kinematical  relation  follows  directly  from  the  defini- 
tions of  velocity  and  acceleration,  we  would  expect  that  it  is  the  law  of  motion 
which  muS  somehow  be  modified  in  order  to  resolve  the  discrepancy. 


3.2  CLASSICAL  MOMENTUM  AND  ENERGY  conservation- 
conflict  WITH  EXPERIMENT 


The  laws  of  conservation  of  mechanical  energy  and  momentum  follow  from 
Newton's  laws  of  motion,  which  were  seen  to  be  of  suspect  validity  by  the 
preceding  example.  Now  we  shall  apply  these  classical  conservation  principles 
to  the  problem  of  an  elastic  collision  between  two  bodies  of  equal  mass.  Com- 
parison of  our  prediction  for  high  speed  experiments  will  show  a discrepancy, 
giving  further  evidence  that  the  laws  of  motion  must  be  modified,  and  that  the 
definitions  of  energy  and  momentum  will  also  have  to  be  modified  if  we  are  to 
retain  our  concept  of  the  existence  of  conserved  physical  quantities 

For  a particle  of  mass  m and  velocity  v colliding  elastically  with  another  of  the 
same  mass  initially  at  rest,  conservation  of  energy  gives 


12!  2.1  2 . 

- mv  = - mV]  + - mv2  v ==  Vi  + V2 

2 2 2 


(3.1) 


where  Viand  the  velocities  of  the  two  porticles  a ft  er  the  colli  si  on. 

(See  Figure  3.1  .'|  Likewise,  conservation  of  momentum  gives  us 

mv  = (TiVi  + mV2  or  v = v + V2  (3.2) 


Figure  3.1.  Collision  of  particles  with  equal  rest  moss 
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The  scalar  product  of  the  latter  equation  with  itself  leads  to 

= V?  + 2v,  -V2  + vl  (3.3) 

Comparison  with  Equation  (3.1)  shows  that  V»  ' V2  is  zero.  Then,  if  neither  final 
velocity  is  zero,  the  angle  between  the  final  velocities  mu^  be  ninety  degrees. 

The  photographs  in  Figures  3.2  and  3.3  show  some  experimental  results.  Fig- 
ure 3.2  is  Q multiple  flash  photograph  of  two  colliding  billiard  balls  of  equal 
mass.  The  angle  between  the  paths  of  the  outgoing  balls  can  be  measured 
directly  from  the  photographs;  it  is  found  to  be  essentially  ninety  degrees,  as 
predicted.  In  Figure  3 a track  is  shown  in  a nuclear  emulsion  of  Q collision 
between  an  electron  traveling  with  a speed  of  neariy  3X10^  m/sec,  and  an 
electron  initially  at  rest  in  the  emulsion.  V\fe  would  expect  energy  to  be  conserved 
in  this  collision,  because  conservative  forces  are  Involved  and  little  radiation  is 
emitted  during  the  collision.  As  in  Figure  3.2,  the  plane  of  motion  is  the  same 
as  tbe  plane  of  the  paper.  Rom  the  photograph,  the  angle  between  the  outgoing 
particles  is  found  to  be  around  19  degrees,  much  different  from  the  predicted 
ninety  degrees.  Into  the  classical  prediction  went  the  classical  laws  of  energy 
and  momentum  conservation.  Also,  since  the  same  mass  was  used  on  both  sides 
of  the  equations,  conservation  of  mass  was  assumed.  Therefore,  one  or  more  of 
these  classical  laws  must  be  inconect 


3.3  CONSERVATION  OF  M A SS- C O N FLI  C T WITH  EXPERIMENT 

Let  LIS  finally  look  at  experiments  relating  directly  to  the  conservation  of  mass.  In 
chemical  reactions,  such  as  2H2  + O2  — ^ 2M2O,  it  is  well  substantiated  from 
experiment  that  the  total  mass  after  the  reaction  occurs  is  equal  to  the  total 
mass  before  the  reaction.  This  mass  conservation  law  is  sometimes  called  Dalton's 
Law.  In  such  chemical  reactions,  the  forces  involved  are  electrical  in  nature  and 
act  between  particles  separated  by  distarKes  of  the  order  of  10  meters.  Atomic 

nuclei  are  bound  together  very  tightly  by  a different,  extremely  strong  force, 
called  the  strong  interaction,  which  acts  between  particles  separated  by  distonces 
of  the  order  of  10  meters.  This  leads  to  nuclear  interaction  energies  that 
are  around  a million  times  greater  than  in  chemical  reactions.  For  example,  sup- 
pose a proton  arxl  a neutron  combine  to  form  a deuteron. 

The  mass  of  a proton  is:  1.6724  X 1 0 kg; 

The  mass  of  a neutron  is:  1.6747  X 1 0 kg; 

The  sum  of  the  masses  is:  3.3471  X 10  1^. 

When  these  particles  combine,  the  mass  of  the  resulting  deuteron  is  3.3431  X 
10~^^  1^9'  *niis  is  less  than  the  total  original  mass,  so  that  mass  is  not  conserved. 
Therefore,  if  the  energies  of  interaction  are  high  enough,  significant  departures 
from  the  conservation  of  mass  law  can  be  observed. 

Of  the  two  other  conservation  laws  known  in  classical  physics- conservation 
of  angular  momentum  and  of  charge-experiment  shows  that  whereas  the  first 
must  be  modified  for  high  energy  particles,,  the  charge  conservation  law  remains 
generally  valid  under  all  circumsiances. 


outgoing 

ti 


, /. 

incoming; 


kiguie  3.2,  Elastic  collision  of  twq  HiilliaidJ  bails. 


Figure  3.3 


Collision  with  an  electron  of  the 
chaiged  particle  formed  by  the  ^3- 
decay  of  a p-meson 

The  charged  particle  emitted  in  the 
P-decay  of  a p-meson  makes  a colli- 
sion with  an  electron  in  the  emulsion. 
The  tracks  before  and  after  the  colli- 
sion are  long  enouQih  to  allow  the  mo- 
menta of  the  particles  to  be  deter- 
mined. An  analysis  of  the  dynamics  of 
the  collision  can  therefore  be  made, 
assuming  it  to  be  elastic  so  that  no 
appreciable  energy  is  emitted  in  the 
form  of  photons  It  imoy  thus  be  shown 
that  if  track  (a)  is  clue  to  the  recoiling 
electron,  the  mass  of  the  particle  pro- 
ducing the  track  (b)  is  3 ± 2m^;  and  if 
track  (b)  is  due  to  00  electron,  the  mass 
of  the  other  pa  rtic  le  is  I *5il  • Om,. 
This  observation  therefore  proves  that 
the  particle  produced  in  the  decay  of 
the  p-meson  is  of  small  rest-mass  and 
gives  very  strong  support  for  the  view, 
commonly  held,  that  it  is  an  electron. 

Although  the  collision  is  almost  cer- 
tainly due  to  two  particles  of  equal 
mass,  of  which  one  was  originally  "at 
rest,"  the  subsequeni  directions  of  mo- 
tion of  the  two  particles  are  not  at 
right  angles,  since  the  velocities  are  in 
the  relativistic  region. 

From  The  Study  of  Elementary  Particles 
by  the  Photographic  Method,  Powell, 
Fowler  and  Perkins. 


4 


I 

I 

L 


s 

V 


't' 

i 

'S 

C..J 


pti.rticlc  Arising  dieny 


3.5  Inertial  sys/ems  4 7 


3.4  CORRESPONDENCE  PRINCIPIE 

In  the  next  chapter  we  will  develop  the  generalizations  of  mechanics,  due  to 
Albert  Einstein,  that  will  resolve  the  difficulties  encountered  above.  The  corre- 
spondence principle,  to  be  discussed  in  this  section,  serves  as  a useful  guide  in 
finding  the  generalization  of  a law  that  is  valid  for  one  range  of  a variable,  but 
which  hos  to  be  modified  for  another  range  of  that  variable. 

Suppose  there  existed  a t'heory  of  mechanics  that  gave  results  in  agreement 
with  experiment  for  all  speeds  v ^ c.  The  difficulties  with  Newtonian  mechanics 
show  up  mainly  when  we  are  dealing  with  high  speeds.  Then  in  the  CQSe  of  very 
low  speed,  v <<:C  c,  the  predicted  results  of  this  new  theory  must  be  identical 
to  the  predicted  result  of  Newton's  laws  of  motion. 

Newton’s  laws  are  so  well  verified  in  terrestrial  and  astronomical  experiments 
that  they  must  be  an  accurate  representation  of  nature  in  those  cases  About  the 
highest  speed  available  in  such  experiments  with  large  objects  is  the  speed  of  the 
p la  net  M ere  ury,  10'  mi/hr  or  5 X 10^  m/sec.  Since  this  speed  is  small  compared 
to  c,  we  would  expect  any  deviations  from  the  predictions  of  Newton's  laws  of 
motion  to  be  very  small.  However,  in  modern  accelerating  machines  particles 
are  accelerated  to  speeds  (approaching  the  speed  of  light,  c,  and  Newton’s 
second  law  does  not  apply.  The  newer  theory,  the  Special  theory  of  relativity, 
applies  to  all  particles  going  with  any  speed  up  to  c. 

The  correspondence  principle  states  that  any  new  theory  which  applies  to  a 
broader  range  of  experiments  than  an  old  theory,  must  give  the  same  predicted 
results  as  the  old  theory  in  those  experiments  with  which  the  old  theory  is  in 
agreement.  The  new  theory---in  our  case,  the  special  theory  of  relativity-must 
give  the  same  results  as  Newton's  laws  of  motion  when  applied,  for  instance,  to 
problems  involving  motion  of  artificial  satellites. 

Another  way  of  stating  the  correspondence  principle  is:  Any  new  theory  which 
contains  an  older  theory  as  Q special  case  mu^  give  the  same  predictions  as  the 
old  theory  in  the  special  cases  to  which  the  old  theory  applies 

As  we  will  see,  special  relativity  explains  why  the  mass  of  a dcuteron  might 
not  equal  the  sum  of  the  neutron  and  proton  masses.  Also  in  aCCOrcl  with  the 
correspondence  principle,  relativity  gives  Dalton’s  law  when  applied  to  chemical 
reactions.  The  correspondence  principle  is  also  satisfied  in  the  other  examples 
discussed  above. 

3.5  INERTIAL  SYSTEMS 

Moving  seen  in  preceding  sections  that  the  Newtonian  laws  of  motion  do  not 
always  agree  with  experiment,  we  shall  now  proceed  to  analyze  in  more  detail 
the  conditions  under  which  ^he  laws  are  known  to  hold.  One  of  the  most  impor- 
tant restrictions,  and  one  which  also  applies  in  special  relativity,  is  that  the 
laws  can  be  valid  only  In  certain  frames  of  reference  called  inerf/o/  frames. 
Consider,  for  example,  Newton’s  first  law  of  motion:  If  the  net  force  acting  on  a 
body  is  zero,  the  body  will  either  remain  at  rest  or  will  continue  to  iiTliOVe  with 
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conSant  velocity  in  a straight  line.  An  inertial  frame,  by  definition,  is  one  in  which 
the  first  law-the  law  of  mertia  — holds. 

To  measure  the  position  and  velocity  of  a particle,  we  need  a coordinate 
system,  set  up  with  clocks  and  measuring  rods  (rulers)  at  rest  in  it,  to  observe 
the  motions  of  bodies.  There  are  many  different  coordinate  systems  we  could 
choose.  For  example,  we  could  pick  a rectangular  xyz  system,  as  in  Figure  3.4, 


z 2! 


with  its  z axis  pointing  up,  and  its  origin  in  the  middle  of  some  railroad  tracks 
with  the  X axis  pointing  parallel  to  the  rails.  Also,  let  us  pick  a second  coondinate 
system  with  origin  fixed  in  a train  going  along  the  tracks  with  constant  velocity  V 
relative  to  the  tracks.  We  call  this  system  the  x'y'z’  system,  with  z'  axis  up, 
and  x'  axis  parallel  to  the  tracks.  A passenger  in  the  train  might  observe  a book 
lying  on  the  seat  and  say  that  relative  to  the  x'y'z’  system,  the  book  is  at  rest, 
and  therefore  by  Newton^S  first  law,  there  muS  be  no  force  on  the  book. 

On  the  other  hand,  a person  standing  in  the  middle  of  the  railroad  tracks 
might  say  that  the  book  is  traveling  with  constant  velocity  v relative  to  the  xyz 
^stem.  Therefore,  for  him  also  the  force  is  zero  by  Newton's  firrt  law. 

To  simplify  the  discussion,  we  shall  designate  the  observers  by  letters,  calling 
the  observer  on  the  troiri  G-  and  the  one  on  the  tracks  R.  G.  goes  and  R.  remains. 
We  shall  call  their  coordinate  systems  G and  R,  respectively.  G/s  coordinate 
system,  G,  is  the  x'y'z’  set;  R.^s  set,  R,  is  the  xyz  set. 

Now  according  to  R.,  the  book  is  traveling  with  constant  velocity,  y.  Th®  net 
force  acting  on  it  is  therefore  zero,  in  accordance  with  Newton's  first  law  in  R. 
Likewise,  the  motion  of  the  book  in  G/s  system,  G,  satisfies  the  first  law  since  the 
book  is  at  rest.  A system  of  coordinates  in  which  Newton's  first  law  of  motion  is 
satisfied  is  called  an  inertial  system  because,  when  no  force  acts  on  it,  the  inertia 
of  a body  causes  it  to  continue  in  a state  of  rest  or  of  motion  with  constant 
velocity.  Thus,  since  the  book  in  G.^s  coordinate  system  is  at  rest  and  has  no  net 
force  acting  on  it,  the  x'y’z'  coordinate  system  (the  G system),  would  be  an 
inertial  system  of  coordinates.  (At  this  point,  we  are  neglecting  the  earth's 
rotation  and  planetary  motion.)  Likewise,  R/s  system  is  an  inertial  ^stem 
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3.6  NON-INERTIAL  SYSTEMS 


No^  all  coordinate  systems  are  inertial  systems.  Imagine  a rotating  coordinate 
system  (x"y"z'‘)  fixed  in  a merry-go-round,  as  in  Pioure  3.5,  which  is  rotating 


Hguie  3.5.  Cooidinate  ^stem  fixed  in  a meny-go-round  which  is  rotating  with  angular 
velocity  Ct). 


with  the  angular  velocity  o),  relative  to  the  ground.  The  origin  of  the  coordinate 
system  is  on  the  axis  of  rotation.  A ticket  stub  lying  on  the  ground  a distance  d 
from  the  axis  of  rotation  will  have  x"  and  y"  coordinates,  x"  = d cos  ccf, 
Y ' = d sin  cof.  The  equation  of  the  path  of  the  stub  in  x"y"  coordinates, 
that  is,  as  seen  by  an  observer  fixed  to  the  merry-go-round,  is  thus  |x")^  4- 
(y")^  = d^,  the  equation  of  0 circle.  The  net  force  acting  on  the  ticket  stub 
from  all  physical  causes  such  os  gravity  and  contact  with  the  ground  is  zero. 
The  path  of  the  stub  In  the  x"y"  coordinates  is  a circle.  Therefore,  the  first 
law  of  motion  is  invalid  in  this  lotating  cooidinate  ^^m,  and  it  is  not  an  inertai 
system. 

The  earth  we  live  on  rotates  appioximately  oiKe  per  day  relative  to  the  sun.  A 
coordinate  system  fixed  rolotivC  ^ eorth  also  rototes  once  a day.  Then  the 
sun  undergoes  circular  motiofl  relative  to  such  a coordinate  system  fixed  in  the 
earth.  (See  Hguie  3.6.)  VJe  conclude  that  this  coordinate  system  fixed  in  the  earth 
is,  therefore,  not  an  inertial  system.  We  have  defined  an  inertial  ^stem  as  a sys- 
tem of  coordinates  in  which  the  first  law  of  motion  holds.  Clearly,  if  an  observer 
is  accelerating,  the  first  law  will  not  hold  because  an  object  not  acted  on  by 
forces  will  appear  to  accelerate.  Thus,  a coordinate  s/Stem  fixed  on  the  surfaC6 
of  the  earth  is  not  exactly  an  inertial  system,  both  because  of  the  contripetol 
acceleration  that  bodies  have  on  the  earth's  surface  and  because  it  is  a rotating 
coordinate  system. 

The  magnitude  of  the  centripetol  acceleration  of  a man  on  the  eCjUQtOir  is 

OJ^r  = (27r/864C'0  sec  per  revolution)^(about  4000  miles) 

= 2.1  X 10  mi/sec^  ==  o.ii  ft/sec^ 


The  acceleration  of  a car  which  speeds  up  from  rest  to  15  mi/hr  in  60  seconds 
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Hguie  3.6.  A cooidinatB  system  fixed  on  the  suifece  of  the  earth  is  a non-inertial  ^slem. 

is  6.9  X 10  ^ mi/  sec^,  which  is  of  the  same  order  of  magnitude  as  the  centripetal 
acceleration  at  the  equator.  Suppose  a coordinate  system  were  fixed  in  a car 
which  is  accelerating,  and  that  a passenger  in  the  car  is  observing  a ticket 
stub  lying  on  the  road.  Ihen  the  net  force  on  the  stub  from  all  physical  causes  is 
zem.  As  seen  from  the  car's  coordinate  system,  however,  the  stub  is  accelerating. 
Therefore,  the  accelerotin9  system  is  not  an  inertial  system,  since  Newton's,  first 
law  does  not  hold;  similarly,  the  man  on  the  equator  is  not  in  an  inertial 
reference  frame. 

3.7  AXES  RELATIVE  TO  FIXED  STARS 

Suppose  that  instead  of  axes  fixed  in  the  earth,  we  choose  a set  of  axes  with 
center  at  the  center  of  the  earth,  but  with  the  x axis  pointing  along  the  direc- 
tion of  orbital  motion  and  the  y axis  pointing  toward  the  sun.  This  is  still  not  an 
inertial  system,  because  the  coordinate  system  will  rotate  once  a year;  also,  the 
earth  has  a small  centripetal  OCCcloration  toward  the  sun.  We  can  go  a step 
further  and  take  a coordinate  system  with  origin  at  the  sun's  center,  one  axis 
normal  to  the  plane  of  our  galaxy  and  another  along  the  line  from  the  center 
of  the  sun  to  the  center  of  the  galaxy.  This  is  again  not  an  inertial  system, 
because  the  sun  oibits  around  the  galactic  center.  However,  this  is  close  enough 
for  most  purposes,  as  seen  in  Table  3.1,  because  the  acceleration  of  the  sun 
toward  the  galactic  center  is  very  small  compared  to  ordinary  accelerations 
we  measure  on  earth.  From  here  on,  we  shall  assume  that,  to  a good  approxi- 
mation, a coordinate  system  with  origin  fixed  at  the  center  of  the  sun  and  axes 
pointing  toward  "fixed"  stars  is  an  inertial  system  of  coordinates,  because  it 
has  negligible  acceleration  and  negligible  rate  of  rotation.  Then  the  path  of  a 
free  particle  (no  forces  acting  on  it)  relative  to  this  system  will,  to  a high 
degree  of  approximation,  appear  to  be  a straight  line. 


3.8  Galilean  transformations 


TABLE  3.1  Accelerations  of  Origins  of  Posable  Reference  Frames 


acceleration  of  towards  a = v^/r 


point  on 

equator 

center 

of 

earth 

2 . 

1 

X 10  * mi/sec 

center  of 

earth 

sun 

1 

. 5 

X 10*  mi/sec 

sun 

center 

of 

galaxy 

1 

. 5 

X 1 0 mi/sec 

3.8  GALILEAN  TRANSFORMATIONS 

Suppose  R.  is  at  rest  relative  ta  the  inertial  system  with  origin  in  the  sun,  and 
consider  G.,  in  the  x’y'z'  system,  moving  with  same  constant  velocity  v relative 
ta  R.  Let's  choose  x and  x axes  parallel  ta  v,  as  shown  in  Figure  3.7.  The 


Figure  3.7.  R and  G inertial  frames  G moves  with  velocity  v relative  fo  ^ 
motion  of  a free  particle  looks  like  straight  line,  consent  velocity  motion,  ta  G.  as 
well  as  ta  R.,  so  the  systems  of  bath  G.  and  R.  are  inertial  systems.  We  shall 
exumine  this  in  mare  detail,  nn  order  ta  find  transformation  relations  between  the 
two  coordinate  systems.  Suppose  that  at  a certain  instant  t,  as  measured  by  R., 
the  free  particle  is  at  the  point  (x,y,z).  As  measured  by  clocks  in  G/s  system, 
the  time  is  t'  when  this  observation  is  made.  If  in  G and  R there  are  clacks 

which  beat  seconds  and  which  are  set  ta  / = t'  = 0 at  the  instant  the  origins  in 

G and  R pass  each  other,  the  Newtonian  assumption  of  absolute  time  gives 

t'  = f (3.4) 

We  will  later  see  that  this  equation,  which  seemed  SO  obvious  ta  Newton  and 

to  generations  of  physicists  thereafter,  is  not  valid  in  special  relativity. 

After  time  t,  referring  ta  Figure  3.8,  the  origins  are  separated  by  Q distance 
equal  ta  vt,  since  G.  travels  with  speed  v relative  ta  R.  Thus,  the  position  x'  of 
the  particle  at  the  instant  t'  =:  t,  as  measured  by  G.,  can  be  expressed  CIS 

X'  = X - W (3  5) 

Also,  if  the  y'  axis  is  chosen  parallel  to  y,  and  z'  is  parallel  ta  z,  we  have, 
at  the  same  instant  t’  = the  fallowing  relations  between  G/s  and  R/s  ITICOSUrC* 


52  special  theory  of  relativity 


Figure  3.8.  Separation  between  origins  at  time  f is  vt. 
merits  of  the  particle's  position: 

y'  = y,  z'  = z (3.6) 

Of  course,  R.  and  G.  must  each  use  measuring  ix>ds  at  rest  in  their  respective 
coordinate  systems.  The  four  equations,  Equations  (3.4),  (3.5),  and  (3.6),  are 
called  the  GolilsOP  transformation  equations.  The  equation  t'  = f was,  in  New- 
tonian mechanics,  simply  taken  to  be  self-evident;  other  intuitive  assumptions 
went  into  the  other  GC|UdtionS,  such  as  the  assumption  that  all  lengths  appear  the 
same  in  the  two  coordinate  ^sterns.  It  will  be  seen  that  when  the  relative  speed 
of  G and  R becomes  large,  these  assumptions  are  erroneous,  indicating  that 
intuition  can't  always  be  trusted,  f-.  ) I 

3.9  GALILEAN  VELOCITY'  TRANSFORMATIONS 

Next,  let  us  find  the  relation  between  the  particle  velocities,  as  measured  in 
the  two  coordinate  systems,  using  the  Galilean  transformations.  The  x cornpo* 
nerrts  of  velocity  in  the  two  systems,  R and  G,  are  dx/df  aixl  dx'fdt',  respectively. 
However,  since  if  time  is  (absolute  di  and  df'  are  equal,  we  don't  have  to  dis- 
tinguish between  them.  Differentiation  of  Equation  (3.5)  with  respect  to  f,  remem- 
bering that  V is  constant  results  in 

x'  = X - V (3.7) 

where  the  dots  mean  time  derivatives.  Similarly,  Equations  (3.5)  lead  to 

y'  = y,  z’  = z (3.8) 

The  result  states  that  lif  R.  observes  a particle  going  with  constant  velocity,  and 
G.  is  moving  with  constant  velocity  relative  to  R,  then  G.  will  observe  the  particle 
iTIOvinQ  with  con^nt  velocity.  HerKe,  if  R is  in  an  inertial  system,  so  is  G. 

Hence,  all  inertial  frcimos  are  completely  equivalent  as  far  as  the  statement  of 
the  first  law  of  motion  is  concerned;  if  the  first  law  is  valid  in  one  inertial  frame,  it 
is  valid  in  every  other  incrtiol  frame. 

This  result  is  a first  indication  of  the  significance  of  this  discussion  of  inertial 
frames.  The  similarity  of  the  statements  of  |h6  first  law  of  motion  in  various  in- 
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ertial  frames  means  that  there  is  no  way  to  pick  and  choose  among  the  infinity  of 
inertial  frames  (using  the  first  law),  in  the  hope  that  by  judicious  choice  the  ex- 
pression of  the  law  might  be  imade  simpler.  One  inertial  frame  is  as  good  as 
another.  One  may  draw  the  analogy  of  attempting  to  pick  a better  origin  for 
coordinates  for  the  expr©SSion  of  the  rules  of  plane  analytic  geometry-actua  lly, 
one  origin  is  as  good  as  another. 

It  will  be  seen  below  that  this  equivalence  proper'^y  of  the  law  of  inertia  is 
also  satisfied  by  the  other  laws  of  motion.  Hence  no  mechanical  law  can  be  used 
to  draw  essential  distinctions  between  inertial  frames.  Nevertheless.  Newton  and 
many  other  physicists  of  the  eighteenth  and  nineteenth  centuries  maintained  a 
belief  in  the  existence  of  an  absolute  space  and  an  absolute  time.  "Absolute 
space"  referred  to  space  coordinates  measured  with  respect  to  one  preferred 
inertial  frame,  which  was  supposed  to  be  absolutely  at  rest.  Absolute  time  flowed 
uniformly,  independent  of  the  motion  of  the  observer  with  respect  to  absolute 
space,  and  the  belief  in  the  existence  of  absolute  time  was  the  origin  of  the 
assumption  in  Equation  (3.4). 

10  SECOND  LAW  OF  MOTION  UNDER  GALILEAN  TRANSFORMATIONS 

let  us  look  at  the  expression  of  the  second  law  of  motion  in  the  two  relatively 

moving  coordinate  systems,  R and  G.  We  shall  put  primes  on  all  quantities  such 

as  F',  m’,  a',  to  denote  quantities  m e a su  re  d by  G.  We  shall  ask  how  the 

quantities  F',  m',  a’,  for  general  motion  of  a particle,  are  relatedl  to  the 

corresponding  physical  quantities  F,  m,  a,  measured  by  R.  In  Newtonian  me- 
chanics, it  is  always  assumed  that  all  observers  will  measure  a particle  to  have 
the  same  mass.  i.e.  mass  is  an  absolute  quantity.  Sc  for  a given  particle,  if 
m'  is  the  particle’s  moss  os  measured  in  G,  and  m is  its  mass  as  measured  in 
R,  then  m'  =m.  Similarly,  forces  ore  absolutes,  and  are  assumed  to  be  the 
same  in  two  inertial  systems.  For  example,  a book  weighs  the  same  on  Q scale 
on  the  ground  as  on  a scale  in  a car  moving  at  constant  velocity.  Then  F = F. 
I3y  using  Equations  (3.7)  and  (3.8),  we  can  find  a relationship  between  the  two 
accelerations  a’  and  a.  Differentiating  these  equations  with  respect  tO  time  (f 
or  i'),  we  find  that 

a.’  = a„  Qy  = Qy,  a,  = Cf,  (3.9) 

Thus,  the  accelerations  ore  the  same  in  the  two  inertial  ^sterns. 

We  see  that  the  three  quantities  in  F = ma,  the  second  law,  are  equal  to  the 
'corresponding  quantities  F',  m' , in  the  other  inertial  frame.  It  follows  that 
F'  = m'a'.  In  Newtonian  mechanics,  the  second  law  of  motion  has  the  same  form 
in  all  inertial  frames;  this  low,,  therefore,  cannot  be  used  to  pick  out  some  p>ro- 
ferred  inertial  frame  in  which  the  law  would  be  different. 


I 1 THIRD  LAW  UNDER  GALILEAN  TRA  N SFO  RM  ATIO  N S 

Finally,  the  third  law,  the  law  of  action  and  reaction,  is  the  same  in  various 
inertial  systems;  in  other  words,  the  low  is  form-invariant  under  Galileon  trons- 
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formations.  We  can  see  this  because  if  particles  A and  6 interact  in  the  R system, 
the  third  law  gives  F(;,  g|  = ~F(g  onA)-  fo>'ce,  F = F’.  So  this  equation 

is  the  same  as  ^'(AonS)  = ~F{6onA)^  which  j<,  the  third  law  for  the  same  interaction 
in  system  G.  Hence,  all  the  Newtonian  laws  of  motion  are  form-invariant  under 
Galilean  transformations.  Therefore,  there  is  no  hope  of  finding  one  preferred 
inertial  system,  in  which  the  laws  of  mechanics  take  a simpler  mathematical  form, 
and  which  we  could  SCiy  is  absolutely  at  rest. 

3.12  MICHELSON-MORLIE’Y  EXPERIMENT 

In  spite  of  the  fact  that  all  classical  mechanical  laws  are  form-invariant  under 
Galilean  transformations,  Newton’s  philosophical  beliefs  led  him  to  assert  that 
there  existed  a preferred  inertial  frame,  at  rest  in  absolute  space. 

Later  on  in  the  nineteenth  century,  people  came  to  believe  that  light  waves 
were  supported  by  a medium  called  the  “ether,”  which  was  at  rest  in  absolute 
space.  Relative  to  the  ether,  light  was  supposed  to  propagate  at  the  speed  c; 
hence,  by  the  Galilean  velocity  transformation.  Equation  (3.7),  observers  in 
motion  with  respect  to  the  ether  should  be  able  to  observe  light  rays  propogoting 
at  various  speeds,  depending  on  the  direction  of  propagation  and  on  the  motion 
of  the  observer  with  respect  to  the  ether.  The  apparent  variation  in  the  speed  of 
propagation  of  light  would  mean,  in  other  words,  that  the  laws  describing  light 
waves  are  not  form-invariant  under  Galilean  transformations.  Hence,  detection 
of  the  motion  of  an  observer  with  respect  to  the  absolute  rest  frame,  or  with 
respect  to  the  ether,  by  means  of  experiments  with  light,  appeared  at  first  to 
be  feasible. 

A very  accurate  experiment  designed  to  detect  the  absolute  motion  of  the 
earth  was  performed  by  Michelson  and  Morley  in  1881.  This  was  an  experiment 

TABLE  3.2  Trials  of  the  Michelson-Morley  Experiment 


Observer 

Year 

Place 

l^tio  of  expected 
to  observed  time 
differences 

Michelson 

1881 

Potsdam 

2 

Michelson  & Morley 

1887 

Cleveland 

40 

Morley  & Miller 

1902-04 

Cleveland 

80 

Miller 

1921 

Mt.  Wilson 

15 

Miller 

1923-24 

Cleveland 

40 

Miller  (sunlight) 

1924 

Cleveland 

80 

Tomaschek  (starlight) 

1924 

Heidelberg 

15 

Miller 

1925-26 

Mt.  Wilson 

13 

Kennedy 

1926 

Pasadena  & 
Mt.  Wilson 

35 

Illingworth 

1927 

Pasadena 

175 

Piccard  & Stahel 

1927 

Mt.  Rigi 

20 

Michelson  et  al. 

1929 

Mt.  Wilson 

90 

Joos 

1930 

J ena 

375 

Townes,  Javan, 
Murray,  JaseJa 

1962 

long  Island 

1000 
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in  which  light  was  sent  along  two  arms  of  an  interferometer,  of  equal  length’s, 
placed  parallel  and  perpendicular  to  the  direction  of  the  earth's  orbital  velocity. 
The  difference  in  light  speed,  or  travel  time  differences,  along  these  two  arms 
could  be  measured  with  precision  great  enough  to  detect  the  earth's  orbital 
velocity,  30  km/sec.  When  the  experiment  was  first  performed,  physicists  were 
surprised  to  learn  that  the  time  difference  was  zero — i.e.  the  experiment  gave  a 
null  result.  This  means  that,  to  within  the  accuracy  of  the  experiment,  the  light 
speed  is  independent  of  direction  and  hence-which  is  not  rea  so  na  b le--that  the 
'earth  seemed  to  be  at  rest  in  absolute  space.  This  experiment  has  been  per- 
formed many  times  since  1881  with  greatly  increased  accuracy,  always  with  a 
null  result.  Some  of  these  results  are  given  in  Table  3.2.  Many  other  extremely 
accurate  experiments  involvinci  moving  charges,  moving  telescopes,  interfer- 
ometers with  unequal  arms,  etc.,  performed  to  detect  the  earth’s  motiiOD  have 
given  null  results. 

13  IPOSTULA7ES  OF  REiLATIVITY 

All  of  the  efforts  to  detect  the  absolute  motion  of  the  earth  by  optical  experiments 
have  failed  in  spite  of  the  larqe  magnitude  of  the  expected  effect.  This  tends  to 
indicate  that  absolute  motion  is  simply  not  detectable  by  means  of  optical  ex- 
periments. We  have  also  seen  that  no  preferred  inertial  system  can  be  detected 
by  means  of  Newtonian  mechanics  Einstein  concluded  from  this  that  it  must  be  a 
fundomental  fact  of  niOture  that  there  is  no  experiment  of  any  kind,  performed 
in  an  inertial  system,  by  means  of  which  it  is  possible  to  detect  absolute  motion 
or  to  select  a preferred  inertial  system. 

A deeper  analysis  of  the  relations  between  the  inertial  systems  G and  R is 
necessary.  If  there  is  no  way  of  detecting  a preferred  frame  of  reference,  we  can 
never  say  that,  of  two  observers,  G.  and  R.,  who  are  moving  relatively  to  each 
other  in  inertial  frames,  one  is  at  rest  absolutely.  Only  relative  motion  is  ob- 
servable. {See  Figure  3.9.)  Thus,  R.  can  say,  "G.  is  moving  with  velocity  y relative 
to  me,"  but  not,  "I  am  at  rest  in  absolute  space  and  (3.  is  moving."  If  G.  is  in  an 


Figure  3.9.  Reference  fr^me  G moves  with  velocity  y along  the  positive  x,x’  direction 
with  respect  to  R. 
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inertial  system,  the  experiments  he  performs  using  apparatus  at  rest  in  that 
system  wouid  be  dcSCri  bed  by  some  set  of  equations  which  express  physical  laws 
If  R.  performed  identical  experiments  using  apparatus  at  test  in  his  inertial  frame, 
these  experiments  would  be  described  by  physcal  laws  in  R which  would  be  the 
same  in  form  as  the  physical  laws  in  G.  So,  in  principle,  there  is  no  difference  in 
the  form  of  the  equations  which  express  physical  laws  discovered  by  G.  and  those 
discovered  by  R.  This  is  one  of  the  basic  assumptions  of  the  theory  of  relativity, 
called  the  principle  oi  relativity,  and  may  be  stated  as  follows:  A// the  laws  of 
physics  are  the  same  in  oil  inertial  frames.  This  principle  is  a general  statement 
which  restricts  the  possible  physical  laws  to  those  having  the  property  of  form- 
invariance  with  respect  to  transformations,  between  inertial  systems.  Although  it 
is  consistent  with  the  results  of  mechanical  and  optical  experiments,  it  is  not  true 
that  all  conceivable  experiments  have  already  been  performed,  or  that  all 

physical  laws  have  been  discovered.  Hence  the  principle  has  very  broad  impli- 
cations. 

Measjrements  at  the  (earth’s  surface  show  that  light  propagates  in  a vacuum 
with  speed  c ^ 3 X 10^  m/sec,  independent  of  direction.  If  R.  measures  the 

speed  of  a light  wave  in  vacuum,  it  will  be  c.  If  the  laws  describing  light  waves 

are  valid  laws  of  physics,  and  if  G.  measures  the  speed  of  some  light  wave,  it 
should  be  c.  Both  would  measure  the  speed  to  be  c even  if  it  were  the  same  light 
wave  whose  speed  they  were  measuring.  This  very  important  principle  was  taken 
by  Einstein  as  the  second  fundamental  assumption  of  his  theory:  In  vacuum  the 
speed  of  light;  c,  is  a constant^  irrespective  of  the  slate  of  motion  of  the  source. 

Thus,  if  G.,  traveling  at  velocity  V relative  to  R.,  shines  his  flashlight  in  the 

direction,  it  follows  that  he  will  observe  a light  wave  that  travels  with  speed  c. 

R.  will  observe  the  same  WOV6  traveling  with  the  same  speed  c.  (See  Figure  13.10.) 


Figure  3.10.  Both  Q and  R-  see  light  from  the  flashlight  moving  with  the  same  speed  c 
relative  to  themselves. 


3.  14  Experimentol  evidence  for  second'  postulate  5 7 


This  contradicts  the  Galilean  velocity  transformations,  Equations  (3.4),  (3.5)  and 
(3.6),  which  tell  us  that  the  speed  of  light  wave  sent  out  by  G.  as  observed  by  R., 
is  c -|-  V.  Therefore,  if  the  postulate  of  the  constancy  of  the  speed  of  light  is 
correct,  as  indicated  by  experiment,  the  Galilean  transformations  must  be  in- 
correct. Since  the  Galilean  transformations  depend  solely  on  distance  ond  time 
measurements,  and  snce  a spoed  is  a distance  divided  by  a time,  somehow  the 
distance  and  time  measurements  must  be  modified  in  relativity  so  that  the  speed 
of  light  remains  a universal  constant. 

Summarizing,  Einstein  was  led  to  base  a new  theory  on  two  postulates.  These 
a re : 

I. The  principle  of  relativity: 

No  inertial  system  is  preferred.  The  equations  expressing  the  laws  of  physics 
have  the  same  form  in  cill  inertial  ^sterns 

II,  The  principle  of  the  constancy  of  the  speed  of  light: 

The  speed  of  light,  c,  i«,  a universal  constant  independent  of  the  state  of 
motion  of  the  source. 

14  EXPERIMENTAL  EVIDENCE  FOR  THE  SECOND  POSTULATE 

Most  of  the  experiments  performed  to  test  the  predictions  of  relativity  theory 
largely  confirmed  the  first  postulate  but  did  not  test  the  second  populate  directly. 
We  shall  now  describe  an  experiment  which  was  performed  to  te^  the  volidity  of 
fhe  second  postulate,  that  the  speed  of  light  is  a constant  independent  of  the 
motion  of  the  light  SOUrcC. 

Sjppose  R.  has  a light  source  at  rest  in  his  lab  and  he  measures  the  speed  of 
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g'o' 

Earth 

Figure  3.11.  Light  emitted  frum  positions  A and  6 on  the  sun's  equator  C0ITI6S  from 

‘;ources  moving  with  different  velocities  relative  to  the  earth. 
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light  using  apparatus  at  test  in  his  lab.  He  finds  the  speed  to  be  c.  Then,  if  G.  is 
moving  towand  R/s  light  source  with  speed  v,  the  light's  speed  in  G would  be  c 
if  the  second  postulate  is  correct,  but  c -j-  v if  the  Galilean  transformations  are 
correct.  If  G.  is  moving  away  from  R/s  light  source,  with  speed  v,  the  Galilean 
transformations  imply  that  the  light's  speed  in  G would  be  c v.  The  difference 
between  these  two  observed  speeds  would  be  2v. 

Imagine  that  R.  is  Slitting  in  a lab  at  test  on  the  sun's  equator,  as  in  Figure  3.1  1. 
The  sun  rotates  about  Qif)  axis  which  is  nearly  normal  to  the  line  of  sight  of  G., 
who  is  supposed  to  be  on  the  earth.  The  sun  has  a radius  of  695,000  km  and 
rotates  with  angular  velocity  2.9  x rad/sec.  "Hie  speed  with  which  a point  A 

or  6 (see  Figure  3.1  1)  at  the  edge  of  the  visible  equator  moves  either  toward  or 
away  from  the  earth  is  v = or  = 2 km/sec  = 2000  m/sec.  Hence,  if  G.  mea- 
sures the  speed  of  light,  (emitted  by  a source  at  re^  relative  to  R,  for  both  points 
A and  he  should  see  a difference  of  4000  m/sec  if  the  Galilean  transforma- 
tions are  correct  and  no  difference  if  the  second  postulate  is  correct. 

When  the  experiment  was  actually  performed  by  the  Russian  physicist  Bonch- 
Bruevich,  the  speed  difference  was  observed  to  be  63  ± 230  m/sec,  where  the 
figure  ±230  m/sec  indicates  the  size  of  the  probable  error  in  the  measurements. 
This  experiment  is  in  far  better  agreement  with  the  principle  of  the  constancy  of 
the  speed  of  light  than  with  the  Galilean  transformations.  Bene  h-Bruevic  h calcu- 
lated that,  given  the  rissult  63  ± 230  m/sec  and  the  predicted  result  of  the  Gali- 
lean transformation  of  4000  m/sec,  the  chance  that  the  Galilean  transformation 
could  be  right  is  1 in  10^'/  A reproduction  of  that  paper  is  given  on  the  following 

page. 

3.15  GALILEAN  TRANSFORMATIONS  AND  THE  PRINCIPLf 
OF  RELATIVITY 

The  Galilean  Transformations  connecting  the  measurements  of  G.  with  those  of 
R.  may  be  written  as: 

x'  = X - vf  y'  = Y 

f = / z'  = z (3.10) 

These  transformations  are  completely  consistent  with  the  principle  of  relativity 

(Postulate  I)  taken  by  itself.  This  may  be  seen  by  solving  for  x,  y,  z,  f in  terms  of 

x',  y',  z't: 

x = x'  + vf'  Y = Y' 

/ = /'  z = z'  (3.11) 

Examining  the  last  four  equations,  it  is  seen  that  they  are  of  the  same  form  CIS  the 
first  four  except  for  the  sign  of  the  relative  velocity  and  the  interchange  of  primed 
and  unprimed  variables.  This  formal  difference  in  the  two  sets  of  transformations, 
which  occurs  in  the  sign  of  the  relative  velocity,  is  one  manifestation  of  the 
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It  is  well  known  that  the  Special  Theory 
of  Relativity  is  based  on  the  postulate  of 
the  relativity  of  HlOtiOn  and  the  postulate 
that  the  velocity  of  constant. ^ 

The  first  postulate  is  ,2  direct  C‘OnS€CjUenCe 
of  the  negative  results  of  repeated  attempts 
to  detect  a privileged  coordinate  System  in 
observing  optical  and  electrlCcil  pheonomena. 
Experiments  for  this  purpose,  repeated  over 
several  decades  after  tlie  formulation  of 
the  Special  Theory  of  Relatlvit:'/,  have 
confirmed  the  first  postulate  tJith  increas- 
ing accuracy.^'®  The  second  postulate  of 
the  Theory  was  not  based  on  direct  exper- 
imental results,  and  in  the  decades  tliat 
followed  it  was  not  confirmed  directly 
because  of  the  great  difficulti.tS  encoun- 
tered in  setting  up  the  appropriate 
experiments. 

The  Special  Theory  of  Relativity  no 
longer  needs  any  add  i t iona  1 S u [)por t . None 
the  less,  as  Acad  eipi  c iai  S , 1 ■ Vavilov 

pointed  out  more  than  ten  ycarjl  cl^O,  a 
direct  experiment  showing  that  tli€  velocity 
of  light  is  independent  of  the  velocity  of 
the  source  of  radiation  relative  to  the 
observer  is  important,  due  to  t he  basic 
significance  of  this  postulate,  Dingle 
published  a note  on  this  recent  ly.*^  It 
appears  i'rom  this  note  that  the  author  is 
not  acquainted  with  the  result:;  of  tlie 
experiment  to  confirm  the  second  postulate 
directly,  carried  out  in  1955.  /’■9 

In  this  experiment,  a comparison  was  made 
of  the  times  tl  and  t2reciuireclfor  light 
emitted  t>ytwo  moving  sources  to  traverse 
a distance  L = 2000  meterS.  The  sun's 
equatorial  edges  were  UlSed  as  SOU, TCeS. 
Switching  from  the  radiation  ol  the  sun’s 

eastern  edge  to  that  of  its  western  edge 

corresponds  to  changing  the  velocity  of  the 
source  of  radiation  by  3.9  km/SiC'C  i^  the 
plane  of  the  ecliptic.  We  usec'a  phase 
method  to  show  to  the  required  accuracy  that 
under  tht'SG  conditions  transit  time  over 

the  base  L remains  C0nS"3nt.  The  intensity 
of  the  light  radiated  along  the  base  by  the 
left  or  right  equatorial  edges  of  ttlG  sun 
was  modulated  at  a frequency  ol'  about 
12  Mc/s.  The  phasemeter  of  a liigll  resol- 
ving-power  fluorometer  was  then  LlSfid  to 
measure  the  phase  shift  A of  the  modulation 
of  the  light  trawling  dlong  thf^  base  when 
the  transition  was  made  from  otK*  edge  of  the 
sun  to  the  other. 10 
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A statistical  analysis  of  the  results 
of  more  than  1700  measurements  of  At  = 

^2  ■ showed  that  in  OUT  experiment 
the  change  in  the  transi!  time  over  the 
base  L of  tl'S  light  emitted  by  the  left 
and  rigllt  equatorial  edg^  s of  the  sun 
was  At  ::  (1.4lll5.])  X lO”^^  sec. 

We  note  that  if  the  classical  law  of 
compounding  velocities  WCre  valid,  the 
quantity  At  for  our  apparatus  ^Ould  have 
had  the  value  75  X 1 0'^ ^ S eC  , wh  1 Cll  1 i e s 
far  outside  the  limits  of  experimental 
error.  In  addition,  the  value  At  = 0 
lies  inside  these  limits. 

As  was  shown,  9 these  experimental 
results  can  be  statistically  analyzed 
along  different li n e s , and  used  to  com- 
pare the  probabilities  that  ths  classical 
or  relativistic  laws  of  compounding 

velocities  are  valid.  ThlS  ShoWS  that 

the  probability  that  the  velocity  of 
light  is  independent  of  the  Velocity  of 
motion  of  tie  source  eXCteds  by  1045 
times  tlie  probability  that  the  classical 
law  of  compounding  velocities  is  valid. 

The  experimental  results  appear  con- 
vincing to  us,  and  it  SeemS  o f little 
importance  to  repeat  them  iu  another 
variation  at  present  (for  instance 
using  excited  atoms  or  ionS  as  a moving 

source  of  radiation) 
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principle  that  neither  of  the  inertial  systems  is  preferred.  Hence  the  correct  trans- 
formation laws  in  relativity  must  have  a similar  property;  it  is  mainly  the  con- 
stancy of  the  speed  oi  light  which  brings  about  major  changes  in  the  form  of 
the  transformations. 

3.16  TRANSFORMAHON  OF  LENGTHS  PERPENDICULAR  TO  THE 
RELATIVE  VELOCITY 

We  shall  now  begin  the  'derivation  of  the  correct  transformation  laws  which  will 
replace  the  Galilean  transformations.  These  new  transformations  will  have  to  be 
valid  for  all  physical  values  of  the  relative  velocity  v.  Experimentally,  the  largest 
possible  magnitude  of  the  relative  velocity  of  two  physical  objects  is  c.  When 
the  relative  velocity  v is  such  that  v « c,  Ihowever,  the  correspondence  principle 
requires  that  the  morS  general  transformations  reduce  to  the  Galilean  trans- 
formations. To  find  fhe  modified  transformations,  we  will  c o n sid  e r se  ve  ra  I 
thought  experiments. 

We  first  consider  the  rneosurement  of  distances  oriented  perpendicular  to  the 
direction  of  relative  velocity  between  the  two  frames,  that  is,  along  the  y or  2 
directions.  To  find  G/s  coordinate  y'  in  terms  of  the  unprimed  coordinates 
measured  by  R.,  suppose  that  G.  and  R.  each  have  meter  sticks  which,  when  at 
rest  relative  to  each  other,  are  identical.  Then  lay  one  meter  stick  with  midpoint 
on  each  of  the  z and  z’  axes,  and  arrange  the  two  sticks  parallel  to  the  y,  y'  axes 
as  in  Figure  3.12.  Imagine  that  G.  and  R.  drive  nails  into  the  sticks  at  the  ends  to 
provide  definite  markers  for  the  end  points,  and  that  then  G.  moves  past  R.  with 
some  large  constant  velocity  v along  the  x axis.  If  the  nails  in  G/s  stick  pass  be- 
tween the  nails  in  R/s  stick,  we  would  have  to  say  that  G/s  meter  stick  was  con- 
tracted due  to  its  motion.  Because  R.  is  moving  with  speed  v relative  to  G.,  then 


(j7  R 


Figure  3.12.  Thought  experiment  showing  lengths  oriented  perpendicular  to  the  direc- 
tion oi  relative  motion  ore  unchanged  by  motion. 
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by  the  principle  of  relativity,  R/s  nails  must  also  pass  between  G/s  nails.  How- 
ever, it  is  not  consistent  to  say  that  G/s  nails  pass  between  R/s,  and  R/s  pass 
betwee n G/s;  the  o n ly  wa y this  c a n be  c o nsistent  is  if  the  na  ils  hit  each  other. 
This  would  tell  us,  in  general,  that  the  transformation  between  y and  y'  is: 

Y'  = Y (3.12) 

A similar  argument  results  in: 

z'  = z (3.13) 

So  no  matter  what  the  relative  velocity  is,  as  long  as  it  is  normal  to  the  y'  and  2' 
axes,  we  must  still  have  y'  = y and  z'  = z,  just  as  in  the  Galilean  transforma- 
tions. However,  we  still  have  to  obtain  x'  and  t’  in  terms  of  x and  which  is  a 
less  straightforward  process. 

17  HME  DILATION 

Let  us  consider  another  thought  experiment  to  see  how  time  intervals  and  lengths 
oriented  along  the  x axis  vary  from  one  inertial  frame  to  another.  Suppose  G. 
puts  a mirror  a distance  L'  out  along  his  z'  at  M’  in  Figure  3.13,  and  ar- 
z z' 


Figure  3.13.  Tho Light  experiment  as  seen  by  G.;  light  travels  from  O'  to  the  stationaiy 
miiror  M'  and  back. 

ranges  it  so  that  a light  ray  which  passes  from  his  origin  0'  to  M’  will  be  re- 
flected right  back  to  O’.  The  principle  of  the  constancy  of  the  speed  of  light 
means  that  G.  will  find  that  the  light  ray  travels  with  speed  c.  The  time  it  takes 
to  go  from  0'  to  M’  and  back  to  0’  is  then 

91 ' 

A/'  = — (3.14) 

c 

Next  we  consider  the  same  light  ray  from  R/s  point  of  view,  and  calculate  the 
time  interval  At  for  the  light  ray  to  go  from  0 to  M’  and  come  back  to  the 
origin  O'.  We  assume  here  that  0 and  0'  coincide  when  the  light  ray  is  first 
emitted.  In  Figure  3.14,  the  dcished  rectangle  represents  the  position  of  the  mirror 
at  the  time  the  ray  strikes  it.  Since  z’  = z and  z’  = I’  for  the  mirror,  R.  will  ob- 
serve that  the  mirror  is  out  in  the  z direction  a distance  L = I’-  Let's  call  the  time 
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Figure  3.14.  Thought  experiment  as  seen  by  R.;  light  travels  obliquely  fnDm  0 to  the 
moving  mirror  M’  and  bcick  to  O'. 


at  which  R.  observes  that  the  ray  strikes  the  mirror  At,,.  The  x coordinate  of  this 
event,  "ray  strikes  mirror,"  if  G.  moves  with  velocity  v,  will  be  (v)(Afgo).  In  the 
triangle  OMX  in  the  figure,  the  hypotenuse  OM  is  therefore  of  length  + 

[vAfgo]^)^.  Since  the  speed  of  light  relative  to  R.  is  c,  the  time  it  takes  for  light  to 
go  from  0 to  M'  will  be  given  by 


Afp 


c 


(3.15) 


When  this  equation  is  solved  for  At,,  , the  result  is 


Afgo 


(T/£) 

(1  - 


(3.16) 


It  takes  as  much  time  for  the  ray  to  come  from  M'  back  to  O',  as  to  go  from  0 to 
M'.  Therefore,  the  total  time.  At.  for  the  ray  to  go  from  0 to  M to  0’  is  2A/go,  or 


_ (2L7c) 

( 1 -vVc7"= 


(3.17) 


We  have  thus  analyzed  an  event-the  collision  of  the  light  ray  with  0^ — from 
two  different  points  of  view.  G.  says  that  for  this  event, 

. 2L' 

x'  = 0 and  Af  = (3.18) 

C 

R.  says  that  for  this  event. 


a nd 


X = vAf 


{2vL’/c) 

(1  - 


Af 


{21' /c) 

(1  - 


(3.19) 

(3.20) 


There  are  several  things  W6  can  do  with  this  information.  For  example,  the  ratio 
of  At  to  At’  can  be  obtained.  Division  of  the  equation  for  Af  by  that  for  At' 
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gives  At/Af'  = (1  - or 

At 


( 1 


At' 


(3.21) 


That  is,  the  observers  obtain  different  times  for  the  occurrence  of  the  event. 

To  give  a numerical  example,  i1  V = 4c/5,  1 --  v^/c^  = ^25  ~ 

At' = (y^)Ai'.  so  if  G.^S  dock,  at  O’,  reads  3 S6C  elapsed  time,  then  a 
clock  at  rest  in  R/s  system,  which  is  at  the  position  of  0’  when  the  ray  strikes  it, 
will  have  beat  5 seconds. 

Hence  the  “moving”  clock,  G/s  clock,  beats  more  slowly  than  R/s  clocks.  In 
this  experiment  G.  S clock  at  O'  was  the  only  clock  he  used  in  making  the  mea- 
surements. However,  R.  used  one  clock  at  his  origin  to  mark  the  time  the  ray 
went  out,  and  one  clock  at  the  final  position  to  mark  the  time  of  arrival  of  the 
ray  back  at  O’.  These  two  clocks  in  R.'s  system  cannot  be  the  same  clock  because 
we  assumed  in  the  thought  experiment  that  all  R/s  clocks  remain  at  rest  in  R. 
R.,  therefore,  used  at  least  two  clocks.  We  may  conclude  that  for  the  speed  of 
light  to  have  the  same  value  for  all  observers,  it  must  be  true  that  clocks  moving 
relative  to  a system  beat  slower  than  clocks  at  rest  in  the  system.  However,  the 
observer  at  rest  must  use  at  least  two  clocks  to  see  the  effect,  while  the  moving 
observer  carries  one  clock  along  with  him.  This  effect  is  called  time  dilation. 

In  this  experiment,,  the  clock  carried  by  the  “moving”  observer,  G.,  appears 
to  beat  more  slowly  than  the  two  clocks  in  the  “rest”  system,  that  of  R.  If  we 
analyze  a similar  experimerit  from  the  point  of  view  of  G.,  in  which  we  regard 
G.'s  system  as  the  rest  system,  then  by  the  principle  of  relativity  we  must  find 
that  a single  clock  carried  along  by  R.  will  beat  slower  than  G/s  clocks.  In  this 


(3.22) 

just  the  opposite  of  Equation  (3.21).  This  shows  that  the  student  should  not 
attempt  to  learn  the  equations  of  relativity  in  terms  of  primed  and  unprimed 
variables,  but  in  terms  of  the  physical  interpretation  of  the  equations;  confusion 
regarding  the  sense  of  the  various  contraction  and  dilation  effects  is  then  less 
likely  to  result. 


latter  experiment,  by  the  principle  of  relativity, 

At.  = A/y^i  - ^ 


mple  Suppose  someone  your  own  age  gets  in  a rocket  ship  and  moves  past  you  with  a 
speed  V such  that  (1  v^/c^)'^^  = '/2  Suppose  that  in  10  seconds,  by  his  own 

reckoning,  he  counts  that  his  heart  beats  10  times.  You  wouid  observe  that  in  ten 
seconds,  by  your  own  reckoning,  his  clocks  have  recorded  less  than  ten  seconds, 
or  ('/2  )(  10)  = 5 S0C,  so  you  would  observe  that  his  heart  beats  only  5 times.  If 
he  goes  to  Mars  and  returns,  he  will  then  be  younger  than  you  when  he  gets 
back. 


This  time  dilotion  effect  has  been  observed  in  experiments  in  which  the  average 
lifetimes  of  high  speed  particles  called  p-mesons  are  measured,  ^-mesons  at  rest 
decay  into  electrons  after  (in  average  lifetime  of  2.2  x 10  sec.  This  decay 
can  be  thought  of  as  an  internal  clock  in  the  meson.  When  the  mesons  are  moving 
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rapidly,  it  appears  to  us  that  the  internal  clock  beats  slower,  so  the  meson's 
average  lifetime  appears  to  be  longer.  Table  3.3  gives  some  experimentally 
observed  lifetimes,  together  with  corresponding  values  calculated  from  Equa- 
tion (3.21)  for  differing  values  of  v/c.  The  measurements  were  obtained  by  B. 
Rossi  and  D.  B.  Hall,  who  counted  the  number  of  cosmic  lay  fl  mesons  at  diffiBient 
heights  above  the  earth's  surface.  Since  the  jji's  are  produced  by  high  energy 
cosmic  ray  particles  striking  the  earth's  outer  atmosphere,  the  number  of  fi's 
counted  at  a given  height  was  a measure  of  the  number  of  fx's  surviving  after 
being  created  in  the  primary  collisions.  From  these  measurements,  along  with 
independent  measurements  of  speeds  of  the  the  lifetimes  as  a function  of 

speed  could  be  found. 


TABLE  3.3  p-Meson  Lifetimes  As  o Fiinction  of  Speed 


vie 

7’ov.rng.  ( obs.) 

^average  (colc.) 

0.9739 

10.6  ± 3.5  fiiee 

9.3  fisee 

0.9853 

13.3  ± 5.8  usee 

13.0  Msec 

0.990 

15.6  ± 5.8  Msec 

15.7  Msec 

3.18  LENGTH  CONTRACTION 

The  results  of  the  thought  experiment,  from  which  we  obtained  the  time  dilation 
effect,  can  also  be  used  to  derive  a length  contraction  effect  for  rods  oriented 
parallel  to  the  lelative  velocity.  Suppose  R.  has  a measuring  lod  along  his  x axisy 
on  which  he  makes  a scratch  at  his  origin  0 and  another  scratch  at  the  point 
ivhere  the  light  ray  hits  0'  after  reflection  from  the  moving  mirror.  Let  us  call 
the  distance  between  scratches  in  R/s  system  Ax.  Since  Ax  is  the  distance  be- 
tween 0 and  0'  after  the  time  At,  during  which  G.  is  moving  away  with  speed  v. 

Ax  = vAf  (3.23) 

Now  the  distatKe,  Ax’,  measured  by  G.  between  the  scratches  is  a distarKe  be- 
tween scratohes  on  a rod  which  is  moving  with  speed  v relative  to  him.  It  is  also 
the  distance  between  0 and  O',  measured  after  the  time,  At%  when  the  light 
after  going  from  0'  1^0  M'  arrives  back  at  O'.  Then  the  distance  between 
scratohes  is,  for  G., 

Ax'  = vAf'  (3.24) 


Division  of  the  expression  for  Ax’  by  that  for  Ax  leads  to 

Ax'  _ At’. 

Ax  “ At 

Hut  from  the  time  dilation  'equation.  Equation  (3.21), 


Therefore, 


Ax'=  l-'-J  Ax 

\ C / 
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Here  Ax  is  the  length  of  an  object  measured  in  a system  in  which  the  object  is 
at  rest.  The  object  is  moving  with  speed  v relative  to  the  G system  in  which  the 
corresponding  length  Ax’  is  measured.  Thus,  if  an  object  is  moving  relative  to 
the  observer  with  velocity  v,  it  appears  contracted  in  the  dimension  parallel  to 
V by  the  factor,  (1  — Since  y = y’  and  z = z’,  the  object  ij,  not 

changed  in  size  in  directions  perpendicular  to  v.  For  example,  if  v/c  = Vj, 
Ax'  = ) Ax.  This  result  says  that  a stick  of  any  length  Ax  at  rest  relative 

to  R.,  when  measured  by  G.,  appears  to  be  shorter.  This  effect,  in  which  moving 
rods  appear  contracted  in  the  direction  of  motion,  is  a necessary  consequence  of 
the  assumption  that  the  speed  of  light  has  the  same  value  for  all  observers. 

Suppose  G.  and  R.  both  hove  meter  sticks  parallel  to  the  x and  x’  axes.  To 

R.,  the  length  of  G.^S  stick  appears  to  be  less  than  a meter.  Also  to  G.,  R.^S  stick  is 
less  than  a meter  long.  How  can  each  measure  the  other’s  stick  to  be  shorter? 

The  reason  is  that  to  measure  a moving  length  one  must  find  the  positions  of  the 

two  ends  simultaneously,  and  then  measure  the  distance  between  these  posi- 
tions. The  two  observers  simply  disagree  about  what  measurements  are  simul- 
taneous, as  we  shall  see.  It  should  be  noted  that  if  the  physical  situation  is  re- 
versed so  that  the  length  is  at  rest  relative  to  G.,  Equation  (3.27)  would  become 
Ax  = (1  - Ax'.  So,  as  in  the  case  of  time  dilation,  one  should  not 

learn  the  equation  in  terms  of  where  the  prime  goes  but  jin  terms  of  the  physical 
situation  corresponding  to  the  given  equation. 


.19  LORENTZ  TRANSFORMATIONS 

With  the  information  gained  from  these  thought  experiments,  we  can  now  find 
the  Lorentz  transformations  which  give  the  relativistic  relations  between  cocrdi- 
notes  of  events,  observed  from  different  Inertial  frames.  Two  of  the  ecjuations 
are  unchanged:  y’  ==  y and  z’  = z.  We  will  assume  in  our  transformations 

that  t = f'  = 0 when  the  origins  0 and  0’  coincide.  This  can  be  done  by  simply 

setting  the  clocks  to  zcro  at  that  instant. 

Suppose  an  object  at  P’  in  figure  3.15  is  at  rest  relative  to  G.  The  distance 
X in  the  figure  is  the  x coordinate  of  P'  relative  to  R;  it  is  the  distance 
measured  parallel  to  the  x axis,  from  x = 0 to  P’.  As  measured  by  R..  the  dis- 
tance from  0’  to  P’  is  Ax  = x — vt.  To  G.,  the  distance  O’P’  is  simply 
« Ax’.  Also,  we  note  that  Ax’  is  a distance  between  points  at  rest  in  the 
moving  system  G.  Thus  Ax  is  less  than  Ax’  by  the  factor  (1  — We 

then  have  Ax’  = Ax/(1  But  as  we  found  above,  Ax’  :::  x’  and 

Ax  = X — vt.  Therefore,  we  obtain  the  following  transformation  equation  relat- 
ing x’to  X and  t: 

X ; yj  X Vt)  (3.28) 

This  applies  if  P’  is  any  point  whatever.  Hence,  if  some  event  occurs  relative  to 

R at  position  x and  at  time  f,  then  substitution  of  x and  t into  this  transformation 

equation  gives  the  value  of  x at  which  G.  observes  the  event.  Equation  (3.28) 
is  the  same  as  the  ‘corresponding  Galilean  equation,  except  for  the  factor 
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Z z' 


l/(  1 ™ As  v/c  approaches  zero,  this  factor  approaches  one.  Therefore, 

the  correspondence  principle  is  satisfied. 

The  principle  of  relativity  implies  that  the  equation  giving  x in  terms  of  x'  and 
f is  of  the  same  form  as  the  transformation  equation,  Equation  (3.28),  but  with 
the  sign  of  v reversed.  Hence,  in  terms  of  x'  and  t,  we  must  have 


X 


( 1 


- yW) 


w') 


(3.29) 


Finally,  we  want  to  find  the  transformation  equation  which  gives  the  time  f' 
in  terms  of  measurements  made  by  the  observer  R lb  do  this,  we  use  the  expres- 
sion for  x'  of  Equation  (3.28)  to  eliminate  x in  Equation  (3.29).  The  resulting 


equation  is 


(I 


2\l/2 


(1  - V /c  ) 


2\l/2 


(X  - vf)  + 


vf 


(3.30) 


On  solving  this  la^  equation  for  t,  we  find  that 


f = 


1 


(1  - 


/ - ^ 


(3.31) 


This  is  the  desired  relationship  giving  t'  in  terms  of  f and  x.  Likewise  from  the 
principle  of  relativity,  expressing  f in  terms  of  t'  arxi  x',  we  must  have 


f = 


(1 


(3.32) 


For  V « c,  the  two  equations,  (3.31)  and  (3.32),  both  reduce  to  f'  = t.  There- 
fore, the  correspondence  prirKiple  is  satisfied. 

These  equations  were  found  using  the  length  contraction  equation.  They  also 
agree  with  the  time  dilation  formula.  We  con  see  this  by  supposing  that  a single 
clock  is  at  rest  in  the  moving  system  G at  x'  = 0.  The  equation 
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( 1 


■y'/c^) 


(3.33) 


becomes,  for  this  clock,  / = f'/(^  — The  time  read  on  this  single 

clock  at  rest  in  the  moving  system  G,  is  therefore  less  than  the  time  t measured 
by  a coincident  clock  in  the  rest  system  R.  This  agrees  with  Equation  (3.13), 
found  previously  from  a thoUCjht  experiment. 

The  set  of  transformations  we  have  found  between  x'y’z’t'  and  xyzt  are: 


/ 

X 


(1  - vVcl'^ 


(X 


yf), 


y'  ==  y. 


Z, 


(1  vVcO 


I - 


These  are  called  the  Lorenti:  ffonsformafions.  We  have  seen  that  they  satisfy  the 
correspondence  principle.  They  were  derived  by  repeated  use  of  the  two  postu- 
lates of  the  theory  of  relativity. 


]mple  Suppose  that  G.  is  moving  away  from  R.  in  the  positive  x direction  at  a speed 
such  that  v/c  — ^/^3.lf  R-  sets  offa  firecrackeraty  =7  = 0,  x = 10,000  m, 
f :=  10  ^ sec,  where  and  when  does  G.  observe  it? 

/ufion  For  v/c  = ^(3,  (1  "■  ' Then  substitution  into  Equations  (3.34) 

gives  y'  = t!  - 0,  x'  = 1667  m,  f'  = 0.944  xl0“'*:;ec. 


1.20  SIMULTANEITY 

Aside  from  the  time  dilation  factor  (1  — v^/c^)  the  equation  for  t'  in  the 
Lorentz  transformations  differs  from  the  Galilean  transformations  by  a term 

y 

R 

X ^ X ) ; X X X X -X 


Figure  3.16. 
toneous  in  R . 


A number  of  explosions  ot  different  positions  along  the  x are  simul- 
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proportional  to  x.  To  see  the  physical  significance  of  this  term,  suppose  that  R. 
sets  off  a number  of  explosions  along  the  x axis,  which  by  his  own  clocks  occur 
simultaneously,  at  the  instant  / = 0.  (See  Figure  3.16.)  The  equation  f ~ 
(f  _ vx/c^)/(l  — tells  us  that  for  / = 0 but  for  different  positions 

X,  t'  = — vx/c^(l  — These  are  then  the  readings  on  the  various  clacks 

of  G.  for  the  different  explosions,  all  of  which  are  observed  simultaneously  in 
R.  at  t = 0.  Thus,  for  positive  x,  these  clocks  in  G appear  to  be  set  behind  what 
R.  would  call  the  correct  time  by  the  amounts  yx/c^(l  — which  depend 

on  position.  Hence  events  that  appear  simultaneous  to  R.  do  not  appear  simul- 
taneous to  G.;  the  times  of  their  occurrence  depend  on  the  x positions  of  the 
events.  Simultaneity  is  thus  a concept  which  has  no  absolute  meaning. 

Perhaps  we  may  understand  this  by  considering  the  observer  R.  standing,  as  in 
Figure  3.17,  halfway  between  two  light  detectors  Di  and  D2,  that  record  the  time 


Figure  3.17.  Light  emitted  from  o point  halfway  between  two  detectors  at  rest  in  R 
arrives  simultaneously  at  the  two  detectors  in  R. 

at  which  light  hits  them.  If  R.  turns  on  the  light  bulb  he  is  holding,  then,  since 
it  takes  the  same  time  for  the  wavefront  to  travel  from  R.  to  D]  as  to  D2,  the 
detectors  record  equal  times  when  light  hits  them.  R.  would  say  that  the  light 
hit  the  detectors  simultaneously. 

However,  if,  as  shown  in  Figure  3.18,  G.  h moving  past  R/s  position  at  the 

instant  R.  turns  on  the  light,  then  as  far  as  G.  is  concerned,  he  sees  Dy  and  D2 

moving  backward  with  speed  y,  Then,  in  G/s  system,  the  light  wave  going  for- 
ward and  the  detector  D2  are  approaching  each  other,  while  D\  is  moving 

parallel  to  the  light  wave  going  backward,  The  light  wave  going  forward  thus 

appears  to  have  traveled  less  distance  before  it  strikes  the  detector.  Therefore, 
in  G/s  system,  the  light  hits  D2  before  it  hits  D],  and  the  events  which  were 
simultaneous  in  R are  not  simultaneous  in  G.  Since  G.  believes  that  the  light  hits 
D2  first,  but  Di  and  record  the  same  time,  G.  says  that  the  timer  at  D2  is  set 
fast  compared  to  that  at  Dy.  That  is,  the  timers  are  not  SynchronlZ6Cl  in  G. 
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mp/e 

ution 

mp/e 

L/fion 


Figure  3.18.  Light  emitted  aS  O.  passes  the  midpoint  between  two  moving  detectors 
does  not  arrive  at  the  detectors  simultaneously  in  G. 

1.  Two  events  at  x --  ±100  km  are  observed  by  R.  at  the  instant  / = 0.  When 
are  these  events  observed  by  G.  If  G/s  velocity  in  the  positive  x direction  relative 
to  R has  magnitude  c/10?  (Assume  f'  = t = 0 when  = X = 0-) 

= -vx/c^(1-vVc'f'=-0.1(±100)/(3  X 10h(0.99)'/= 

= ±3.35  X 10^'*  se  c . 

2.  If  the  relative  velocity  ha‘i  magnitude  9c/10,  when  are  they  seen? 

f ==  0.9(±100)/(3  X I0h(0.19)’''2  = ±6.88  x 10“'' sec. 

When  a length  meGSurem(jnt  of  a moving  object  is  made,  the  positions  of  both 
ends  of  the  rod  must  be  marked  at  the  same  time.  (See  Hgure  3.19.)  Thus,  for 
R 


Figure  3.19.  To  measurB  the  length  of  a moving  rod,  R.  makes  marks  simuHaneously  at 
the  positions  of  the  left  o nd  right  ends^  arxi  x^.  L = * 

a rod  of  length  [at  rest  in  G,  R.  could  measure  itsapparent  length  i by 
noting  the  position  of  its  lef^  end,  xi,  and  the  position  of  its  right  end,  X/?,  at 
the  same  time,  and  then  measuring  the  difference  — X^.  Suppose,  for  example, 
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that  when  G/s  speed  is  10,000  ft/sec,  waits  10~^  seconds  to  marie  the  right 
end  of  the  rod  after  he  marks  the  left  end.  Ihe  error  he  would  make  in  his  length 
measurement  would  be  (1  0000)(  1 0~^)  = 10  ft 

Let  R.  mark  the  positions  of  two  ends  of  the  rod  at  time  i.  Then,  from  the 
Lorentz  transformations,  G.  would  say  the  right  mark  was  made  at  the  time 
til  = (f  — — v^/c  ? Also,  G.  would  say  the  left  mark  was  made  at 

the  time  = (t  — vx^/c  )/(l  “ v /c  ) .Since  these  times  are  not  the  same,  the 
marks  do  not  appear  to  be  made  simultaneously  in  G;  rather,  it  appears  the 
right  end  is  marked  first.  The  difference  between  these  times  is  Af'  = f[  --  tp, 
given  by 


v(xp  Xi)  _ vL 

c^(l  - c^(l  - 


(3.35) 


In  this  time,  relative  to  G.  the  R ^stem  moves  a distance  vAf'  to  the  left  Hence, 
the  righthand  mark  approaches  the  left  end  of  the  rod  by  a dislarKe 


vAf'  = 


Ihusy  if  to  G.  the  length  of  the  rod  is  V,  the  dislatKe  between  the  marks  is 


(3.36) 


L',.  = L'  - 


2 , 2 J/2 


c^(l-  - vVe 

To  R.,  of  course,  the  distance  between  the  marks  is  L^arks 
length  of  the  rod. 

R I I 


(3.37) 

L,  the  apparent 


Xl/  f'i 


1 


it-vxjc^) 


□ 


R at  Instant  Xr  is  marked,  t r. 
^ ■ It  vxjc) 


1 1 R — ^ vVe 


- R moves  to  left  before 
Xl  is  maiked 


'Rat  instant  Xi  is  marked, 
with  t^,  t ( 


^ marks 


Figure  3.20.  R/s  measurements  of  the  length  of  the  rod  in  G,  as  seen  by  G. 
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Ihe  above  result  can  be  used  to  check  the  length  contraction  effect,  for  sup- 
pose the  ratio  of  the  appaient  length  of  a moving  rod  to  that  of  an  identical  rod 
at  lest  is  denoted  by  \/‘y,  where  y is  some  constant  depending  on  relative  speed. 
Then  since  to  R.  the  rod  at  rest  in  G is  moving,  L^orks  - L - However, 

to  G.  the  marks  at  rest  in  r are  moving  with  the  same  speed,  so  ~ ^-/T* 

Thus,  eliminating  L'  and  L^ark-  Equation  (3.37), 


c^(l  - vVc^)' 


(3.313) 


This  quadratic  equation  for  y has  solutions  y = 1/(1  — and  y = 

-(!■■»  Since  the  second  solution  becomes  -1  as  v/c  goes  to  zero, 

it  does  not  satisfy  the  correspondence  principle  and  may  be  discarded.  The  first 
solution  agrees  with  the  length  contraction  found  previously  from  another 
thought  experiment.  Since  the  present  argument  is  based  on  the  disagreement 
regarding  simultaneity  between  the  two  frames,  we  see  that  this  is  the  basic 
reason  why  lengths  in  one  system  may  appear  shortened  in  another  system,  and 
vice-veisa. 


2 1 TRANSFORMATION  OF  VELOCITIES 

It  is  extremely  useful  to  know  how  velocity  measurements  made  by  different 
observers  are  related.  Suppose,  as  is  illustrated  in  Figure  3.21,  that  R.  observes 


z 


Hgure  3.21.  The  position  vector  of  o particle  changes  by  dr  in  time  d/. 
a particle  moving  in  lime  dt  from  the  point  with  coordinates  X,y,Z  to  x + c/x, 
y -h  dy,  z + dz.  In  R the  velocity  then  has  components  of  dx/dt,  dy/di,  and 
dzfdf.  Suppose  G.  observes  the  very  same  particle  going  from  x',  y',  z'  to 
x'  -f  dx',  y'  + dy',  i'  + dz'  in  the  time  interval  dt'.  The  velocity  components 
in  G are  then  dx'Idf',  dy'jdf',  and  dz’fdf'.  V\te  shall  use  the  Lorentz  trcinsformo- 
tion  equations  to  find  dx',  dy',  dz',  and  dt'  in  terms  of  the  unprimed  differ- 
ential quantities.  The  use  of  the  velocity  definitions  just  stated  will  then  lead  to  the 
velocity  transformations. 
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One  of  the  equations  of  the  Lorentz  transfonnation.  Equations  (3.34),  is 


X = 


(1  - vyc^) 


(X  Vt) 


(3.39) 


the  diffeiential  foim  of  this  equation  is 


dx' 


1 


(1  - vwy'^ 


(dx  — vdt) 


(3.40) 


This  was  obtained  simply  by  differentiation,  understanding  that  the  relative 
velocity  of  the  two  observers  is  kept  constant,  i.e.  that  v is  constant.  The  incre- 
ment dt  is  obtained  in  the  same  way  fiom  the  equation, 


It  is 


vVc^)’^= 


t - ^ 


elf 


1 

(1  - vyc^''^ 


(3.41) 

(3.42) 


Hence,  the  x'  component  of  velocity  is 


dx'  _ dx  — vdt_ 

dt'  df  - - vdx/c^ 


(3.43) 


If  we  divide  the  numerator  and  denominator  through  by  dt,  on  the  righthand 
side  we  get  (dx/dt)  --  v in  the  numerator  and  1 — v(dx/df)/c^  in  the  denomi- 
nator. (We  shall  use  the  dot  notation  for  time  derivatives,  x = dx/df,  the  x 
component  of  velocity  ir  R;  likewise  in  G,  x'  = dx'/df'.)  Equation  (3.43)  is, 
in  this  notation, 


, _ dx’  _ (*  — v) 

dt'  (‘I  --  vx/c^) 


(3.44) 


Thus,  for  example,  if  O particle  goes  with  an  x component  of  velocity,  x = 
— V2  c relative  to  R,  onO  v = V2  c,  then  G.  will  measure  the  x'  component  of 
veloc  rty  tD  be 


( — V2  C - V2  c)  / 4\ 

(1  + Va]  " “\5/ 


On  the  other  hand,  the  Galilean  transformation  would  give  x = x « v = 

^V2  c - V2  c = -c. 

To  obtain  the  transformation  equation  for  y,  we  have  y = dyfdi  and  y'  = 
dy'/dt'.  Since  y'  = y,  we  have  dy'  = dy.  Also,  for  the  differential  dti,  we 
may  use  the  expression  in  Equation  (3.42).  Therefore, 


y 


dyy_  dyV1 

di’  - (dt-  vdx/c^) 


(3.45) 


Hence,  dividing  numerator  and  denominator  by  dt,  we  obtain 


(3.46) 
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By  a similar  derivation,  we  get  for  i': 


( 1 ~v^/cY^± 

( 1 -vx/c^) 


(3.47) 


ip/e  If  a particle  is  observed  by  R.  to  move  with  velocity  components  (10,000,;  42,000; 
128,000)  km/sec,  then  when  G.  passes  R.  with  a speed  V7  c in  the  positive  x 
diiection,  what  will  be  the  velocity  components  he  obsen/e^ 

t/on  1 vk/c^  = 1 [10'‘][1.5xl0"]/[3x  10=]'=  ”4^. 

V]  - vVc'  = a/T  - ’/4  ==  \/^; 

x'==(l0"  1.5  X IO=)/(=Vj  = 1.42  X 10=km/sec; 

y'  = 'A  V3(4.2  X 10")/(”4(,)  = 3.70  X 10"  km/sec; 
z'  = '/2\/3(12.8x  10'')/(”4o)  = 11.3  X 10^' km/sec. 

Equations  (3.47),  (3.46)  and  (3.44)  are  the  desired  velocity  transformations. 
These  transformations  satisfy  the  principle  of  relativity,  for  fhe  inverse  trcins* 
formations  from  G to  R are  of  the  same  mathematical  form,  except  for  the  sign  of 
V.  We  may  show  this,  for  example,  by  solving  Equation  (3.44)  for  x in  ternis  of  x 


or 


giving 


= x'  + V, 


(3.48) 

(3.49) 


x'  + V 

1 + vx'/c^ 


(3.50) 


Comparison  with  Equation  (3.44)  shows  clearly  that  the  principle  of  relativity  is 
satisfied.  The  other  transformation  equations.  Equations  (3.46)  and  (3.47),  also 
have  this  property.  If  all  terms  involving  factors  of  v/c  in  Equations  (3.44),  (3.46), 
(3.47)  are  neglected,  we  obtain  the  Galilean  transformation,  thus  showing  thot 
the  conespondence  principle  is  satisfied. 


ip/e  If  a light  ray  in  R has  velocity  components  y = c sin  0,  x = c cos  so  thoit 
fhe  magnitude  of  the  velocity  is  c,  show  that  in  another  inertial  system  tlhe  speed 
is  also  c,  so  that  the  principle  of  the  constancy  of  the  speed  of  light  is  satisfied. 


If'on  x'  =:  (c  cos  0 - v)/(  1 - V cos  ^/c); 

)^' =:  c !iin  ^/(l  - - V cos  0/c). 

,^,,2  ^ ,.2  _ [(c^  ^ — 2cv  c o s 0 + v')  + (c'  sin'  0 - v'  sin'  6 )] 

[1  (2v/c)  cos  6 + (v'/c')  cos' 0] 

Since  cos^  0 + sin^  0 = l.  this  becomes 


[c'  2cv  cos  0 + v'  cos^  0] 

[1  (2v/c)  cos  f)  + (vVc^)  cos^  0] 
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summary 


LAWS  OF  CLASSICAL  MECHANICS 

In  classical  (Newtonian)  mechanics^  there  were  five  quantities  conserved:  mass, 
energy,  momentum,  angular  momentum  and  charge.  In  relativistic  mechanics,  all 
of  the  corresponding  conservation  laws  are  modified  except  conservation  of 
charge. 

CORRESPONDENC  E PRINC  IP1£ 

Ihe  conespondence  principle  is  a useful  guide  in  the  derivation  of  new  theories. 
It  states  that  any  new  theory  containing  an  old,  well-established  theory  as  a 
special  case,  but  applicable  over  a greater  range  of  phenomena,  must  give  the 
same  prediction  as  the  old  where  the  old  applies. 

INERHAL  SYSTEM 

An  inertial  system  of  coordinates  is  one  in  which  the  first  law  of  motion  is 
satisfied.  A good  <Approximatk>n  to  an  inertial  system  may  be  obtained  by  choos- 
ing an  origin  of  axes  at  the  center  of  the  sun  and  allowing  the  axes  to  point 
toward  fixed  stjrs.  Then  the  acceleration  and  rate  of  rotation  of  the  axes  are 
negligible. 


GAULEAig  TRANSFORMATIONS 

A system  moving  with  constant  velocity  relative  to  an  inertial  system  is  also  an 
inertial  system.  Ihe  coordinates  of  events  in  a system  S'  moving  with  velocity  v 
relative  to  the  inertial  system  S ate  given  by  the  Galilean  transformations: 

r'  = r - vf 

f'  = t 

MICHELSON-MORLEY  EXPERIMENT 

If  the  ether  exists,  and  light  propagates  with  speed  c relative  to  the  ether,  and 
if  the  Galilean  transformation  laws  are  correct,  then  it  should  be  possible  to 
detect  the  motion  of  the  earth  through  tlhc  ether.  The  Mic helson-Moriey  experi- 
ment, performed  with  cm  interferometer,  gave  a null  result  for  this  velocity,  as 
did  many  other  experiments  designed  to  detect  the  motion  of  the  earth  through 
the  ether. 
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POSTTULATES  OF  RELATIVITY 

Ihe  postulates  of  relativity  Q|0: 

I.  Principle  of  Relotivity;  All  the  laws  of  physics  are  the  same  in  form,  in  all 
inertial  frames. 

II.  Principle  of  the  Constancy  of  the  Speed  of  Light:  Ihe  speed  of  light,  c,  is 
a constant  irrospoctive  of  the  slate  of  motion  of  the  source. 

It  follows  that  an  observer  in  any  inertial  frame  will  observe  light  to  travel  with 
speed  c. 

BONCH-BRUEVICH'S  EXPERIMENT 

The  experiment  of  Banch- Bruevich  in  which  the  difference  of  the  speed  of  light 
coming  from  opposite  limbs  of  the  sun  was  found  to  be  zero,  shows  that  Might 
does  not  obey  the  Golilean  Iciv/  for  the  addition  of  velocities. 

TIME  DILATION 

A moving  clock,  which  reads  the  time  interval  At',  when  compared  with  a series 
of  clocks  at  rest  relative  to  tl*ie  observer  that  read  the  time  interval  At,  will  be 
observed  to  beat  more  slowly.  If  the  velocity  of  the  moving  clock  is  v,  relative 
to  the  other  clocl^  then 


Ihis  time  dilation  is  observed  experimentally  in  the  decay  in  flight  of  p-mesons. 

LENGTH  CONTRACTION 

An  observer  comparing  the  length  of  a moving  rod,  oriented  parallel  to  the 
direction  of  relative  velocity  v,  with  rods  placed  at  rest,  will  observe  the  length 
AL  of  the  moving  rod  to  be  shorter  than  its  length  AL’  as  measured  by  an 
observer  at  rest  relative  to  it 


AL' 


AL 


SIMULTANEITY 

Simultaneity  is  a concept  which  depends  on  the  observer.  Two  events  which  are 
simultaneous  when  viewed  in  one  inertial  frame  are  not  necessarily  simultaneous 
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when  viewed  in  an  inertial  frame  moving  relative  to  the  first.  An  observer  S' 
observing  events  w hich  to  S appear  simultaneous  at  X]  and  X2,  will  see  a time 
difference  of  magnitude 


Af  = 


vT 


-1 


V(X2  - 


LORENIZ  TRANSIT) RMAHO NS 


The  Lorentz  transformations  are  a set  of  four  equations  giving  relations  between 
coordinates  of  events  as  measured  in  the  inertial  system  S',  which  is  moving 
with  relative  speed  v with  respect  to  S in  the  x,  x'  directions.  If  the  origins 
are  chosen  so  that  f = t'  = 0,  when  the  origins  pass,  then  the  Lorentz  trans- 
formations are: 


2/  2 
V /c 


vO; 


y = y:  z 


z; 


VELOCITY  TRANSFORMATIONS 

If  a particle  in  the  S'  system  has  velocity  components  (i',  y',  i')  and  the 
system  moves  with  speed  v in  the  x direction  relative  to  S,  then  the  unprimed 
and  primed  velocity  components  are  related  by: 


problems 

1.  Prove  that  the  ciassicoil  low  of  conservation  of  momentum  in  o two-particle  collision 
is  form-in  VO  riont  under  Golilean  transformations,  if  moss  is  conserved. 

2.  If  two  objects,  of  masses  and  m2  sod  velocities  Vi  and  V2,  whose  relative 

velocity  toward  each  other  is  V = V2  — Vi  collide  inelastically  and  stick  together, 
show  using  Newtonian  mechanics  that  the  kinetic  energy  loS  is  an  invariant  under 
Golilean  transformations.  What  conservation  lows  do  you  hove  to  assume  in  order  to 
prove  this? 

Answer:  Conservation  of  momentum,  conservation  of  moss. 

3.  Prove  thot  Newton's  second  low  of  motion  is  not  form-invariant  under  o transforma- 
tion between  an  inertial  ^stem  and  o second  coordinate  frame  which  has  a consiant 
acceleration  relative  to  the  first 

4.  There  are  a number  of  double  storS  Called  eclipsing  binaries,  where  the  two  bodieS 

revolve  about  their  COmmon  Center  of  mass.  As  seen  from  earth,  in  each  revolution  one 
star  passes  in  front  of  the  other  so  that  the  second  star's  light  cannot  be  seen. 
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When  photographs  of  these  stars  are  made  in  different  colors  or  wavelengths,  the 
periods  for  this  eclipse  are  found  to  be  identical.  Since  these  stars  rnay  be  thousands, 
of  light-years  away  (one  light-year  is  the  distance  light  travels  in  a year),  what  con- 
clusion can  you  draw  about  variation  of  the  speed  of  light  with  wavelength? 

5.  It  wos  at  one  time  suggested  that  the  speed  of  light  is  not  constant  relative  to  an 
ether  but  is  constant  relative  to  the  object  emitting  it,  and  that  Goljlecin  trans- 
formations could  then  be  used.  Aigue  fnDm  the  observations  on  eclipsing  binaries  dis- 
cu^d  in  the  previous  problem  that  this  cannot  be  the  case. 

6.  The  electron  beam  in  the  picture  tube  of  a TV  set  can  move  across  the  screen  at  a 
speed  faster  than  c.  How  car  this  be  consistent  with  special  relativity? 

7.  If  in  one  second  a moving  s'’opwatch  in  good  working  condition  is  seen  to  regiSer 
Vi  $ec,  how  fast  is  it  moving  relative  to  you? 

Answer:  0.866c. 

8.  If  a person's  heart  beats  70  times  per  minute,  what  would  be  the  apparent  pulse 
rate  if  he  were  moving  ot  a speed  of  0.9c? 

Answer:  30.5  per  min. 

9.  In  one  second  of  your  time,  how  much  change  of  time  would  a ^op  watch  register 

if  it  were  moving  at  a speed  relative  to  you  of  (a)  1 9/1 81  c;  (b)  4/5  c;  (c)  60/61  c. 
Answer:  180/181  seC;  3/5  seC;  1 1/61  sec. 

10.  Consider  two  observers,  S and  S'.  S'  is  moving  relative  to  S with  speed  y,  S shines 
a light  ray  out  with  a component  of  velocity  V parallel  to  the  direction  of  relative 
motion  and  a component  perpendicular  to  that  direction.  S'  observes  the  light 
moving  parallel  to  his  y axis  (y  being  normal  to  V).  Assuming  y'  = y,  and  the 
constancy  of  the  speed  of  light,  derive  the  time  dilation  formula  by  analyzing  mea- 
surements that  S and  S'  could  make. 

11.  A beam  of  protons  coming  out  of  an  accelerator  is  contaminated  by  TT^-mesons 
which  have  a lifetime  when  a1  rest  of  2.54  x 1 S6C  and  travel  with  speed  0.990 
How  far  from  the  beam  port  must  a target  be  placed  in  order  that  nearly  all  the 
mesons  will  have  decayed  bel'Ore  striking  the  target?  Assume  the  mesons  have  3 life- 
times in  their  rest  ^stem  befo-e  striking  target. 

Answer:  160  m. 

12.  A hydrogen  atom  emits  some  light  of  wavelength  6563  Angstroms  in  the  frame  of 

reference  at  rest  with  respect  to  the  atom,  if  the  atom  were  moving  at  ^/^^  the 
speed  of  light  relative  to  you  in  a direction  perpendicular  to  the  displacement  of  the 
atom  relative  ta  you,  what  wculd  be  the  wavelength  of  the  light  you  would  observe? 
(Use  the  time  dilation  formula  to  find  the  ratio  of  ftoquencies  and  the  fact  that  the 
wavelength  is  the  speed  of  light  divided  by  the  frequency.)  1 Angstrom  = 10” ni. 
Answer:  71  10  Angstroms 

13.  What  is  the  apparent  length  of  a meter  stick  if  it  is  moving  relative  to  you  parallel  to 
its  length  at  a speed  of  (a)  0.1  c;  (b)  0.8  c;  (c)  0.99  c? 

Answer:  0.995  m;  0.600  m:  0.141  m. 

14.  Repeat  the  previous  problem  if  in  its  rest  frame  the  meter  stick  is  at  60"  relative  to  the 
velocity. 

Answer:  0.999  m;  0.916  m 0.869  m. 

15.  It  was  pointed  out  that  if  on€  twin  went  to  another  planet  and  back,  he  would  be 

younger  than  the  stay-at-home  twin,  because  his  clocks  would  ryn  slow  compared  to 
earth  clocks.  If  the  traveler’s  speed  is  v and  the  planet's  distance  away  is  L,  the 
time  it  takes  on  earth  for  the  round  trip  is  7L/v.  Using  the  distance  of  the  trip  as  seen 
by  the  spaceman,  find  the  timC'  as  far  as  he  is  concerned. 
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2L\/l  - 

Answer: , 

V 

16.  Two  twin  astronauts,  Aiand  A2,  to  make  trips  to  distant  planets,  distances 

d,  and  c/2  away,  respectively,  with  d]  ^2  ■ Thoy  wish  to  choose  their  speeds  so 
their  age  difference  upon  returning  to  earth  is  zero.  Show  that  they  shouid  choose 
their  speeds  v^and  V2  such  that 

1 = 

or  eq  uiva  ie ntly, 

^ _ 2v;d;(1- 

[v]{d]-dl)/c^]  + 2dl[]~(  1 


1 -vT^vl/c') 
1 -vl/c^^] 


Soive  the  veiocity  transformation  SCjUOtlOnSaigebraicaily  forX,y,  Zin  terms  of 
and  show  that  the  inverse  troinsformotlons  fesuit  from  changing  V to  — V 
and  interchanging  primed  and  unprimed  symbois. 

Consider  the  Lorentztransformations,x^  = ( \/ 1 — V^/c^)~^  (x  “ ^0-  ^ 

(Vl-  - v^/c^y'(Wx/c^).  Imagine  that  R.  has  a stick  of  length  /.along  the 

XQXtSat  rest  in  hissystem,  with  the  leftendatx=0.  Suppose  G.  marks  thc  ends 
of  the  stick  simultaneously  in  the  primed  system  at  f'  = 0,  and  measures  the  length  L'. 
Show  that  r = \/  l--v^/c^/-.Find  the  times  at  which  R.  sees  G.  measure 
the  two  ends;  show  that  this  tack  of  simultaneous  measurement  and  G/s  contracted 
measuring  rods  as  seen  by  R.  are  sufficient  to  account  for  G.  S measurement  of  I’, 

VT 


L' 


v^/c^Lr  SO  far  as  R.  is  concerned. 


A student  is  given  an  examination  to  be  completed  in  1 hr  by  the  professor's  clock. 
The  professor  moves  at  a speed  of  0.97c  relative  to  the  student,  and  sends  back  a 
light  signal  when  his  clock  reads  1 hr.  The  student  stops  writing  when  the  light  signal 
reaches  him.  How  much  time  did  the  student  have  for  the  exam? 

1 hrs. 

\ v/c 

In  an  inertial  system,  a number  of  clocks  QfC  synchronized.  If  you  move  at  30  km/sec 
relative  to  the  system,  how  far  apart  in  the  direction  of  your  velocity  do  clocks  appear 
to  be  which  to  you  a re  1 S6C  out  of  synchronism? 

Answer:  3 xio’  k m . 

Two  clocks  on  the  X axis  in  a system  moving  at  relative  to  you  appear  to  be 

synchronized.  They  appear  to  be  10  m a port.  How  much  do  the  clocks  appear  to 
be  out  of  synchronism  in  the  rest  frame  of  the  clocks? 

Answer:  2.5  xlO  ^sec. 

Two  colliding  beams  of  electrons  each  have  velocities  of  .50  c as  observed  in  the  lab. 
What  is  the  relative  Sp6ed  of  the  electrons  in  the  inertial  system  in  which  one  of  the 
beams  of  electrons  is  at  rest? 

Answer:  0.8  C. 


relativistic  mechanics 
and  dynamics 

Elecause  of  the  modifications  of  the  velocity  transformations  introduced  by 
relativistic  effects,  the  concept:,  of  energy,  momentum  and  angular  momentum  in 
special  relativity  must  be  redelined  so  that  the  laws  of  physics  ar^  form-invariant 
with  respect  to  Lorentz  transformations.  The  reader  should  already  be  familial 
with  the  Newtonian  laws  of  conservation  of  energy,  momentum  and  angular 
momentum.  It  is  still  possible  in  relativity  to  define  momentum,  angular  mo- 
mentum and  energy  In  such  a way  that  the  general  conservation  laws  are  valid.. 
However,  then  new  effects  arise,  such  as  the  variation  of  mass  with  velocity,  and 
the  equivalence  of  mass  and  energy,  which  is  expressed  by  the  famous  equation, 

E = mc^.  These  effects  will  be  derived  and  discussed  in  this  chapter. 

,1  LORENIZ  TRANSFORMATIONS 

Recall  that  when  two  observers  are  moving  relative  to  each  other,  as  in  Fig- 
ure 4.1,  where  G.  moves  past  R.  with  velocity  v,  their  observations  of  the  spOCe- 
time  coordinates  of  an  event  Ofe  related  not  by  means  of  the  Galilean  trans- 
formations. but  by  the  Lorentz  transformations.  If  primed  quantities  (x',  ....  f'j 


z z 


Figure  ineitial  systems  of  R.  and  G. 
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are  used  to  denote  measurements  made  by  G.  and  unprimed  quantities  (x, 
ate  used  to  denote  R/s  measurements,  the  Lorentz  transformations  ate 


\/l  - vVc^ 

1 


(X  - vf);  y’  = y; 


'-7 


(4.1) 


Also,  if  a particle  moves  so  that  its  velocity  components  relative  to  R.  are 
X,  y,  z,  then  its  velocity  components  relative  to  G.  are 


X - V)  . , 

X = — y 


/ 

' ° /'  “?■(  1 - VX/C>) 


(1  - vx/c^ 


1 I 

c^(  1 -vx/c^) 


(4.2) 


We  shall  frequently  refer  to  these  transformations  in  discussing  momentum  and 

energy. 


4.2  DISCREPANCY  BETWEEN  EXPERIMENT  AND 
NEWTONIAN  MOMENTUM 

Momentum  in  Newtonion  mechanics  is  defined  as  mass  times  velocity,  and  the 
total  momentum  is  conserved  when  particles  collide.  The  question  is,  can  we  also 
find  a quantity  in  relativistic  mechanics  which  is  conserved  when  particles  collide? 
We  ultimately  have  to  do  this  by  looking  to  experiment.  However,  by  using  the 
general  principles  we  have  previously  discussed  to  analyze  a thought  experiment, 
we  can  predict  what  we  might  expect  the  experimental  results  to  be.  First  of  all, 
the  relativistic  quantity  which  we  shall  call  momentum  muS  reduce  to  the  Newton- 
ian expression,  mass  times  velocity,  when  the  speed  is  much  less  than  c,  QCCOrd- 
ing  to  the  correspondence  principle. 

Let  us  next  ask,  can  a relativistic  expression  for  momentum  still  be  given  simply 
as  /DoV  when  oIq  's  the  Newtonian  mass?  The  mass  of  a proton  is  1.67  x 1 
kg.  The  maximum  speed  a proton  can  have  is  c =3  x 10^  ITl/seC.  Hence,  if  this 
expression  is  correct,  the  maximum  momentum  a proton  can  have  is  si.O  x 
10^^’  kg-m/sec.  However,  in  some  cosmic  rays,  which  are  high  energy  particles 
striking  the  earth  ftem  outer  space,  fast  protons  having  momenta  on  the  order  of 
10  ® kg  -m/sec  are  observed,  such  large  particle  momenta  can  be  measured  in 
principle  by  allowing  the  proton  to  collide  with  another  particle,  thus  giving  up 
some  momentum;  then  allowing  the  proton  and  the  other  particle  to  collide  with 
other  particles,  sharing  their  momenta;  and  so  on,  until  the  proton  has  COUSed 
a large  number  of  particles  to  be  traveling  with  generally  low  speeds.  Then  the 
momenta  of  each  of  these  particles  can  be  measured  by  measuring  their  mass 
and  velocity.  By  assuming  that  momentum  is  conserved,  one  can  work  backward 
to  find  the  initial  monHi6nturn  of  the  incident  proton.  We  conclude  that  the 
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Newtonian  expression  moV  cannot  be  a valid  expression  for  momentum  in  the 
'case  of  high  velocities. 

1.3  MOMENTUM  FROM  A THOUGHT  EXPERIMENT 

Nevertheless,  we  shall  attempt  to  find  theoretically  an  expression  of  the  form 
mv  for  the  relativistic  momentum  of  a particle,  such  that  the  total  momentum  is 
conserved  in  collisions.  Experimenters  have  discovered  that  there  indeed  exists 
such  a vector  quantity;  however,  in  relativistic  mechanics  the  factor  m,  multi- 
plying V is  not  a constant  independent  of  speed.  We  shall  define  m as  the  mass. 
The  mass  mo  that  a particle  has  at  rest  we  shall  call  the  rest  mass.  If  y c,  the 
'correspondence  principle  requires  that  m = mo*  From  our  above  arguments 
about  cosmic  rays,  we  would  expect  m to  increase  as  the  speed  increases. 

Suppose  that  G.  and  R.  have  identical  guns  that  shoot  identical  bullets.  When 
we  say  "identical"  bullets,  we  mean  that  the  bullets  have  equal  rest  masses, 
mQ.  The  guns  are  assumed  to  shoot  the  bullets  out  with  equal  muzzle  velocities, 
denoted  by  U.  G.  shoots  his  bullet  along  the  negative  y'  axis.  Thus,  the  y'  com- 
ponent of  velocity  that  G.  sees  is 


/G  = -U  (4,3) 

He  sees  no  x component  of  velocity  for  the  bullet,  i.e.  Xq  = 0.  (See  Figure  4.2.) 
R.,  watching  G.^S  bullet,  sees  a y component  of  velocity. 


Ya  ^ - y ^ ~ ~U  (4.4) 


/ 


Figure  4.2.  Bullets  fired  with  rruzzle  speeds  (J  in  their  respective  rest  ^^m^  arranged 
SO  that  a collision  occurs. 
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by  Equations  (4.2).  Let  |R.  shoot  his  bullet  along  the  positive  y axis.  It  will  then 
have  a y component  of  velocity,  as  observed  by  R.,  of 

y«  = +U  (4.5) 

Again  using  Equations  4.2,  since  = o,  the  bullet  shot  by  R.  has  a y'  com- 
ponent of  velocity  when  observed  by  G.  of 


A prime  or  lack  of  a prime  on  the  velocity  component  means  it  is  observed  by 
G.  or  R.,  respectively.  The  subscript  G or  R means  the  bullet  is  shot  by  G.  or  R., 
respectively. 

Now  we  suppose  that  the  bullets  collide  and  stick  together,  and  that  mo- 
mentum in  the  y direction  is  conserved  during  the  collision.  This  experiment  has 
been  set  up  so  that  there  is  complete  ^mmetry  between  the  coordinate  ^sterns. 
Both  R.  and  G.  are  shooting  bullets  that  have  the  same  rest  masses,  with  the 
same  muzzle  velocities,  in  their  own  systems  of  coordinates.  They  both  shoot 
normal  to  the  direction  of  relative  motion  between  the  coordinate  systems.  By 
the  principle  of  relativity,  then,  neither  coordinate  system  is  preferred,,  and 
both  R.  and  G.  must  observe  the  same  experimental  results  in  their  respective 
coordinate  ^sterns.  From  the  symmetry  between  the  two  coordinate  systems,  if  G. 
observes  a final  y'  velocity  that  is  negative,  i.e.  a velocity  component  which  is 
parallel  to  the  original  velocity  of  his  bullet,  then  R.  must  observe  a f,nal  y 
velocity  which  is  parallel  to  the  original  y velocity  of  his  bullet  and  which  has  a 
positive  sign.  However,  from  the  results  of  the  Lorentz  velocity  transformations. 
Equations  4.2,  y cannol  be  positive  while  y'  is  negative.  Thus,  the  final  y com- 
ponent of  velocity  of  the  bullets  after  collision  must  be  zero.  Since  we  assumed 
that  the  momentum  is  mv,  this  means  that  the  final  y component  of  momentum 
of  the  two  bullets  is  zero.  So  if  momentum  is  to  be  conserved,  the  total  y com- 
ponent of  momentum  of  the  two  bullets  before  collision  must  also  be  zero  in  both 
systems  of  coordinates. 

Let  us  look  at  the  initial  momentum  from  the  point  of  view  of  R.  Suppose  he 
observes  that  his  bullet  has  a mass  Then  he  sees  a momentum  for  this  bullet 

of  iTIffU.  If  G.^S  bullet,  as  observed  by  R.,  has  a mass  and  a y component 
of  velocity  then  the  y component  of  momentum  of  this  bullet,  as  seen  by  R., 

is  iriQyQ.  Thus,  the  total  momentum  seen  by  R.  is 

mgU  + mc/c  = 0 (4  7, 

By  Equation  (4.4),  the  velocity  component,  yQ,of  G.  S bullet  observed  by  R.  is 
--{1  On  substituting  this  into  Equation  (4.7)  and  solving  for  IDq, 

we  find  that 


(4.8) 
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This  equation  is  valid  for  all  values  of  U,  which  has  canceled  out.  In  the  limit  in 
which  U,  the  muzzle  velocity,  approaches  zero,  R/s  bullet  is  at  test  relative  to  R., 
and  niR  = rriQ,  the  rest  mass.  The  speed  of  G/s  bullet  relative  to  R.  is  then  the 
same  as  that  of  G.,  and  is  equal  to  v.  Hence,  the  moss  of  the  moving  (G/s)  bullet, 
as  observed  by  R.,  is  given  in  terms  of  its  re^  mass  mo  and  its  speed  v by 

mo 

m f = m/-^  :=  (relativistic  mass) 

^ (1  - (4.9) 

Thus,  if  the  relativistic  momentum  of  a rapidly  moving  particle  is  proportional 
to  V.  the  momentum  must  be  of  the  form 


moV 

P = (1  _ 


(4.10) 


for  momentum  to  be  c:onserv€jd, 

If  we  had  written  down  the  law  of  conservation  of  momentum.  Equation  (4.7), 
from  the  point  of  view  of  G.  rather  than  of  R.,  the  results  would  have  been  the 
same:  The  mass  of  a moving  object  is  increased  by  the  factor  (1  — Over 

the  mass  the  same  obj|6Ct  possesses  when  at  rest. 

Consider  the  expression  for  the  mass  of  a particle,  mo/(l  “ In  the 

limit  as  v approaches  c,  this  mass  increases  without  limit.  Thus,  arbitrarily  large 
momenta  are  possible  without  having  arbitrarily  large  velocities 


rjp/e  If  a particle  moves  with  0.8  the  speed  of  light,  what  will  its  mass  be  in  terms  of 
the  reS  mass? 


tion  (1  - - = 0.6.  Then  m = mo/0.6  = 1.667mo. 

In  the  limit  as  v becomes  very  small  compared  to  c,  the  mass  m of  a particle  of 
rest  mass  /tiq  is  given  by  m ==  mo,  because  in  this  limit  (1  — is  unity. 

This  result  is  in  agreement  with  the  correspondence  principle. 


1.4  EXPERIMENTAL  VERIFICATION  OF  MASS  FORMULA 

The  increase  of  mass  with  velocity  was  observed  in  an  experiment  performed  by 
Biicherer  in  1908.  By  projecting  electrons  into  crossed  electric  and  magnetic 

fields,  he  was  able  to  select  electrons  of  known  velocity.  The  subsequent  deflec- 
tion of  the  electrons  in  a magnetic  field  gave  the  mass.  Given  in  Table  4.1  are  the 
values  of  m/m„  as  a i'unction  of  v/c  for  the  electrons  observed  by  Biicherer.  The 


TABLE  4.  1 Increase  of  Moss  VUfth  Speed 


v/c 

m/iDo  (observed) 

m/m,,  (theory) 

0.3173 

1.059 

1.055 

0.4286 

1.106 

1.107 

0.6879 

1.370 

1.376 

SCIENCE  ABSTRACTS. 


Kuln.)— Repeating  one  of  Kaufmann's  experiments  as  to  the  deflection  of  tfic 

electrons  in  an  electric  and  magnetic  field,  with  special  precautions  to  obtam 

the  best  possible  results  as  to  the  values  of  ;/mo  at  high  velocities,  the  author 

finds  values  which  he  claims  to  be  a confirmation  of  the  Lorcntz- Einstein  Abstracts, 

principle  of  relativity.  The  close  agreement  of  the  results  on  this  principle  ^ ' '>  ( I 908). 

are  shown  in  the  following  table,  in  which  jj  denotes  the  ratio  of  the  speed 

of  the  electron  to  that  of  light,  the  magnetic  fields  used  being  of  the  order 

127  gauss  : — 


f3- 

Values  of  (e  x 

lO-i  on  Theory  of- 

Maxwell.  j 

lAjrentz 

0-3792 

1-676 

1-730 

0-4286 

1-670 

1.730 

0-5160 

1-648 

1-729 

06879 

1-578 

1-730 

stchiedf'TieT  tl  eise.  Die  Jlorniel  *,15a)  ergibt: 


Diese  Formeln  fur  longitudinak  und  tramversale  Masse  beziehen 
sirh  sowohi  avf  Volumenladunff,  wie  auf  Pldchenladung. 

Die  Formel  (16f)  ist  es,  die  von  Hm.  w.  Kaufmann 

auf  Grund  seiner  MesSUDgOn  fiber  die  Ablenkbarkeit  der 

Becquerelstrahlen  im  Intervalle  (|J  =i  0,60  bis  ^ = 0,95  etwa)  Figure  4.3_  A page  from  An 
gepriift  wnrde.  Eir  fand  die  Formel  innerhalb  der  Fehler-  nalen  der  Physik  lO,  152  (1902] 
grenze  der  Versnche  (1  Proz.  bis  1,6  Proz.)  best&tigt.  Messende  showing  the  “Maxwell”  mas 

Versnche  bei  mittleren  Geschwindigkeiten  ss  0,8  bis  jS  = 0,6)  formulas  referred  to  by  Bucheret 

liegen  bisher  nicht  tot.  Ebensowenig  liegen  Versuche  fiber 

longitudinale  Beechleunigung  rasch  bewegter  Elektronen  vor, 

relche  etwa  zur  PrOfang  der  Formel  (16e)  herangezogen 

werden  kSonten.  Anch  wttrde  diese  Formel  wohl  bier  nieht  so 

gate  Dienste  leisten,  wie  die  Formeln  (15  a),  (15  b)  fir  Impuls 

and  Energie,  relehe  direkt  die  vom  koBeren  Felde  in  einer 

gegebenen  Zeit  bez.  auf  einer  gegebenen  Strecke  dem  Elektrou 

erteilte  Qescbwindigkeit  beetimmen. 

Ordnet  man  nach  aufsteigenden  Potenzen  von  so  erhklt 
man  die  fiir  /I  < l konvergenten  Beihenentwiekelungen: 

(i«g)  /‘.=#*o{i+  ;•/?*+*  /?*+'*■(»•+ }. 

(16h)  = I + + /**+ 1 

Ann  denselben  geht  hervor,  daB,  den  Grenafall  sehr  lang- 
samer  Bewegung  ausgenommen,  die  longitudinale  Maste  tteti 


(16e) 

(16f) 
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third  column  gives  the  corresponding  values  calculated  from  Equation  (4.9).  In- 
numerable experiments  ance  1908  have  continued  to  be  in  excellent  OgreemePit 
with  theory.  (See  Figure  4.3)  Also  experiments  verify  that  with  the  expression 
for  momentum  found  above,  nomentum  is  always  conserved  in  collisions  between 
partic  les. 


.5  RELATIVISTIC  SECOND  LAW  OF  MOTION 


In  Newtonian  mechoriics,  the  second  law  for  a particle  can  be  written  F = 
m dv/df;  where  m is  a constant.  Hence,  in  the  nontelativistic  case,  we  do  not  have 
to  consider  the  effect  of  changes  in  m.  However,  the  que^ion  arises  in  relativistic 
mechanics  as  to  whether  the  correct  relativistic  expression  is:  (a)  F = rn  dv/df; 
or  (b)  F = d(mv)/dt;  or  (c)  some  other  intermediate  expression.  We  may 
(answer  this  in  part  by  considering  a constant  force  Fq  acting  on  an  electron 
in  the  X direction.  This  force  could  be  obtained  by  letting  the  electron  move  in  a 
[uniform  electric  field.  Let  us  take  case  (a),  = f^  = rndv„/df,  and  show  that  it 

leads  to  an  unreasonable  result.  Imagine  an  electron  starting  from  rest,  under  the 
action  only  of  the  constant  force,  Fq,  in  the  x direction,  so  that  v,  = y,  Inserting 
the  expression  for  m from  Equation  (4.6),  we  have 


mo  d V 


= Fo 


(4.11) 


This  can  be  written:  dv/\/ 1 = Fo/mo  dt  . The  initial  condition  we 

assumed  on  v is  that  at  # = 0,  v = 0.  The  solution  is  v = c sin  (FqV^o^)’ 
This  is  easily  verified  by  substitution  into  the  differential  equation.  The  expression 
for  V says  that  for  the  time  when,  for  instance,  Fot/moC  = 37t/2,  the  velocity 
is  negative.  Also,  the  velocity  has  a magnitude  of  c periodically.  These  conclusions 
do  not  seem  reasonable.  More  important,  they  disagree  with  experiment.  So  the 
possibility  F = mdv/dt  is  eliminated. 

In  the  following  section,  it  will  be  shown  that  case  (b),  F = d/df  (mv)  leads 
directly  to  the  law  of  conservation  of  momentum  for  collisions  between  particles. 
Thus  case  (b)  seems  highly  reasonable,  and,  in  fact,  its  correctness  is  borne  out  by 
experiment.  In  other  words,  force  is  time  rate  of  change  of  momentum: 


F = 1 (mv) 
df 

Of  course,  this  form  is  also  valid  for  Newtonian  mechanics. 


(4.12) 


.6  THIRD  LAW  OF  MOTION  AND  CONSERVATION  OF  MOMENTUM 

If  the  force  is  given  by  F = d(my)/dt,  then  if  the  third  law  is  also  valid,  we  c:an 
show  that  relativistic  momentum  is  conserved  in  a collision.  Newton's  third  law  of 
motion  states  that  if  particle  number  one  acts  on  particle  number  two  with  a force 
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^lon2/  particle  number  two  acts  on  one  with  F2  or  ' during  a collision, 

then 

Fiona  + F2onl  = 0 (4.13) 


If  p]  = mjVi  is  the  momentum  of  particle  number  one,  then  (assuming  no  other 
forces  act) 


F 


2ort  1 


dpi 

df 


(4.14) 


Simila  riy. 


1 on  2 


dp2 

dt 


(4.15) 


Adding  these  two  equations  and  using  the  law  of  action  and  reaction,  we  find 

(4.16) 


d(Pi  + P;)  ^ Q 

dt 


Integration  once  over  the  time  gives 

p,  + Pj  = C (4.17) 

where  c is  a constant.  Hence,  the  momentum  is  constant,  or  total  momentum  after 
the  collision  is  equal  to  the  total  momentum  before  the  collision.  In  other  words, 
the  third  law  of  motion  leads  to  conservation  of  momentum  in  collisions.  The 
result  can  be  extended  for  a sySem  of  an  arbitrary  number  of  particles 


4.7  RELATIVISTIC  ENERGY 


In  Newtonian  mechanics,  the  work  done  on  a body  when  a force  is  exerted  which 
moves  the  body  through  some  distance,  goes  into  increasing  the  energy  of  the 
body.  This  is  also  true  in  relativity,  and  work  is  still  defined  the  same  way.  If  E is 
the  energy  of  a body,  and  a force  F exerted  is  moved  through  a distance  dr  in 
doing  work  on  the  body,  then  the  increase  in  energy  e is 

dE  = F*c/r  (4.18) 


Since  F = d(mv)/df,  the  expression  for  dE  becomes 


dE 


d(mv)  . 

-dr 

di 


(4.19) 


We  can  reinterpret  the  right  side  of  this  equation  by  writing  the  di  underneath 
the  dr  and  noting  that  dr/di  = V.  Then 

dE  = c/(mv)*v  = c/m(v'v)+  m(c/v-v)  (4.20) 

All  the  quantities  on  the  right  side  of  this  equation  are  functions  of  the  velocity,  v. 
We  shall  express  the  right  side  as  an  exact  differential  in  order  to  find  an  ex- 
pression for  energy  in  terms  of  velocity.  We  first  write  the  scalar  products  in 
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terms  of  the  sea  la  r speed  v:  v • V = a nd  V • c/v  = d{v  • v)  = V2  c/v^.  So 


dt:  = dm{v^)  + ^md(v^) 

The  m here  is  the  relativistic  mass,  (T?o/(  1 - v^/c^  )'^^.Therefore, 

Vi  mod(v^) 


dm 


[c^(l  - vVe^)^^^] 


(4.21) 


(4.22) 


Substituting  this  expression  for  dm  into  Equation  (4.21),  and  combining  terms, 
we  get 


dE 


moc 


Vi  d(v7i 


(1  - vVe^)^/^ 

'The  tight  side  can  now  easily  be  integrated,  yielding 

.2 


E = 


moC 


(1 


2/c2)1/2 


- + con sta  n i 


(4.23) 


(4.24) 


It  is  very  convenient  to  set  the  constant  of  integration  equal  to  zero.  If  this  is  done, 
the  result  can  be  expressed  in  terms  of  m: 


E = mc^  (relativistic  energy) 


(4.25) 


One  thing  which  this  implies  is  that  associated  with  an  increase  in  mass  is  an 
increase  in  energy  and  vice  versa.  Another  thing  which  is  implied  is  that  if 
V = 0,  the  energy  is  E = moC  ; this  may  be  interpreted  as  the  rest  energy  a body 
has  by  virtue  of  the  fad  that  it  possesses  mass. 


,3  KINETIC  ENERGY 

That  part  of  the  energy  which  is  due  to  the  particle’s  motion  is  called  kinetic: 

energy.  It  is  simply  the  total  energy  minus  the  energy  with  no  motion,, 

2 

. If  we  denote  kinetic  energy  by  the  symbol  T,  then 

T = mc^  - moci  moc^  f— =]=::=  . . (4.26) 

\Vl  - J 

ole  Let  us  fit3t  find  the  reS  energy  of  a prDton.  Its  mass  is  1.67  x 1 0”^^  kg.  Then  the 
rest  energy  is 

E = moc^  = (1.67  X 10-"^)(3  X 10®)'  = 1.50  x 10“'°  j 

Next  suppose  the  proton  is  traveling  at  speed  jc  relative  to  an  observer.  Its 
kinetic  energy  is 

7 = mpC^f  - l)  = (1.50  x lO"''’)/-  ~ ^ = 100  x 

VV^~  vVe^  / \3  / 
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The  classical  expression  for  the  kinetic  energy  would  give  ’/2  mpV^  = (1.157  x 

10-^^)(2.4  X 10®)^  = 0.48  X 10“'“  j.  On  the  other  hand,  if  the  speed  of  the 
proton  is  as  small  as  ('/2q)c,  the  relativistic  kinetic  energy  is  1.88  x 10-’' i, 
and  to  this  number  of  significant  figures  the  classical  expression  gives  the  same 
re  suit. 


We  see  from  this  example  that  when  the  speed  is  much  less  than  c,  the  f6la- 
tivistic  and  classical  kinetic  energy  agree.  This  is  in  accord  with  the  correspon- 
d6nC6  principle.  We  may  prove  that  the  expressions  agree  in  general  for  small 
v/c.  We  shall  need  to  expand  (1  — V^/c^)  ^ for  small  v/c.  For  this,  we  use  the  bi- 
nomial theorem,  (a  — b)"  = a"  no"  Then,  with  a = b = 

and  n = — ]/2,it  follows  that  (1  — is  approximately  1 + 

16  V^/c^.  Here  we  are  (dropping  terms  of  order  or  higher  because  they 

are  assumed  to  be  very  small.  Then,  approximately. 


7 


1 

-mov 


2 


(4,27) 


Note  that  just  as  the  classical  expression,  VlmQV^,  is  not  correct  for  the  kinetic 
energy  at  high  energies,  neither  is  16  mv^. 


4.9  POTENTIAL  ENERGY  AND  CONSERVATION  OF  ENERGY 


The  energy  changes  considered  so  far  are  changes  in  kinetic  energy  due  to  forces 
which  may  be  either  conservative  or  nonconservative.  If  a conservative  force, 
F„  is  present,  then 


V , ) 


(4.28) 


where  V is  the  potential  energy  depending  only  on  the  position  and  not  on  the 
integration  path.  If  there  are  no  forces  other  than  the  conservative  ones,  from 
the  definition  of  energy, 

f dE  = f F,-dr  = mjc'  _ m,c' 

"'I  "'n 

On  equating  the  right  sides  of  Equations  (4.28)  and  (4.29)  and  rearranging,  we 
find  that 

m,c^  + V|  = mjc'  f Vj  (4.30) 


This  is  the  conservation  of  energy  equation. 
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.10  EXPERIMENTAL  VERIFICATION  OF  EQUIVALENCE 
OF  MASS  AND  ENERGY 

Equation  (4.25)  indicates  as  we  have  seen,  that  there  is  energy-rest  (energy-- 
associated  with  the  rest  mass,  i.e.  Eg  = mgC^.  There  is  plenty  of  evidence  in 
nuclear  physics  that  indicates  that  reS  mass  is  indeed  equivalent  to  energy,  and 
that  mass  can  be  converted  to  energy  and  vice  ver^a. 

An  example  of  this  occurs  when  lithium  is  bombarded  by  fast  proton  s:  the 
lithium  nucleus,  3li^,  and  a proton,  ip*,  combine  to  form  an  unstable  nucleus 
which  splits  into  two  fast  helium  nuclei,  2^®^:  Ip'  H“  + 2^®^* 

The  rest  masses  of  these  particles  are  given  in  Table  4.2,  in  atomic  mass  units 
(amu).  (1  amu  is  the  mass  of  on  atom  of  1 amu  = 1.660  X kg  - These 

mass  units  were  discussed  in  Chapter  1.) 

TABLE  4.2  Masses  of  particles 
participating  in  reaction  P -i-  Li  — ► 2He,  in  amu 

P L0073 

Li  7.0143 

He  4.0015 


The  sum  of  the  p and  U masses  is  the  total  mass  of  the  incoming  particles;  it  is 
8.0216  amu.  The  total  rest  mass  of  the  outgoing  particles  is  8.0030  arnu.  Thus, 
rest  mass  is  not  conserved.  However,  energy  is  conserved  in  the  overall  nuclear 
reaction,  for  very  precise  measurements  of  the  difference  between  the  kinetic 
energy  of  the  incoming  proton  and  the  total  kinetic  energy  of  the  He  nuclei  gives 
AE  = (2.770  it  0.005)  x 10  *^  j.The  increase  in  rest  mass  is  0.0186  amu,,  or 
0.309  X 10“^®  kg.  Then  the  increase  in  rest  energy  is  AnioC^  = 2.78  X 10  j. 
It  thus  appears  that  the  increase  in  mass  is  accounted  for  quantitatively  by  a 
corresponding  decrease  in  kinetic  energy. 

ip/e  A mass  of  1 gm  has  a rest  energy  of 

moc^  :=  (10''"kg)(3x  10®m/sec)^=  9 x 10’^  j. 

If  this  energy  could  all  be  converted  into  electricity  and  sold  at  a rate  of  6<t  per 
kilowatt-hour,  how  much  would  it  be  worth? 

/ion  ( 9 X 10’^)(l/[3.6  X 10^]  kw-hr/j)(0.06)  = 1 ■ 5 million  dollars. 
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In  Newtonian  mechanics,  the  relationship  between  kinetic  energy  and  momentum 


is 


’/2  (mv)[ 


(4  3'l) 


m 


2m 
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A general  relation  between  energy  and  momentum  is  of  considerable  utility  in 
special  relativity.  We  may  use  the  expressions  for  energy  and  momentum,  Equa- 
tions (4.10)  and  (4.25),  to  obtain  such  a relation  mathematically.  We  have,  upon 
squaring  Equation  (4.25), 


= 


me  = 


( 1 -v7c^) 


(4.32) 


In  the  same  way. 


( 1 


(4.33) 


Then,  subtracting, 

£2  - = mlc*  (4-34) 

- V /c  J 

Since  the  rest  energy  plus  kinetic  energy  should  be  positive.  Equation  (4.34)  can 

be  solved  for  £ by  taking  the  positive  square  root:  £ = \/ + moC^.  In  the 

limit  asp  becomes  very  small,  the  binomial  theorem  may  be  used  to  expand  the 
right  side  of  the  equation  E = Vc^p^  -f  mlc^,  to  obtain,  approximately, 
T = E = p^/2m(,  in  agreement  with  the  Newtonian  result. 

1.  in  Chapter  1 a unit  of  energy  called  the  electron  volt  (eV)  was  defined  as 
1 eV  = 1.602  X 10  joules  = e joules.  Also,  1 MeV  =10^  eV.  The  rest  moss  of 
an  electron  is  approximately  9 x kg.  Find  its  rest  energy  in  McV. 

Eo  = moC^  = (9  X 10"^’)(3x  10®)Vl.6  X 10-’^  j/MeV  = 0.5  MeV.  To  three 

sgnificant  figures,  the  correct  value  is  0.51  1 MeV. 


2.  If  an  electron  is  emitted  from  a nucleus  in  a beta  decay  with  a kinetic  energy 
of  0.5  MeV,  what  is  its  momentum  in  MeV/c? 


+ moc'*  or  p = (E^  — rrioC^j'^'^/c. 

E is>  + moc^sothat£'  - J(J  + 2moc7  = 0.5(0.5  + 2[0.511])  = 

0.761  MeV^.  The  momentum  in  MeV/c  is  numerically  the  square  root  of  this 
number:  p = VO.761  = 0.872  MeV/c.  In  kg-m/set,  this  would  be 


(0.872)(  1.6  X 1 Q-’3  j/MeV) 
( 3 X 10®) 


4 .6  5 X 10  kg-m/$ec. 


REST  MASS  OF  A°  FROM  EXPERIMENT 

We  shall  now  consider  in  detail  a more  elaborate  example,  which  shows  how 
one  may  use  the  relativistic  equations  to  find  experimentally  an  unknown  par- 
ticle mass,  in  terms  of  known  masses  and  measured  energies  and  momenta.  The 
rest  mass  of  the  particle  will  be  measured  using  bubble  chamber  photographs  in 
which  a particle  decays  into  a proton  and  a 7T  meson.  If  you  wish  to  follow 
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along  on  the  measurements,  you  will  need  to  use  a protractor,  a flexible  plastic 
ruler  and  a slide  rule. 

A charged  particle  moving  rapidly  through  a bubble  chamber  leaves  a trail  of 
very  tiny  bubbles  that  render  its  track  visible  and  that  COIl  be  photographed.  In 
the  experiment  discussed  here,  a beam  of  very  high  ensfigy  negatively  charged 
particles  called  K mesons  was  allowed  to  penetrate  into  a bubble  chamber 
filled  with  a mixture  of  orgonic  liquids,  so  that  there  were  large  numbers  of  the 
more  ordinary  constituents  of  matter,  e.g.  protons,,  neutrons  and  electrons, 
present  in  the  chamber.  These  K”  mesons  (the  superscript  means  a porticls  having 
a negative  charge)  may  combine  with  the  protons  (p’  ) and  neutrons  (n)  to  pro- 
duce particles  called  pions  (?r)  and  uncharged  supersc ript)  hyperon:;,  in 
the  following  reactions: 

K-  + — »■  A“  + 

K“  + n — ^ A°  + 7T”  (4-35) 

The  charged  particles  interact  electrically  with  the  fluid  molecules  to  produce 
ionization  which  leads  to  observable  bubbles.  Since  the  and  7T^'  are  un- 
charged, their  tracks  in  the  chamber  will  not  be  visible.  However,  in  a very  short 
time  the  A^  decays  into  a proton  and  a 7T~  meson,  according  to  the  reaction: 

A°  ^ p^  + 7T-  (4.36) 

Since  both  and  7T~  are  charged,  their  tracks  will  be  visible  in  the  chamber. 
The  7T^  would  decay  into  uncharged  photons,  which  again,  are  not  easily  visible. 

A diagram  representing  a typical  series  of  such  events  is  shown  in  Figure  4.4. 
A magnetic  field  applied  to  the  chamber  causes  charged  particles  tO  move  in 
curved  paths,  for  which  the  radius  of  curvature  is  proportional  to  the  momentum. 


Figure  4.4.  Diagram  of  a typical  bubble  chamber  photograph  of  decay,  showing 

and  7T~  tracks, 
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Here,  the  K tracks  are  easily  identified,  since  all  the  K mesons  have  the  same 
curvature.  At  point  A,  a K”  disappears,  according  to  one  of  the  reactions  given 
in  Equation  (4.35).  A A°  is  produced,  which  travels  to  B,  where  it  decays.  Since 
the  decay  products  are  oppositely  charged,  the  forces  due  to  the  magnetic  field 
are  in  opposite  directions  for  the  two  particles,  and  their  tracks  will  curve  in 
opposite  directions. 

The  and  7T  gradually  lose  their  kinetic  energies  in  collisions  with  the 
molecules  of  the  liquid  in  the  chamber,  and  will  finally  slow  down  and  come  to 
rest.  In  Figure  4.5,  this  occurs  at  C and  D,  The  track  length,  or  range,  for  any 

B — 13,000  gauss 

77' 

A 


B 


Figure  4.5.  Angles  used  in  the  calculation  of  the  i^st  mass, 
given  particle  moving  in  any  particular  medium  is  a well-defined  function  of  the 
particle's  initial  momentum  or  energy.  By  measuring  the  range,  the  energy  and 
momentum  may  be  measured  whenever  previously  determined  range  versus 
momentum  curves  are  avoilablc. 

In  this  example,  we  shall  apply  the  relativistic  laws  of  conservation  of  energy 
and  momentum  to  the  decay  which  occurs  at  B,  coupled  with  range  and  direction 
measurements  of  the  and  tracks,  for  the  purpose  of  measuring  the  rest 
mass  nioA  of  the  invisible  A^  particle.  Referring  to  Figure  4.5,  the  dashed  line 
represents  the  path  of  the  A°,  which  we  will  assume  has  velocity  Va  and  energy, 


vr=-vT7?- 


(4.37) 


If  the  pion  and  proton  are  created  initially  with  total  energies  and  E^,  re- 
spectively, then,  by  conservation  of  energy,  we  have 


Ej,  ^ E,  + £p  (4.38) 

Further,  if  and  0^  are  the  initial  angles  at  which  the  pion  and  proton  are 
projected,  measured  as  indicated  in  the  diagram,  then,  by  conservation  of  niO- 
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mentum, 

P.,  = P,  cos  + Pp  cos  (4.39) 

a nd 

0 = P^  sin  0^  ~ Pp  sin  0p  (4.40) 

Dividing  Equation  (4.39)  by  Equation  (4.38)  and  using  p = mv  = £v/c^,  ws  have 


^ ^ _PaC  ^ (p^C  cos  8^  + PpC  cos  gp) 

c 1'  (£,  + £p) 


The  combination  of  Equations  (4.37)  and  (4.38)  leads  to 


(f*  + £p) 


(4.41) 


(4.42) 


All  the  quantities  on  the  right  side  of  Equations  (4.41)  and  (4.42)  may  be  ob- 
tained directly  or  indirectly  from  the  photographs;  hence,  from  Equation  (4.42), 
the  rest  mass  of  the  A*^  f^^y  be  determined. 

Figure  4.6  is  a reproduction  of  a carefully  selected  bubble  chamber  photo- 
graph, in  which  the  decay  products  travel  in  the  plane  of  the  picture.  The 
angles  and  0p  may  be  (measured  with  ruler  and  protractor.  To  aid  in  the 
measurements,  dashed  lines  have  been  drawn  on  the  photograph  along  the  path 
of  the  A and  also  along  the  paths  of  the  tt  and  p^.  The  measurement  gives 
dp  = 17"  and  = 31".  Then  cos  = 0.96  and  cos  = 0.86.  Next,  the 
ranges  may  be  measured  by  laying  a flexible  plastic  rule  along  the  curved  paths 
of  the  TT  and  p The  ranges  measured  in  this  way  must  be  corrected  because  of 
the  fact  that  the  reproduction  is  not  lifesize.  A centimeter  calibration  scale  is 
reproduced  on  the  photograph  for  this  correction.  After  applying  the  correction, 
we  find  the  ranges 


Rp  = 2.45  cm  and  = 17.4  cm 


These  ranges  may  be  converted  into  kinetic  energies  by  using  the  two  rang©” 
energy  curves  in  Figure  4.7.  Then  the  momenta  may  be  obtained  from  the 
momentum-energy  equation: 


- mlc*  VT^  + 2mocT 


(4.43) 


From  the  curves,  the  kinetic  energies  are  Tp  = 44  M0V  ond  = 60  MeV  for 
the  proton  and  pi  meson,  respectively.  The  rest  energy  of  the  proton  is  938  AAeV. 
The  proton  momentum  is,  therefore,  from  Equation  (4.22) 


Pp  = 


[44(44 -H  1876)]'^'  = 


291  MeV 
c 


The  TT  rest  energy  is  139.6  AAeV  ; so  its  momentum  is 


Pr  = [60(60  + 279.2)]'/*  = 1^7^- 


c 
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Figure  4.7.  Range  curves  for  photographs  in  Figures  4.6  amd  4.8. 


From  Equation  (4.41), 

n ^ . [ (143)(0.86)  +(291)(0,96)]  ^ 

c [(139.6  + 60)  + {938  + 44)  ] = 

Finally,  from  Equation  (4.42),  the  rest  energy  is 

moAC^  = [ (139.6  + 60)  + (938  + 44)]  [1  - (0.34)'’]'^^=  11  n MeV 

The  accepted  value  for  this  rest  energy  is  1115  MeV.  Similar  analysis  of  other 
photographs  gives  results  which  agree  closely  with  the  value,  11  15  MeV.  This  not 
only  provides  a value  for  the  lambda's  mass,  but  is  o direct  experimental  veri- 
fication of  the  validity  of  relativistic  mechanics. 

As  one  further  check,  one  may  te^  whether  relativistic:  momentum,  in  the  direc- 
tion transverse  to  the  motion,  is  conserved  according  to  Equation  4.20. 

Uang  the  measured  values  from  the  photograph, 

0 = 143  sin  31  °-291  sin  17" 

0 = 74-85 


which  agrees  as  well  as  can  be  expected,  to  the  accuracy  with  which  the  angles 
were  measured. 
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4.13  TRANSFORMATION  PROPERTIES  OF  ENERGY 
AND  MOMENTUM 

As  o preliminary  to  the  discussion  of  the  form-invariance  of  the  laws  of  quantum 
physics,  we  shall,  in  this  section,  derive  the  transformation  laws  connecting  the 
energies  and  momenta  of  a particle,  measured  by  two  relatively  moving  ob- 
servers. In  deriving  these  transformations,  we  shall  need  to  use  the  time  dilation 
formula,  which  says  that  Q clock  moving  with  speed  v relative  to  an  observer 
appeoirs  to  that  observer  to  beat  slow  by  the  factor  \/ 1 — Consider,  as 

in  Figure  4.8,  three  inertial  systems  Sq,  R,  and  G.  Sq  's  the  system  in  which  a 


Figure  4.8.  instantaneous  reS  ^stem  of  o particle, 
clock  and  a particle  are  at  rest.  Let  — y be  the  velocity  of  R relative  to  So, 
let  — u be  the  velocity  of  G relative  to  So- Then,  corresponding  to  the  pirop6r 
time  interval  dfo  in  So/  there  is  a time  interval  df  in  i?,  with 


(4.44) 


Similarly,  the  corresponding  time  interval  in  G is  dt';  where 


(4.45) 


Combining  the  la^  two  results,  we  have  the  equation. 


(4.46) 


In  other  words,  the  quontity  dfVl  - u'/c'  .IS  form-invariant  with  respect  to 
Lorentz  transformations.  This  result  applies  to  any  infinitesimal  time  interval  be- 
tween specific  events  along  the  path  of  a particle,  measured  by  the  two  observ- 
ers; u and  u',  the  velocities  relative  to  the  particle,  can  be  in  any  arbitrary 
directions  relative  to  each  other. 

We  may  use  the  inV0irionC6  of  fhe  interval,  Equation  (4.46),  to  obtain  the 
transformations  for  momentum  and  energy.  Imagine  a particle  of  rest  mass  mo, 
placed  at  the  origin  of  Then  with  our  choice  of  velocity  — U of  R relative  to 
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So,  the  particle  will  have  a velocity +U  relative  to  R.  Similarly,  relative  to  G the 
particle  will  have  a velocity  i-u',  We  shall  assume  that  G is  moving  relative  to  R, 
with  velocity  v along  the  x\,x  axes,  i.e.  that  G and  R are  related  by  the 
Lorentz  transformations  given  previously.  Consider  the  y component  of  mo- 
mentum of  the  particle  measured  by  R.  It  is  just 


Py  = 


moUy 

vT^T/7 


mo  dy 
\/ 1 — u^/c^  dt 


(4.47) 


Relative  to  G,  the  y component  of  momentum  is 

, ^ mo  dy' 

" >/l  - df 


(4.48) 


However,  from  the  Lorentz  transformation  between  R and  G for  the  y coordinate, 
dy'  = dy.  Using  this  and  the  result  in  Equation  (4.46),  we  find  that  the  relation 
between  Py  and  Py  is  :>imply 

Py  = P Y (4.49) 

In  a similar  fashion,  it  is  eosily  proved  that  the  connection  between  z com- 
ponents of  momentum  is 

Pz  = Pi  (4.50) 

We  next  find  the  iTODsformotion  fof  the  x components  of  momentum.  From 
the  definition  of  momentum. 


Px 


mo  dx' 

VT-  u’^/c^  dt' 


(4.51) 


But  using  the  invariance  property  in  Equation  (4.46)  and  the  expression  for  dx' 
which  arises  from  the  Lorentz  transformation. 


d x'  =: 


we  obtain 


vT^  vVc 

moc/x 


- ( d X — V d t ) 


- V 


mo 


“ a/1~—  J,\/  1 — u^/c^  di  a/T  — u^/c 

In  terms  of  p^  and  the  energy  £ = moC  Vv"  1 — U^C^,  this  reduces 

' !.  v£ 


to 


(4.52) 


(4.53) 


(4.54) 


Thus,  p^  depends  on  both  the  energy  and  momentum  of  the  particle  measured  in 
the  rest  ^stem  R. 

Lastly,  to  obtain  the  transformation  for  energy,  we  need  the  Lorentz  trans- 
formation for  the  time  interval  dt': 


dt' 


(4.55) 
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This  combined  with  Equation  (4.46)  and  the  expression  for  energy  in  terms  of 
rest  rtliass,  E'  = moC^V^^I  — gives  us 


£'  mo  di' 

c'  Vl  - dt' 


1 


mo 


1 


dx 


\/ 1 — v^/c^  y\/ 1 — u^/c^  \/^r^  u"^/c^  dt 

In  terms  of  E/c^  and  this  reduces  to 

E'  1 


"\/ 1 — v^/c^ 


2 2 
C C 


(4.56) 


(4.57) 


To  summarize,  we  have  used  the  definitions  of  energy  and  momentum  of  a 
particle,  and  the  invariance  relation  c//a/1  “ u^/c^  = c/f'V  1 - u'Vc^  to- 
gether  with  the  Lorentz  transformations,  to  derive  the  transformation  formulas 
for  energy  and  momentum  of  a particle  as  measured  by  observers  movinQ  with 
relative  speed  v.  There  is  a complete  analogy  between  the  Lorentz  transforma- 
tions of  (x,y,Z,i)  and  the  transformations  of  {px,py,pzf  transforma- 

tions a re: 


(I)  x'  = 


vT-  ?/c^ 


(X  - Vt);  p,  = 


(2)  y’  = y ; 

(3)  z'  = z; 

(4)  c = 


\/l  — Y^/c 


VT" 


2 , 2 

V /c 


P.  - V 


7 


PC  = Py 

P'^  = Pi 

E’  1 


- vVc^  \ c‘  c 


£ V 

2 ,2  P' 


(4.58) 

2 2 2 2 2 

Just  as  the  quantity  (;f  «x  — / ■■  2 isaninvariant(itistheequation 
of  a Spherical  light  wave  if  set  equal  to  zero),  so  is  the  quantity 


2 


C 


2 2 

- Px  - Py 


2 

- Pz 


a relativistic  invariant  as  may  be  seen  by  finding  c^(E' /c^)^  — P*^“  P/^ 

Pj^  using  Equations  (4.58-1,2,3,4).  The  invariant  may  be  evaluated  in  the 
rest  frame  of  the  particle  where  p = 0 and  E = mpC^.  This  gives  again  the 
energy-momentum  relation  for  particles  of  rest  mass  mo: 

+ mlc*  (4.59) 


or,  for  zero  rest  mass,  E = pC. 

As  an  example  of  the  application  of  these  energy-momentum  formulae.,  sup- 
pose a particle  of  rest  mass  mo  has  a speed  of  magnitude  v in  the  negative  x 
direction,  relative  to  R.  Its  energy  in  terms  of  mo  and  v,  relative  to  G,  is  then 
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given  by  Equation  (4.28) 

E'  = 


2 

C 

mo 

< 

Vl  - 

mov 


W-  vVc 


= moc 


U-lZsI 

1 - v^/c^ 


(4.60) 


1.14  TRANSFORMATIONS  FOR  FREQUENCY  AND  WAVELENGTH 

The  reader  is  probably  familiar  with  the  decrease  in  apparent  frequency  of  a 
sound  wave  as  a moving  source  approaches  and  then  recedes.  This  phenomenon, 
known  as  the  Doppler  effect,  also  occurs  when  one  observes  the  frequency  of  a 
moving  light  source.  We  shall  obtain  the  relativistic  transformations  relating  the 
frequencies  and  wavelengths  of  a light  wave  as  measured  by  two  observers, 
G.  and  R.,  as  G moves  relative  to  R with  a speed  v along  their  mutually  parallel 
x',  X axes.  These  transformalTons  will  provide  a means  of  (comparing  with  energy 
momentum  transformations  to  see  if  the  quantum  relation,  E = tw,  is  form-in- 
variant  under  Lorenti  transformations. 

We  imagine  that  observers  G.  and  R.,  situated  at  their  respective  origins, 
measure  the  frequency  of  a light  wave  with  plane  wave  fronts  by  COUntino  the 
number  of  fronts  which  pas:;  their  origins  in  some  specified  time  interval.  Let  the 
observed  directions  of  propagation  be  denoted  by  angles  (in  G)  and  0 (in 
with  respect  to  the  positive  x'  (in  G),  x (in  R)  axes.  The  situation  is  diagrammed 
in  Figure  4.9.  In  relating  the  frequencies  u'  (in  G)  and  p (in  R)  of  the  wave,  we 
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must  take  into  account  twO  effects:  First,  the  clock  at  the  origin  of  G beats  slower 
than  the  clocks  in  R,  and  second,  the  origin  of  G is  moving  with  respect  to  thot  of 
R so  that  at  any  given  instant  there  may  be  wave  fronts  which  have  passed  R, 
but  hove  not  yet  reached  G. 

Suppose  that  starting  at  the  instant  f = f'  = 0 when  the  origins  coincide,  G. 
counts  wove  fronts  for  a time  t’,  and  that  their  observed  frequency  is  v';  the 
number  of  fronts  which  he  counts  is  then  f'i/\  Similarly,  beginning  at  the  some 
instant  let  R.  count  wovefronts  passing  0:  he  will  obtain  iv.  But  fp  is  not  equal  to 
t'p',  since  there  are  fronts  between  the  two  origins  which,  in  Figure  4.9,  have 
been  counted  by  R.  but  not  by  G.  The  number  of  these  fronts  lying  between  0 
and  0'  may  be  found  by  dividing  the  distance  between  origins,  vt,  by  the  hori- 
zontal distance  Ax  between  fronts.  From  Figure  4.9,  Ax  = A/cos  d = c/p  d, 
so  the  odditionol  number  of  fronts  measured  by  R.  is  vf/Ax  = vpf  cos  d/c.  There- 
fore. 

tP  = f'p'  + VPf — ^ (41.61) 

C 

Solving  for  f' p' , we  obtain 

f'v'  = ^1  — ^ cos  ^tp  (4.62) 

if  f were  equal  to  f,  this  would  be  identical  to  the  Doppler  effect  in  sound  for 
an  observer  moving  relative  to  o source.  In  this  expression,  f refers  to  o time 
measured  in  the  rest  frame  R,  both  on  a clock  at  0 and  on  one  at  O';  at  the  same 
instant,  f'  (on  a single  clock  at  O')  is  measured  in  the  moving  frame  G.  Hence,  f 
and  t'  are  related  by  the  simple  time  dilation  formula,  f'  = tVi  - vVc'. 
So.  substituting  for  t in  the  above  equation  ond  canceling  t'.  we  obtain 


p{l  ~ y/c  cos  d) 


(4.63) 


From  this  we  may  also  obtain  the  transformation  formula  for  wavelengths,  ;>ince 
p'X'  = pX  = c: 


X\/l~-  v^/c^ 
(1  - v/c  cos  6) 


(4.64) 


The  relotion  between  the  angles  of  propagation  O'  and  0 may  be  obtained  by 
noting  that,  since  measurements  of  distance  along  the  z,  z’  axes  are  related  by 
z'  = z,  the  two  observers  agree  that  the  distances  between  two  successive  points 
where  the  wavefronts  intersect  the  z or  z’  axes  are  equal:  fiz'  = Az.  But  from 
Figure  4.9, 


A'  = Az'  sin  0\  X = Az  sin  ^ 


(4.65) 


Hence, 


A'  A. 

sin  8’  sin  0 


(4.66) 
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and  from  Equation  (4.64), 


sin 


0’ 


sm  § 1 - v^/c^ 

(1  - v/c  COS  6) 


(4.67) 


The  cosine  of  the  angie  0’  may  be  obtained  by  simpiifying  the  trigonometric 
fo rmula : 


cos  6' 


= "\/l  - sin ' d' 


(1  — v/c  COS  Of  - sin^0(l~—  v^/c^) 

(1  - v/c  cos  Of 


cos 


2y/c  cos  0 + v^ /c 


(II  - V / c <i  n i of 


cos  0 ~ v/c 
1 — v/c  cos  0 


(4.68) 


where  the  positive  sign  of  the  square  root  was  chosen  in  order  that  cos  O'  = 
cos  6 in  the  speciai  case  v = 0,  when  the  observers  are  not  in  reiative  motion 

The  reiativistic  tronsformcitjon  Equations  (4.63),  (4.64),  (4.67)  and  (4.68)  are 
the  prrncipai  resuits  of  this  section:  we  shaii  now  discuss  a few  appiications. 


.15  IRANSVERSE  DOPPLER  EFFECT 


Suppose  that  to  an  observer  in  the  rest  system  R,  the  direction  of  propagation  is 
perpend icuiar,  or  transverse,  to  the  direction  of  motion  of  G.  Then  6'  = 90  , and 
Equation  (4.63)  becomes 


Vl  - vVc= 


(4.69) 


This  change  in  frequency  is  simple  to  understand  solely  as  the  result  of  the  time 
dilation  effect.  Since  R.  sees  the  waves  propagating  parallel  to  his  7 axis,  each 
wave  that  passes  0 will  simultaneously  (to  R.)  pass  0'  (see  Figure  4.10).  Thus,  both 
observers  agree  on  the  number  of  wavefronts  they  have  counted,  but  G.^S  clocks 
beat  more  slowly,  so  the  frequency  of  the  waves  will  appear  higher  to  G.,  in 
order  that  equal  numbers  of  wavefronts  be  counted  by  both  observers. 

Suppose  G.  carries  along  a source  of  light  which  emits  plane  waves  of  natural 
freq  uenc  y j/'  = Vq.  -If  R.  then  observes  the  light  transversely,  at  90"  from  the 
direction  of  motion,  the  frequency  will  be  given  by 


and  since  Xv  = c,  the  wavelength  will  be 


(41,70) 


A = 


Ao 


(4.71) 


Thus  the  wavelength  will  appear  to  be  increased,  or  red-shifted.  The  transverse 
Doppler  effect  could  be  used  to  obtain  a direct  experimental  verification  of  the 
time  dilation  predicted  by  special  relativity;  however,  such  experiments  are 
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Figure  4.10.  Transverse  Doppler  effect 


difficult  because  it  is  hard  to  arrange  matters  so  that  an  appreciable  amount  of 
light  of  known  proper  frequency  Pq  comes  in  at  exactly  90".  Errors  in  angle  will 
yield  corrections  of  order  v/c,  whereas  the  transverse  effect  is  of  order  (v/c)^. 


4.16  LONGITUDINAL  DOPPLER  EFFECT 


In  the  longitudinal  Doppler  effect,  the  observed  light  is  traveling  parallel  to  the 
direction  of  relative  motion  of  the  source.  In  this  case,  ^ = 0 or  7T.  Suppose 
again  that  G.  carries  along  a light  source  of  frequency  i/q  and  that  8'  = 0.  The 
diagram,  Figure  4.9,  is  drawn  so  that  the  light  is  propagating  to  the  right 
(0  = 0)  in  R,  and  hence  we  must  imagine  the  source  to  be  positioned  far  out  on 
the  negative  x'  axis  and  approaching  the  observer  R.  Therefore,  substituting 
6'  = 0 in  Equation  (4.63),  we  obtain  the  expression  for  the  frequency  p observed 
by  R.: 

^ (4.72, 

vT-  vVc^ 

Or,  since  the  factor  (1  - v/c)/Vl -V  ^ n be  simplified  by  writing  it  as 


1 - v/c 


^(1  - v/c)(1  - v/c)  ^ / 1 - v/c 

(1  - v/c)(l  + v/c)  ]/  1 + v/c 


l>  = Vo - 


n H-  v/c 
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for  an  approaching  source  of  proper  frequency  l^0‘  Since  Xv  = c,  the  cor- 
responding expression  for  wavelength  is 


X = 


(4.75) 


If  the  source  is  receding,  we  have  instead,  by  reversing  the  sign  of  y (or 
changing  0 from  0 to  a). 


1 + v/c' 


X = Xo 


+ v/c 
- y/c 


(4.715) 


This  indicates  that  for  a receding  source,  the  apparent  wavelength  is  redshifted. 


If  a source  of  natural  wavelength  5000  Angstroms  is  moving  with  velocity 
V = 4c/5  directly  toward  the  observer,  the  observed  wavelength  would  be 
blueshifted  and  Equcition  (4.75)  would  apply.  The  observed  wavelength  would 
b e 

A = (5000  A)  If— - 1 - 0.8  5000  A 

' ' = = 1 6 6 7 A 

1 -H  0.8  3 


The  longitudinal  Doppler  effect  can  be  used  to  interpret  the  spectra  of  light 
received  from  distant  galaxies.  Bright  spectral  lines  from  these  galaxies  are 
identified  by  comparison  with  spectra  of  the  elements,  produced  on  earth.  The 
identification  shows  the  lines  are  systematically  redshifted.  For  nearby  galaxies 
whose  distances  can  be  measured  by  observing  cepheid  variable  stars,  the  frac- 
tional redshift  AA/A  is  directly  proportional  to  the  distance.  This  is  expressed 
in  Hubble's  relation. 


C 


AX 

X 


Hr 


(4.77) 


where  H,  Hubble’s  (constant,  is  approximately  75  km/sec  per  10^  parsecs. 
(1  parsec  = 3.26  light-years.) 


TABLE  4.3  Redshifts  of  Some  Quasi-Stellar  Objects  (Quasars, 
by  Kohn  and  Palmer,  Harvard  Univ.  Press,  19’67). 


Catalogue  Number 

Redshift  z = AX/X 

Recession  velocity, 
/3  = v/c 

3c  2738 

0.158 

0.146 

3c  249.1 

0.311 

0.264 

3c  345 

0.595 

0.436 

3c  48 

0.367 

0.303 

3c  279 

0.536 

0.405 

1116+12 

2.1  la 

0.813 

PHL  256 

0.131 

0.122 

PHL  938 

1.93 

0.791 

BSO  1 

1.24 

0.668 
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Recent  observations  of  quasars,  for  which  no  independent  distance  measure- 
ments are  available,  have  revealed  enormous  redshifts,  indicating  that  the 
objects  from  which  this  light  was  emitted  may  be  receding  from  our  galaxy  at 
speeds  of  over  80%  of  the  speed  of  light.  Some  of  these  recent  observations  are 
given  jp  Table  4.3.  Ihe  redshifts,  if  interpreted  as  Doppler  shifts,  imply  that  the 
entire  visible  universe  is  expanding  and  hence  that  at  some  distant  time  in  the 
past  all  the  matter  in  the  universe  must  have  been  concentrated  in  one  region. 
The  goilactic  redshifts  are  the  primary  experimental  evidence  on  which  the 
big  bang  theoiy  of  the  origin  of  the  universe  is  based. 


summary 


TRANSFORMATIONS  OF  ENERGY  AND  MOMENTUM 


The  transformation  formulae  for  energy  and  momentum  of  a particle  E',  pi'  as 
observed  from  a system  of  reference  moving  with  speed  v along  the  x,  x'  axes 
relative  to  an  observer  who  measures  the  values  E,  p for  the  same  particle,  are 
given  by 


p«  _ 


= - vVc^ 


~ ''7?  Py  = Py 


vT^/c^ 


Py 


The  four  quantities  p.,  py,  p^,  Efc^,  are  thus  analogous  to  X,y,Z  arxl  f. 


7RANSFORMAHONS  FOR  FREQUENCY  AND  WAVELENGTH 


The  transformation  formulae  for  frequency  wavelength  X'  and  angle  of 

propagation  19'  of  a light  wave,  observed  from  a system  of  reference  moving 
with  speed  v along  the  x,x'  axes,  relative  to  an  observer  who  measures  the 
values  If,  and  8 for  the  same  wave,  aie 


_ 1^(1  - v/c  c o s 0) 

^ Xa/I  - 

(1  v/c  cos  0) 

_ jcos  1-  v/c). 

(1  - v/c  cos  6) 

__sin 

(1  — v/c  cos  6) 


Problems 


1 05 


Since  E = /if^and  p = h/h  for  light,  these  are  identical  to  the  trcinsformotion 
equations  for  eneigy  and  momentum  of  a particle  of  zero  lest  mass 


DOPPLER  EFFECT 


A light  source  of  natural  frequency  Vq  (wavelength  Xq)  will  have  its  frequency 
shifted  when  measured  by  on  observer  moving  with  respect  to  the  source.  If  the 
light  is  observed  at  90"  from  the  direction  of  motion  of  the  source,  then  the 
fiequency  is  ledshrfted  due  to  time  dilation: 


If  == 


X = 


^0 


If  the  source  is  receding  from  the  observer  with  speed  v and  the  light  is  observed 
parallel  to  y,  then 


p 


^0 


A - v/c 
1 + v/c 


X = 


^0 


1 + v/c 
1 — v/c 


For  an  approaching  source,  the  sign  of  v is  reveised. 


problems 

1.  Suppose  a particle  with  rest  mass  mo  is  initially  at  rest  at  x =0.  If  it  is  acted  on 

by  a constant  force  F in  the  x direction,  find  x as  a function  of  time.  Check  to  see 
if  this  gives  the  same  as  the  nonrelativistic  equations  given  for  small  velocity,  i.e. 
small  time.  Also  show  that  the  speed  approaches  c as  / approaches  infinity 
Answer:  x=  (c^mo/F)[  1 ' '-f ' ' (Ft/moc)  - 1 ]. 

2.  Suppose  a force  Facts  on  a particle  in  the  same  direction  as  the  velocity.  Show  that 

the  power  expended  by  the  force  is  niQv{dv/di)/{  1 — aixl  hence  show  that 

2 

the  eneigy  of  the  particle  is  me  . 

3.  Show  that  dE/dp  :=  V,  the  speed  of  the  particle. 

4.  An  electron  of  matis  mo  = x 10~^^  1^9  and  a proton  of  mass  A4q  = 1>6'7  x 

kg  are  each  accelerated  from  rest  through  a total  potential  eneigy  difference 
of  L6  X j.  VUhat  is  the  increase  in  mass  of  each  particle?  VUhat  is  the  frac- 

tional increase  in  rraSS  of  each  particle?  VUhat  is  the  final  speed  of  each? 

Answer:  1,78  X 10“^®  kg;  1.78  x 10”^®  kg;  196mo;  0.107Mo;  0.999987-; 

a43  c. 

5.  Suppose  1.00  cubic  kilomelor  of  water  at  0°C  were  changed  to  ice  by  extracting 

heat  How  much  would  the  mass  change?  (h'<-:af  of  fusion  =:  80  kcoi/kg  ’=  3.3.5  x 
10^  i/kg.) 

Answer:  3.73  kg. 

6.  Ihe  eneigy  radiated  from  the  sun  in  the  foim  of  neutrinos  has  the  intensity  0.12 

l/cm^min  at  the  eorth's  surface.  The  earth-sun  distance  is  1.5  x 10®  km  ond  the 
sun's  mass  is  2.0  x 10®®  kg.  Calculate  the  fractional  loss  in  mass  from  the  sun  in  lO'® 
years  (age  of  the  univeise),  from  the  radiation  of  neutrinos. 

Answer:  9.9  x 10~^. 

7.  An  oil-powered  ship  obtains  energy  at  the  rate  of  4 x 10"  cal/lb  from  its  fuel.  A 
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nuclear-poweied  ship  obtains  eneigy  by  converting  about  0.0003%  of  its  fuel  from 
moss  to  eneigy.  For  o given  moss  of  fuel,  calculate  the  ratio  of  the  distances  the  two 
ships  should  be  able  to  travel. 

Answer:  Nuclear- powered  ship  travels  7,320  times  QS  far. 

8.  In  a certain  kind  of  instrument  used  for  focusing  o beam  of  high  energy  particles  onto 
o point;  the  rnaximurn  kinetic  energy  for  which  the  instrument  works  is  7 = 1*22 
times  the  test  energy.  Wiat  speed  do  particles  of  this  kinetic  energy  have? 

Answer:  2.68  x 10®m/sec. 

9.  Show  that  in  terms  of  the  kinetic  energy,  T,  the  magnitude  of  the  momentum  is 
pc  = V»-|-  27moC^,  where  rriQ  ^ mass. 

10.  FitKi  the  correction  terms  of  order  v^/c^to  the  kinetic  energy  expression  V7  rriQV^  in 

the  correspondence  limit 
Answer:  % mQC^  (v*/c^). 

11.  If  o particle  has  Q momentum  of  5.60  x 1 0'^^  kg-m/sec  and  a kinetic  energy  of 

7.52  X 10  find  its  speed.  Find  its  rest  mass  in  kg. 

Answer:  2.24  x lO^m/seC;  1.67  x 10  ^^  kg. 

12.  An  electron  has  a kinetic  energy  of  1.6  X 10~^^  j,  and  is  itKident  on  a proton  at 

rest  in  the  laboratory.  Ihe  center  of  momentum  frame,  an  inertial  frame  in  which  the 
total  momentmi  of  both  particles  is  zero,  is  moving  with  what  speed  relative  to  the 
laboratory?  The  test  moss  of  the  electron  is  9.11  X 10  kg,  and  that  of  the  (proton 
is  1.67  X 10“^^  kg. 

Answer;  4.54  x 10^  m/sec. 

13.  Using  the  equations  for  transformation  of  velocity  components;  show  that  when 

+ nioC^,  tor  on  inertial  system  in  which  p has  the  components  p^,  Py, 
and  the  energy  is  E,  then  in  another  system  moving  at  velocity  v in  the  positive  x 
direction  relative  to  fKe  fi>^  the  momentum  and  energy  are  = (p,  - v£/c^)/ 
'\/ 1 — v^/c^,  Py  = Py,  pj  = pj,and  £'  = (E  vp„}/\''\  Note  the 

similarity  to  the  x,  y,  z,  t transformations. 

14.  Using  the  Lorentz  transformations  for  coordinates,  show  that 

c/r  = 'S/dt^  — (dx^  + c/y^  + dz^)lc^  = df\^}  — v^/c^ 

is  invariani  under  Lorentz  transformations  Here  dx,  dy,  c/z  ore  infinitesimal  dis- 
placements of  a particle  and  y is  the  speed  of  an  inertial  system  relative  to  the  test 

— 2 2 — 2“ 

p + moC  are  given 

by  p = mo  dr/dr,  E/c  — mQ{cdi)/dt.  Thus,  since  c/t  is  an  invariant  the  momentum 
and  E/c  transform  like  r and  ct  Ihis  is  an  oltemate  way  of  working  Problem  13. 

15.  Suppose  a particle  of  rest  moss  mo,  moving  in  the  positive  x direction,  has  o total 

eneigy  (rest  plus  kinetic)  of  It  hits  o similar  particle  (rest  moss  mo),  which 
is  at  rest  Express  the  total  momentum  p„  ond  the  total  eneigy  of  the  two  particles 
in  terms  of  E]  and  moC^.  Using  the  results  of  Problem  13,  find,  in  terms  of 
and  moC^,the  speed  y of  the  system  in  which  the  momentum  is  zero,  i.e. 
p;I  = a;. T^isolin'c  F in  terms  of  E],  moC^,  and  y,  Eliminate  y to  show  thal  E'  = 
\/ 2(Ei  + mgC^  )(m,)C^ ).  This  total  energy  in  the  center  of  momentum  system  is  im- 
portant in  studying  nuclear  reactions. 

Answer:  /c}^  - mjc^;  Ei  + mo?;V=  cV  Ey  moC^/(Ei  + moC^). 

In  the  following  collision  problems,  use  the  facts  that  total  energy  and  total  momentum 
are  conserved.  By  squaring  the  energy  equation  twice,  quantities  like  \/p^  + 
con  be  eliminated.  An  alternative  procedure  would  be  to  tronsform  to  the  center  of 
momentum  ^stem  as  indicated  in  Problem  15.  Ihe  solution  is  much  simpler  in  that  system. 
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16.  A partcle  with  speed  y hih>  another  at  test  If  both  have  test  mass  mo,  and  the  final 
velocities  aie  along  the  same  straight  line,  what  are  the  final  velocities? 

Answer:  0;  V. 

17.  A particle  with  momentum  p and  rest  mass  hits  another  at  rest  with  mass 

If  the  final  velocities  ate  along  the  same  straight  line,  what  are  the  final  momenta'? 


Answer:  2pm2- 

(fni 


m2  + 


y/{p/cf  + m? 


2m2\/{p/cf 


2 2 
iTIi  — m2 


t /Ti2  + 7m2'\/{p/c)^  + 


18.  Two  particles  have  momenta  p arxi  — p.  they  collide  elastically.  V\/hat  are  the  magni- 
tudes of  the  final  momenta,  and  what  is  the  angle  between  them? 

Answer:  p,  p,  180"  (this  is  the  center  of  momentum  frame  for  these  particles). 

19.  1wo  particles  of  rest  masses  m ^ and  m2  have  momenta  and  p2,  respectively.  If  the 
final  velocities  after  an  elastic  collision  are  along  the  same  straight  line,  what  is  the 
final  momentum  of  particle  1? 


Answer: 


pi 


Pi  (mi  - ni;)c^ 

...2,.  2 
m 


2P2(-P|P2  + 

m(c^  - 2piP2  ^ 


mic^  + V'^Pi  + mic^  + m'jc ^ ) 

2\/pi  + mic''  \/ P2  + rnlc^ 


20.  Iwo  particles  with  rest  masses  nii  and  m2  have  momenta  pi  and  p2,  respectively, 
along  the  same  straight  line.  VUhat  is  the  final  speed  of  the  combination  if  they  stick 
together  on  collision?  VUhat  is  the  rest  mass  of  the  combination?  (It  is  not  -p  m2  •) 

Answer:  c(pi  + P2)/(V  Pi  + m^C  + Vp2  + ni2C  ); 

's/m?  + m?  - - 2(pip2  ^ 's/pTT"m|c^  's/fJ?  + m?c^)/c'\ 

21.  Two  particles  of  the  same  rest  mass,  mQ,  collide  ela^ally.  One  particle  was 
initially  at  rest;  and  the  other  had  momentum  p.  If  the  final  velocities  are  the  same 
in  magnitude,  what  is  the  angle  between  these  velocities  Nonrelativistically,  this 
would  be  90". 


Answer: 


0 - cos 


^ 2 22 

V p + moc  - moC 


\Vp  + + 3moCy 

22.  In  Hgure  4.1  1 is  given  another  bubble  chamber  photograph  of  the  production  and 
decay  of  a hyperon.  Using  the  method  illustrated  in  the  text;  find  the  re^  mass 
of  the  A^  from  this  photograph. 

23.  Verify  that  light  moving  parallel  to  the  y axis  in  one  inertial  system  goes  at  the  angle 


tan 


relative  to  the  y'  axis  in  a system  moving  with  velocity  y along  the  x axis  relative 
to  the  first  system.  In  the  fir^  system,  Ey  = = By  = = 0,  = E^/c  ^ 0. 

The  transformation  of  the  f eld  components  perpendicular  to  y is: 


E’,  = 


(E_^  + V X B) 

'V^’i  - 


B 


1 - 


(B^-  V X E/c^ 


2 / 2 
V /c 
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Hndwhatthe  transformation  of  the  E components  parallel  to  v must  be  for  the  light 
wave  to  be  trcinsverse  in  the  second  system.  If  fy  - ~ ~ ~ 

= B^lc  0,  find  how  the  B component  parallel  to  v transforms 

Answer:  E\=E\\,  fi  'j  = 8 | . 

24.  A light  source  emits  light  in  Hs  rest  system  of  4000  Angstroms  wavelength  at  the 

violet  end  of  the  visible  spectrum.  If  in  a second  system  the  light  goes  perpendicular 
to  the  relative  velocity  arxl  has  a wavelength  of  7000  Angstroms  at  the  red  end  of  the 
visible  spectrum,  what  is  the  relative  velocity? 

Answer:  2.46  X 10®  nri/sec. 

25.  Due  to  the  sun's  rotation,  ci  point  at  the  surfoce  of  the  sun  on  its  equator  has  a speed 
relative  to  the  certer  of  1 .85  km/sec.  If  an  atom  at  rest  emits  light  of  wavelength 
5400  Ang^roms^  what  is  j’he  wavelength  drffererKe  for  this  light  emitted  fiom  op- 
posite edges  of  the  sun's  equator  as  seen  from  the  earth? 

Answer:  0.0666  Angdrom. 

26.  light  at  the  natural  wavelength  6328  Angstroms  is  emitted  fiom  a source  which  is 

approaching  at  0.45  the  speed  of  light  Calculate  the  observed  wavelength  and 
frequency.  If  the  light  source  were  receding,  what  would  be  the  observed  energy 
of  single  photons  received  fiom  the  source? 

Answer:  \ = 3897  Angstroms;  p = 7.70  x 10^^  sec:~\*  1-93  X j = 

1.21  eV 

27.  Light  of  wavelength  5000  Ang^roms  fiom  a flashlight  you  hold  hits  a minor  moving 
away  fiom  you  at  0.8c.  V\/hat  is  the  frequency  of  the  light  reflected  back  to  you? 

Answer:  6.67  X sec~^ 

28.  The  phase  of  0 plane  sinusoidal  wave,  k^x  + kyy  + k^z  — a?/  with  c = w/k  = 

-h  ky  + kl,  is  invariant  under  a Lorentz  transformation.  A wovecrest  in 
one  system  must  look  like  a wavecrest  in  another  system.  Show  that  this  is  §0  ^ 
/ ^2  < Cl^/c  transform  urKier  a Lorentz  transformation  just  as  x,  y,  i,  cf  do.  Since 
k = 27t/A,  the  magnitude  of  the  momentum  of  a photon  i:>  kh/2ir,  and  likewise  the 
energy  is  = wH/2t.  Verify  that  these  are  consistent  with  the  transformation 
equations  for  momentum  and  energy. 

29.  Consider  two  twins  R.  and  G.,  and  let  G.  travel  with  speed  v out  fowordiS  a di:itont 

light  source,  fora  total  distance  L as  observed  by  R.  G.  then  returns  along  the  same 
path  to  his  starting  point  with  speed  v.  Suppose  both  G.  and  R.  observe  light  of  a 
definite  fiequerKy  coming  fiom  the  distance  source.  Use  the  equations  of  the  longi- 
tudinal Doppler  ei^ect,  and  the  fact  that  at  the  end  of  the  trip  both  G.  and  R.  will 
have  counted  the  same  total  number  of  wavecrests^  to  show  that  the  travelling  twin 
is  younger  by  the  foctor  V I — 
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The  classical  electrodynamics  of  Faraday,  Ampere  and  Maxweli-as  expressed 
in  Maxweii’s  equations-was  successful  in  predicting  the  existence  of  electro- 
magnetic osciilations,  and  ied  to  many  usefui  applications,  cuiminating  in  the 
invention  of  radio  in  1896.  By  the  early  part  of  the  twentieth  century,  however, 
other  eiectromagnetic  phenomena  had  been  discovered,  which  could  not  be  ade- 
quately explained  by  the  classical  theory.  Among  the  most  significant  of  these 
phenomena  were  the  emission  of  electrons  from  a metal  surface  when  irradiated 
by  light  (photoelectric  effect),  the  change  of  wavelength  of  light  scattered  by  free 
electrons  (the  Compton  effect),  the  discreteness  of  opticai  spectra  emitted  by  hot 
gases,  and  the  energy  distribution  with  frequency  of  radiation  emitted  by  hot 
bodies. 

An  important  prediction  of  the  ciassical  theory  was  that  an  accelerated  charge 
should  always  emit  radiation.  If  an  atom  is  pictured  as  a heavy  positiveiy 
charged  core  with  an  eiectron  revoiving  in  some  orbit  about  the  core,  then  the 
electron  should  emit  energy  because  it  is  continuaily  being  acceierated  toward 
the  core  by  the  Coulomb  attraction.  This  energy  loss  should  cause  the  electron 
to  spiral  in  toward  the  core  and  eventuaily  coilide  with  it  in  about  10  seconds. 
Thus  this  ciassical  model  contradicted  the  fact  that  an  atom  can  be  a stable 
physical  system.  Further,  the  theory  predicted  that  aii  frequencies  should  be 
present  in  the  emitted  radiation,  corresponding  to  the  fact  that  ali  rotation  fre- 
quencies are  possibie  in  the  classicai  orbits.  This  is  in  contrast  to  the  observed 
fact  that  often  a hot  gas  emits  iight  only  at  a discrete  set  of  frequencies. 

Another  important  consequence  of  the  classicai  theory  was  that  the  intensity 
of  energy  transported  by  a light  wave  through  free  space  is  proportionai  fo  the 
square  of  the  amplitude  of  the  oscillating  eiectric  (or  magnetic)  field.  Also, 
these  electric  and  magnetic  fieid  amplitudes  could  have  continuous  arbitrary 
numerical  values,  not  dependent  on  the  frequency.  This  ied  to  serious  difficuities 
in  explaining  the  observed  properties  of  the  electromagnetic  radiation  contained 
in  a cavity  inside  a hot  body.  The  ciassicai  theory  of  this  “black-body”  radia- 
tion assumed  that  the  radiation  inside  a iarge  cavity  consisted  of  standing  elec- 
tromagnetic waves  with  a continuous  distribution  of  energies.  The  resulting 
theoretical  caiculations  gave  a distribution  of  energy  with  frequency  which  dis- 
agreed with  experiment,  except  at  very  iow  frequencies. 


no 
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Max  Planck  was  the  first  to  give  an  acceptable  quantitative  explanation  of 
black-body  radiation.  Instead  of  assuming  that  the  distribution  of  energies  of  the 
standing  waves  is  continuous,  he  assumed  that  the  waves  could  have  only  dis- 
crete energies,  differing  in  amO'Unt  by  integral  multiples  of  where  V is  the  fre- 
quency and  h is  a constant  having  the  value  6.63  x 1 0 ~ ^ joules-seconds.  The 
resjit  of  Planck's  theoretical  calculation  agreed  with  experiment  in  all  respects. 

Thus,  when  electromagnet!,:  waves  of  frequency  p are  emitted  or  absorbedl  by 

matter,  the  energy  has  to  be  emitted  or  absorbed  in  amounts  £ = Sinc<5, 

when  a particle  is  emitted  or  absorbed  by  matter,  a definite  discrete  amount  of 

energy  is  transferred,  a light  wave  appears  in  this  respect  to  act  very  ifnuch  Iik6 
a particle,  when  interacting  with  rnatter.  When  propagating  from  one  point  lo 
another,  however,  it  must  still  behave  like  a wave  because  it  is  capable  of  ex- 
hibiting interference  and  diffraction.  The  standing  waves  of  frequency  P inside 
a cavity  can  be  thought  of  as  consisting  of  a number  of  quanta,  or  photons,  each 
of  energy  hp.  When  energy  hv  is  emitted  by  one  wall  of  the  cavity,  the  number 
of  photons  of  this  frequency  inside  the  cavity  will  increase  by  unity.  Photons  of 
many  different  frequencies  COTI  be  present  in  the  cavity.  The  subsequent  absorp- 
tion of  energy  hp  by  another  wall  of  the  cavity  can,  in  some  respects,,  be  con- 
sidered equivalent  to  the  passage  of  a particle  (a  photon)  from  one  wall  to  an- 
other. The  reality  of  this  particl6-like  picture  of  the  states  of  the  electromagrietic 
field  has  been  verified  in  many  experiments. 

In  this  chapter  we  shall  bcgiiD  by  examining,  from  the  point  of  view  of  special 
relativity,  the  hypothesis  that  light  waves  are  particles  which  carry  energy  in  dis- 
crete amounts  E = hp.  If  the  relation  f is  to  be  a valid  physical  law,  it  fol- 

lows from  the  first  postulate  of  relativity  that  it  must  be  valid  in  any  inertial 
frame.  The  equations  of  relativity  tell  us  how  to  relate  space  and  time  measure- 
ments, and  hence  also  frequency,  wavelength,  energy,  and  momentum  measure- 
ments, made  by  observers  in  relative  motion.  We  may  then  apply  the  relativistic 
transformations  to  the  Planck  relation  £ = hu,  to  see  if  it  is  form-invariant  with 
respect  to  Lorentz  transformations. 

.1  ENERGY  TRANSFORMATION  FOR  PARTICLES  OF 
ZERO  REST  MASS 

In  the  previous  chapter,  transformation  equations  for  energy  and  momentum  of 
particles  were  obtained.  We  now  wish  to  investigate  the  possibility  that,  ac- 
cording to  Planck's  hypothesis,  a light  wave  can  be  considered  to  act  like  q 
particle  which,  because  the  particle  has  speed  c,  must  have  zero  rest  miaSS.  This 
may  be  seen  from  the  comparison  of  the  two  alternate  expressions  for  energy 

£ = + (Woc^y  = (5.11) 

In  order  that  the  energy  and  momentum  be  non-vanishing  for  itIq  = 0,  we  must 
have  V = c,  in  which  case  the  latter  expression  becomes  indeterminate: 
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P zero 

VT^—  v^/c^  zero 

But  then  the  former  expression  reduces  to  simply  E = pc. 

The  relation  E = pc  is  entirely  consistent  with  the  classical  electromagnetic 
theory  of  a plane  electromagnetic  wave,  where 

(Energy  density)  = c x (Momentum  density)  (^*3) 


(5.2) 


or,  in  0 given  volume,  E =:  pc  for  electromagnetic  waves. 

Since  for  zero  rest  moss  particles  we  have  E = pc,  then  = p cos  S = 
E cos  d/c,  where  6 is  the  direction  of  travel  of  the  particle  with  respect  to  the  x 
axis  in  R.  Also,  in  the  G coordinate  system,  p'  = E'  cos  O'/c.  Substituting  into 
fhe  transformation  equation  (Equation  4.57),  vwe  get 

E'  _ (E/c^)(1-  V/  c cosd]  , . 

' c'  ' vT=";^ 


Note  the  similarity  to  the  transformation  equation  for  frequency. 


v{]  — v/c  cos  8) 


(5.5) 


5.2  FORM- IN  VARIANCE  Of  E = hv 

In  fact,  it  is  at  once  clear  that  if  Plonck's  equation  E = hu  for  a single  photon  is 
valid  in  the  system  F,  then  upon  using  the  transformations  (5.4)  and  (5.5),  the  cor- 
responding relation  in  the  G system  must  be  E'  = bl^'.  The  Planck  equation  is 
thus  relativisticolly  invariant,  provided  the  constant  h has  the  same  numerical 
value  in  all  inertial  frames. 

Furthermore,  if  the  energy  is  a function  only  of  frequency,  the  relation  if  = 
hu  is  the  only  possible  relation  between  energy  and  frequency  which  is  rela- 
tivistically  invariant.  Suppose,  for  example,  that  Planck  had  proposed  E = bp'', 
where  n is  some  exponent  not  equal  to  unity.  This  relation  would  not  be  relo- 
tivisticolly  form- invariant,  and  therefore  could  not  be  a valid  physical  law,  as  it 
leads  to  the  relation 

E-  = h (v'yI  1 cos 

in  the  other  reference  frame.  Thus,  it  is  a remarkable  fact  that  the  only  possible 
relativistic  ally  invariant  relation  between  energy  and  frequency  is  precisely  the 
relation  which  enabled  Planck  to  explain  all  the  properties  of  black-body  radia- 
tion. Further,  if  E = bp,  there  is  a definite  relation  between  momentum  and 
wavelength,  which  can  be  derived  by  noting  that  E = bp  = pC,  and  Xv  ==  c. 
Solving  for  p in  terms  of  the  wavelength  X, 

_ bp  _ bp  _ b 
^ c \ 


(5.7) 


5,3  The  Duane-Huni  law  113 


Since  this  relation  between  momentum  and  wavelength  is  equivalent  to  E = hv, 
it  is  also  form-invariant. 

We  may  conclude  that,  if  there  exists  a discrete  energy  related  only  to  fre- 
quency for  light,,  which  is  considered  to  be  a particle  of  zero  re^  mass,  then  to  be 
rela  tivistic  a lly  invariant,  the  only  possible  relation  is  5 = where  h is  a uni- 
versal constant.  Also,  the  only  possible  relation  between  momentum  and  WOVC- 
length  ha s to  be  p = bX,  Thus: 

t:  = " pc  p = h /X  for  photons  (5.8) 


These  relations  for  a single  photon  state  the  relationship  of  momentum  and  en- 
ergy to  wavelength  and  frequency  under  the  assumption  that  light  transports 
energy  and  momentum  in  discrete  amounts.  If  there  are  n photons,  the  expres- 
sions for  f and  p should  each  be  multiplied  by  n.  Note  that  the  expression  for 
energy  does  not  contain  the  amplitude  of  the  electromagnetic  field  oscillations. 
On  the  other  hand,  in  classical  electromagnetic  theory  the  eneigy  is  proportionol 
to  the  squared  amplitude  of  the  fields.  Therefore,  the  physical  meaning  of  the 
squared  amplib/vde  will  have  to  be  reconsideied. 

The  relations,  Equation  (5.8),  a fe  subject  to  verification  by  experiment.  In  the 
following  sections,  we  shall  consider  experiments  in  which  the  quantization  of 
energy  carried  by  photons  is  important,  and  in  which  the  value  of  h can  be  de- 
termined independently.  The  value  of  h obtained  from  black-body  radiation 
experiments  wash  = 6.547  X 10~^  joules-seconds. 

5.3  THE  DUANE-HUNT  LAW 

One  phenomenon  which  may  be  explained  by  using  the  quantum  relation  i:  = 

hv  is  the  short-wavelength  cutoff  (high-frequency  cutoff)  of  the  continuous  x-ray 

spectrum.  Figure  5.1  represents  a typical  x-ray  tube,  consisting  mainly  of  a hot 


hi- 


Figure  5.1.  Production  of  x rays  by  topping  fast  electrons  in  dense  materials. 
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cathode  which  emits  electrons,  and  a source  of  potential  which  can  accelerate 
the  electrons  from  the  cathode  up  to  many  thousands  of  electron  volts  kiinetic 
energy.  The  electrons  then  strike  a dense  target,  usually  made  of  tungsten  or 
molybdenum^  and  are  broUQht  suddenly  to  rest,  i.e.  they  are  decelerated.  Ac- 
cording to  classcal  theory,  such  a decelerated  charge  should  emit  radiation,  and 
this  is  what  is  observed  experimentally.  If  the  accelerating  potential  V is  upwards 
of  10,000  volts,  then  the  frequencies  of  emitted  radiation  lie  in  the  x-ray  ragion. 

Suppose  l{X)d\  is  the  amount  of  energy  emitted  with  wavelengths  in  the 
range  from  A to  A + dX.  This  intensity  /(A)  is  a quantity  which  can  be  ob- 
served experimentally;  a typical  set  of  experimental  results  is  given  in  Figure  5.2, 


Rgure  5.2.  Intensity  distribution  of  x rays  produced  at  differant  accelerating  voltages 

in  which  / (A)  is  plotted  as  a function  of  A,  Note  that  as  the  accelerating  voltage 
V is  incraased,  thera  is  a general  increase  in  the  intensity  of  x rays  produced,  and 
also  that  there  is  for  each  V a minimum  wavelength  (or  maximum  frequency) 
emitted.  This  can  be  understood  as  follows:  We  assume  that  the  x rays  are 
radiated  discontinuously  in  the  form  of  quanta  of  energy  bl^  when  the  electron 
comes  to  a stop.  Some  electrons  may  emit  many  quanta,  but  it  is  possible  that 
an  electron  is  stopped  so  suddenly  that  all  its  kinetic  energy  goes  into  a single 
quantum  of  energy  This  would  be  the  maximum  frequency  of  a 

quantum  which  could  be  (emitted.  The  electron  is  initially  accelerated  and  is 
kinetic  energy  by  passage  through  a difference  of  potential  V,  so  the  kinetic 
energy  it  gains  there  will  be  7 = eV.  By  conservation  of  energy,  if  in  the  collision 
all  this  is  given  to  a single  quantum  of  frequency 


(5.9) 
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This  equation  is  called  the  Duane-Hunf  law.  It  can  be  checked  against  the 
experimental  data  given  in  Figure  5.2.  From  the  graph,  which  is  plotted  in  terms 
of  wavelength,  the  minimum  wavelengths  can  be  read  off  for  given  accelsraling 

Potential.  In  terms  of  ^’max/  = — - — - so  in  terms  of  the  constant  h could  be 

expressed  as 

eVA 

h = 11^  (5.10) 

For  example,  at  V = 40,000  volts,  A^j^  from  the  graph  is  0.31  Angstroms.  This 
gives,  using  e = 1.6  x COul.,  a value  for  h:  h = 6.61  x 10”^^  i-sec.  Sim- 

ilarly, other  values  for  h can  be  obtained  fnDm  the  data  of  Figure  5.2.  The  res'jlts 
are  given  in  Table  5.1;  the  values  all  agree  reasonably  well  with  each  other  and 
with  the  value  of  h determined  from  black-body  radiation  experiments. 


TABLE  5.1  Duane-Hunt  Law 


V 

(volts) 

Amin 

(Angstroms) 

h = eVA„i„/c 

20,000 

.62 

6.61  X 

10'**  j-sec. 

25,000 

.49 

6.53  X 

10'**  i-see. 

30,000 

.405 

6.48  X 

10  '**  j-see. 

35,000 

.35 

6.35  X 

10  **  i-sec. 

40,000 

.31 

6.61  X 

10  **  i-sec . 

50,000 

.255 

6.80  X 
6.56 

10'**  i-sec. 

X 1 0 ”**  j-sec.  ( average) 

.4  PHOTOELECTRIC  EFFECT 

Historically  the  first  application  of  Planck's  equation  E = hp  to  another  phe- 
nomenon was  made  by  Einstein,  when  he  showed  how  the  photoelectric  effect 


Figure  ^,3.  Photoelectric  Effect:  A single  incident  photon  of  energy  con  CQUSe  °ri 
electron  to  be  ejected  from  a metal  surface  if  the  frequency  is  sufficiently  high. 
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may  be  explained.  In  the  photoelectric  effect,  light  is  allowed  to  fall  on  a metal 
surface  as  illustrated  in  Figure  5.3,  and  electrons  of  various  kinetic  energies  are 
then  ejected  from  the  surface  due  to  absorption  of  light  energy.  One  may 
measure  the  kinetic  energies  T of  the  ejected  electrons,  and  the  numbers  of 
ejected  electrons,  as  functions  of  both  the  frequency,  and  the  intensity,  of  the 
incident  light.  Five  important  features  of  this  effect  could  not  be  explained  by 
the  classical  theory.  We  shall  consider  these  features  one  by  one,  and  show  how 
they  may  be  explained  using  E = and  the  concept  of  the  photon,  or  quantum 
of  tight. 

5.4.1  Emission  from  a given  surface  does  not  occur  unless  the  frequency  of  the  light  is 

greater  than  a certain  critical  frequency  denoted  by  which  is  independent  of 

the  intensity  of  the  incident  light 

That  is,  no  matter  how  intense  the  light  is,  no  electrons  will  come  off  unless 

the  frequency  exceeds  v,.  This  is  difficult  to  understand  classically,  because  the 

more  intense  the  light  is,  the  more  energy  should  be  available  to  make  the  elec- 

trons come  off. 

Electrons  are  normally  kept  from  flying  off  the  surface  of  a metal  by  the 
Coulomb  attractions  between  the  electrons  and  the  positive  ions.  It  takes  0 cer- 

tain amount  of  energy  to  overcome  this  attraction  at  room  temperature,  and 
from  experiments  on  thermionic  emission  these  energies  can  be  measured.  The 
minimum  energy  required  to  remove  one  electron  Is  defined  os  the  work  function 
^ of  the  metal.  Typical  values  of  the  work  function  are  given  in  Table  5.2.  These 
work  functions  are  typically  of  the  order  of  a few  electron  volts.  These  are  only 

the  minimum  energies  required  to  remove  an  electron  from  a metallic  surface. 

It  might  actually  require  more  energy  than  to  remove  an  electron,  because 
an  electron  far  down  inside  the  metal  might  have  to  collide  with  several  ob- 
stacles, thus  losing  energy,  before  it  could  get  out.  Also,  some  electrons  inside 
the  metal  have  less  kinetic  energy  than  others  to  begin  with. 


TABLE  5.2  Work  Functions  for  Some  Typical  Metals 


Element 

Work  Function 

Molybdenum 

4.20  eV 

Nickel 

5.03  eV 

Silver 

4.73  eV 

Tungsten 

4.54  eV 

Zinc 

4.30  eV 

Suppose  an  electron  absorbs  one  photon,,  which  gives  it  just  enough  energy 
to  overcome  the  work  function  and  escape.  The  energy  of  this  photon  is  E = hi'. 
In  terms  of  hi^  = If  hp  were  less  than  the  electron  could  not  escape. 
Therefore,  there  is  a critical  frequency,  , determined  by  = $/h,such  that 
for  lesser  frequencies,  an  electron  cannot  escape  by  absorbing  a photon.  For 
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example,  the  critical  frequency  For  Zinc  is 

$ _e  x_4.30  eV_  1;60  x 10  coul  x 4.30  eV 
' F)  h 6.  63  X 10*^  j-sec 

= 1 .04  X 10’*  sec'^ 

(Note  that  work  functions  in  the  table  are  given  in  units  of  electron  volts.) 

The  incident  light  beam,  cit  a frequency  lower  than  the  critical  frequency, 
could  be  made  more  intense  by  increasing  the  number  of  quanta  in  the  beam. 
So  if  n quanta  per  unit  area  per  unit  time  fall  on  the  metal,  the  intensity  is  given 
in  terms  of  n and  {/  by  I = nhir.  Since  the  light  is  absorbed  in  quanta  of  amount 
hi',  and  not  nhu,  increasing  the  intensity  of  the  beam  will  not  cause  electrons  to 
come  off  in  this  case. 

Suppose  that  we  consider  next  the  case  of  incident  frequencies  greater  than 
the  critical  frequency.  Then  electrons  can  come  off  when  quanta  are  absorbed. 
In  general,  the  electrons  will  come  off  with  a distribution  of  energies  because  of 
losses  due  to  collisions  inside  the  metal,  and  so  forth.  So  we  shall  consider  only 
those  electrons  coming  off  with  maximum  possible  kinetic  energies,  7^^^.  The  en- 
ergy absorbed  from  the  light.  Fir,  goes  into  overcoming  the  work  function  and  in 
giving  kinetic  energy  to  the  electron.  Thus,  by  conservation  of  energy, 

= hex  + ‘J’  (5.11) 

This  is  known  as  the  Einstein  photoelectric  equation. 

p/e  If  ‘I’  = 2.04  eV  and  visible  light  of  wavelength  A = 4000  Angstroms  is  used,  then 
the  maximum  kinetic  energies  are 

7 = Fir  ” ‘I’  = — — $ 

' mox  " ^ ^ ^ 

(6.63  X 10“*^  j-sec)  X (3  X 10®  m/sec)  ^ 

(4  X 1 0“’'  m)  X (1.6  X 10^  ” l/eV) 

= 1.07  eV 

For  such  problems,  since  7„,„,  is  a few  electron  volts,  while  the  rest  energy  of  an 
electron  is  510,000  eV,  we  can  use  the  approximate  nonrelativistic  expression 
for  kinetic  energy,  7 = '/2  mgv^,  to  obtain  the  maximum  electron  velocity.  Then 
the  photoelectric  equation  can  be  written  in  the  form: 

7 = i = Fir  - <I>  (5.12) 

' ma*  2 "O’^max  W-'*-/ 

.2  does  not  depend  on  the  intensity  of  the  incident  light. 

Classically,  it  would  seen  that  the  more  energy  contained  in  the  incident  light, 
the  more  a particular  electron  could  absorb.  However,  the  photoelectric  equation 
does  not  predict  any  dependence  of  T„,g„  on  the  intensity,  I = nhu. 
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5.4.3  increases  with  increasing  frequency  of  light. 

This  follows  directly  from  the  photoelectric  equation.  If  T^ax  measuredl  and 
plotted  as  a function  of  frequency,  the  slope  of  the  curve  should  be  equal  to  h. 
The  intercept  on  the  frequency  axis  should  be  The  energy  may  be 

measured  by  placing  an  electrode  near  the  metal  surface  and  applying  to  it  a 
negative  potential,  -V,  with  respect  to  the  metal.  This  is  illustrated  in  Figure  5.4. 


hp 


Figure  5.4.  Rough  diagram  of  apparatus  for  measuiement  of  h/e. 

This  Sopping  potential  V is  increased  until  no  current  is  collected  by  the  electrode, 
that  is,  until  V is  just  large  enough  to  turn  back  electrons  with  the  energy 
Then  the  change  in  potential  energy  as  the  electron  travels  from  the  metal  surface 
to  the  electrode  is  just  eV,  and  is  equal  to  So  eV  = hu  and  if  V is 


Frequency  in  cycles/second 

Figuto  5.5.  Graph  of  Sopping  potential  vs.  frequency. 
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measured  and  plotted  as  a function  of  frequency,  the  slope  of  the  curve  should 
be  equal  to  h/e.  In  Figure  5.51  are  given  some  experimental  data  for  the  measure- 
ment of  V as  a function  of  frequency  for  a particular  metal  surface.  From  the 
data,  using  the  known  value  of  the  electronic  charge  e,  Planck^S  constant  can  be 
independently  determined.  The  value  obtained  from  the  graph  is  h = 6.65  X 
10‘^'i-sec. 

1.4  The  number  of  photoelectrons  emitted  per  second  is  proportional  to  the  intensity 
of  the  light. 

Classically,  this  is  consiSent  with  conservation  of  energy,  but  it  is  not  clear  why 
the  increase  in  available  energy  as  the  intensity  is  increased  shouldn’t  increase 
7mox-  if'  however,  the  intensity  is  nhp,  with  p > Vf.,  then  for  every  photon  ab- 
sorbed, only  one  electron  can  be  given  off.  It  the  intensity  is  then  doubled,  keep- 
ing the  frequency  fixed,  the  number  n of  quanta  is  doubled,  so  that  the  number 
of  electrons  given  off  should  also  be  doubled.  Thus,  the  quantum  theory  explains 
this  fact  completely. 

1.5  Emission  of  photoelectrons  may  occur  immediately,  regordless  of  the  intensity 
of  the  light. 

This  means  that  if  the  intensity  is  made  smaller  and  smaller,  then  no  matter 
how  small  it  is,  immediately  after  the  light  is  turned  on,  some  electrons  may  come 
'off.  It  is  not  too  difficult  to  arrange  for  the  intensity  tC'  be  so  low  that  it  should 
take  several  hours  for  5.0  eV  ot  energy  to  be  absorbed  by  an  atom  in  the  metal 
--that  is,  provided  the  intenjjfy  is  proportional  to  the  square  of  the  amplitude. 
However,  on  the  basis  of  the  cluantum  picture,  if  ther€'  is  any  light  at  all,  there 
will  have  to  be  at  lea^  one  quantum  present,  so  an  electron  could  absorb  it  and 
leave  the  surface. 

Suppose,  for  example,  that  the  intensity  were  so  |c»W  that  5.0  eV  of  energy 
every  ten  minutes  were  incident  on  a surface  of  work  function  2.5  eV,  ond  that 
the  frequency  of  the  incident  light  were  such  that  hp  = 5.0  eV.  Then,  on  the 
average,  six  electrons  would  come  off  every  hour;  but  it  turns  out  to  be  impos- 
sible to  predict  exactly  when  these  electrons  would  come  off.  They  would  do  so  at 
[random  times,  rather  than  regularly  every  ten  minutes.  Hence,  only  the  prob- 
ability of  ejecting  an  electron  at  a given  instant  can  be  predicted.  This  prob- 
ability can  be  correctly  calculated  using  the  classical  formula,  which  says  the 
square  of  the  amplitude  is  proportional  to  the  intensity.  The  intensity  is  related, 
on  the  average,  to  the  number  of  quanta  present.  This  will  be  discussed  below  in 
d eta  il. 

).5  COMPTON  EFFECT 

If  light  waves  strike  a free  electron,  as  in  Figure  5.6,  then,  according  to  classical 
electrodynamics,  the  electric  ^fiold  vector  should  cause  the  electron  to  oscillate. 
Hence  the  electron  will  be  accelerated,  and  should  emit  radiation  at  the  same  fre- 
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Figure  £|,6.  Bectilc  field  in  an  electfomagnetic  wave  striking  an  electron  causes  the  elec- 
tron to  accelerate.  Classically,  radiation  of  the  same  frequency  should  be  emitted,  but  a 
shift  of  wavelength  with  angle  is  observed. 


quency  as  that  of  the  incident  light.  However,  experimental  observations  show 
that  the  light  reradiated  by  the  electron  is  changed  in  frequency  (and  so  in  wave- 
length). For  example,  considering  only  the  light  scattered  at  90"  from  the  inci- 
dent direction,  experiments  show  that  the  change  of  wavelength  of  the  light  1s 
AX  = 0.024  Angstrom.  This,  of  course,  is  a very  small  shift  in  wavelength.  In 
order  to  observe  this  shift,  it  is  necessary  to  do  the  experiment  with  x rays. 

The  effect  can  be  understood  as  the  absorption  of  a photon  of  energy,  E = 
hp,  and  momentum,  p=  h/h,  a subsequent  re-emission  of  a photon  of  different 
energy,  E'  = hv' , and  momentum,  p'  = h/X',  with  a recoil  of  the  electron  from 


Figure  5.7.  Diagram  of  collision  between  a photon  of  energy  E = hi^  and  a free  electron. 
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the  state  in  which  it  was  initially  at  rest-i.e.  a relativistic  collision  between  two 
particles.  We  shall  treat  the  electron  as  Q relativistic  particle  which,  after  the 
collision,  has  velocity  V at  on  angle  0 relative  to  the  incident  direction.  The  rela- 
tivistic mass  m is  then 


m 

vT  - vVc^ 


(5.13) 


Let  us  write  down  the  conservation  of  energy  equation.  Referring  to  Figure  5.7, 
before  the  collision  the  total  energy  is  that  of  the  photon,  hv,  and  that  of  the 
electron  at  rest,  rrioC^.  After  the  collision,  the  new  photon  has  an  energy  hu\  and 
the  energy  of  the  electron  is  rpC  . So  the  law  of  conservation  of  energy  is 

hp  + mgC^  = hp'  + mc^  (5.14) 

or  since  j/=c/Aand  u'  - C /A', 


Figure  5.8. 


Momentum  conservation  diagrams  for  photon-free  electron  collision. 


h 

X 


mgC 


h ^ 

h me 

X' 


(5.15) 


Next,  we  write  down  the  conservation  of  momentum  equations.  The  relation- 
ships between  the  momentum  vectors  are  diagrammed  in  Figure  5.8.  The  initial 
momentum  is  that  of  the  incident  photon  only,  since  the  electron  is  initially  at  rest. 
This  initial  momentum  is  equal  to  the  vector  sum  of  the  final  momenta,  of  magni- 
tudes h /X'  for  the  photon  and  mv  for  the  electron.  The  x component  of  mo- 
mentum is  conserved.  This  gives  the  conservation  law. 


h 

X 


— cos  6 + 

X' 


mv  cos  (p 


For  conservation  of  they  component  of  momentum,  we  have 


(5.16) 
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0 


X' 


sin  d 


mv  sin  (j) 


(5.17) 


These  equations  can  be  manipulated  in  various  ways  to  yield  useful  informa- 
tion about  the  collision  process.  Note  that  the  equations  combine  relativistic 
mechanics  for  the  electron,  with  the  equations  E = pc  = hu  for  the  photons.  For 
our  purposes,  we  wish  to  calculate  the  wavelength  X'  of  the  scattered  photon  in 
terms  of  X and  the  angle  0 through  which  the  photon  is  scattered.  This  means 
that  in  the  above  three  equations,  (5.15,  5.16,  and  5.17),  we  mu^  eliminate  the 
variables  0 and  v.  There  are  several  ways  to  proceed  with  the  algebra;  the  re- 
sult is  given  in  Equation  (5.23).  The  quickest  way  to  eliminate  the  angle  0 is  to 
use  the  vector  tria  ngle  in  Figure  5.8,  and  apply  the  law  of  cosines,  which  in  this 
case  gives  us 


= (mv)' 


0 


(5.1  8) 


The  final  momentum,  p,  of  the  electron  in  Equation  (5.18)  can  be  eliminated  by 
means  of  the  relation  E^  = or  = E^/c^  — Then,  since 

E = 

= m^c’  — mlc^  (5.19) 

2 

We  may  now  obtain  an  expression  for  p in  terms  of  the  initial  and  final  wave- 
lengths, X,X'.  Write  the  conservation  of  energy  equation  (5.15)  as 


me 


moc 


h 

X' 


(5.20) 


Squaring  this  last  equation  and  solving  for  we  gel 


7 2 22  A h h 

m'c  - moC  = 2mocl--  — 


h h_ 

X " X' 


(5.21) 


Thus,  combination  of  equations  (5.19)  and  (5.21)  gives  us 

Then,  eliminating  p^  between  Equations  (5.22)  and  (5.18),  after  some  cancella- 
tion and  reduction  to  corfimon  denominators,  one  may  solve  for  — X.  The  re- 
sult is 

X'  - X = — (1  - cos  6»)  (5.23) 

mr(P 


This  last  equation  gives  the  change  in  wavelength  in  terms  of  the  universai  con- 
stants, h/m^C,  and  the  scattering  angle  0.  In  the  derivation,  apart  frorr  the 
2 2 2 2 2 

relationship  p = E /c  — mQC  , we  used  conservation  equations  for  energy 
and  momentum,  and  simply  eliminated  the  unwanted  variables  involving  the 
momentum  of  the  electron. 

At  a scattering  angle  of  6 = 90°,  Equation  (5.23)  predicts  that  X*  X = 
h/rtloC.  For  the  electron,  niQ  = 9.1  1 X 10  kg,  and  /]  = 6.63  — 10  joule-set; 
calculating  X^  X in  Angstroms  gives  us 
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A'  " A = 


6.63  X 10  ^^i-sec 


= .0243  Angstrom  (6.24) 


9.11  xl0“^’kgx  3 X lO^m/sec 

This  is  in  extremely  good  aoreement  with  the  experimental  value  for  the  shift  at 

90". 


Figure  5.9.  Modified  and  unmodified  Compton  lines. 

The  constant  h/m^c  = 2.43  X 10  is  called  the  Compton  wavelength  and  is 
a characteristic  quantum  length  associated  with  the  electron. 

In  Figure  5.9  are  shown  graphs  of  intensity  versus  wavelength  of  the  lines  ob- 
served at  a scattering  angle  of  90\  for  scattering  by  the  electrons  in  a number 
of  substances  Notice  there  are  two  lines  one  at  a position  corresponding  to  zero 
change  in  A,  the  other  slightly  displaced  from  it.  The  displaced  line  is  that  due  to 
Compton  scattering  from  free  electrons  and  is  called  the  modified  line.  The  other 
is  called  the  unmodified  line,  ar^d  is  due  to  scattering  from  bound  electrons  Here, 
in  place  of  the  moss  rrio  for  electrons  in  the  Compton  wavelength,  a mass  com- 
parable to  atomic  masses  should  be  used,  so  the  shift  of  wavelength  is  negligible. 
In  elements  with  higher  valuer  of  Z and  hence  with  more  tightly  bound  electrons, 
there  are  relatively  fewer  free  electrons,  and  so  the  intensity  of  the  modified 
line  becomes  smaller  in  comparison  to  that  of  the  unmodified  line. 


.6  PAIR  PRODUCHON  AND  ANNIHILATION 

Another  phenomenon  in  which  the  quantum  properties  of  light  enter  is  pair 
producf/on,  where  Q photon  of  sufficiently  high  energy  (called  a gamma  ray). 
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reacts  to  form  an  electron  and  another  particle,  a positron,  which  has  positive 
charge  | e and  rest  mOSS  equal  to  the  rest  mass  of  the  electron,  mQ.  Sym- 
bolically, the  process  is  represented  by 

7 — * e “ + e'' 

where  represents  the  electron  and  the  other  particle,  a positron.  Let 

us  ask  whether  such  a process  can  occur  in  free  space.  In  this  process,  we  assume 
the  photon  of  energy  hi'  and  momentum  hl'/c  disappears,  and,  for  simplicity, 
that  the  positron  and  electron  continue  along  in  the  same  direction  together,  with 
equal  speeds  v as  in  Figure  5.10.  Applying  the  conservation  laws,  we  have,  for 


Figure  5.10.  F^ir  production  by  a photon  in  free  space  is  impossible  as  energy  and 
momentum  cannot  be  simultaneously  conserved, 
conservation  of  energy. 


hp 


2 

vT 


(5.25) 


Conservation  of  momentum  gives 


hv  2mc,v 

" vr~vj7 


(5.26) 


Eliminating  the  frequency  p from  the  above  equations,  one  can  solve  for  the 
speed  V.  This  can  be  done,  for  example,  by  dividing  the  second  equation  into 
the  first;  giving  us 

^9 


C 


(15.27) 


or  V = c.  This  immediately  implies  that  the  rest  mass  must  vanish,  and  hence  we 
arrive  at  a contradiction:  The  process  as  we  have  assumed  it  to  occur  is  impos- 
sible. This  is  because  energy  and  momentum  (cannot  simuHaneousiy  be  conserved 
in  free  space  in  this  process.  Assuming  different  speeds  or  directions  for  the  two 
particles  would  not  aHer  these  conclusions. 

However,  if  the  high-energy  gamma  ray  passes  near  a very  heavy  particle, 
then  the  heavy  particle  can  soak  up  all  the  momentum  without  carrying  away  a 
significant  amount  of  energy.  To  show  this,  the  process  is  pictured  as  in  Figure 
5.11:  The  y gives  much  of  its  momentum  to  the  heavy  particle,  and  almost  all 
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Figure  5.1  1.  A high-eneigy  gamma  ray  passing  near  matter  can  create  an  electron- 
position  pair-material  nuclei  soaking  up  momentum  but  not  eneigy. 


its  energy  to  the  electron-positron  pair,  let  us  see  why  this  is  so.  The  ratio  R 
of  eneigy  carried  ofF  by  the  heavy  particle  to  energy  available  is 


R = 


V2 

hp 


(5.28) 


wheie  we  may  use  the  nonielativistic  expression  for  the  heavy  particle  if  the  most 
energetic  y rays  we  consider  have  energies  of  no  more  than  about  TO  MeV, 
which  is  small  compared  to  the  rest  eneigy  of  a heavy  particle  such  as  a proton. 
If  all  the  momentum  of  the  x ray  is  assumed  to  go  into  momentum  of  the  heavy 
particle,  then  hp/c  = Mv.  Solving  this  last  equation  for  v,  we  have  v = hp/Mc. 
Substituting  v into  the  ratio  K after  some  cancellation,  we  get 

_ V7M(hv/Mc)^ 

hi'  ^ 2 Me' 

Thus,  since  « Ale the  ratio  R is  very  small,  and  the  fraction  of  energy 
carried  away  by  the  heavy  poirticie  is  negligible,  even  when  it  takes  up  all  the 
momentum.  In  general,  not  all  the  momentum  is  given  to  the  heavy  particle,  but 
it  takes  up  enough  to  allow  the  leaction  to  take  place. 

Having  accounted  for  momentum  conservation  with  the  preseiKe  of  the  heavy 
particle,  we  have  only  to  consider  energy  conservation  in  the  pair  crBOtiiOfl 
process.  Thus,  if  QTid  the  velocities  of  positron  and  electron,  respec- 

tively, then 

hv  - - fTlpc' 

The  minimum  gamma-ray  energy  required  to  create  a pair  will  occur  when  the 
final  energies  of  both  particles,  are  minimum.  This  will  occur  when  = V _ = 0. 
Such  a minimum  kinetic  energy  for  a process  to  occur  is  called  the  threshold 
energy,  and 

threshold  “ 2moC 


(5.29) 
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Since  the  rest  energy  of  an  electron  is  0.511  MeV,  the  threshold  gamma  energy 
is  1.022  MeV.  It  is  indeed  observed  experimentally  that  when  gamma  rays  of 
energies  greater  than  1.022  MeV  pass  through  matter-so  that  many  heavy 
particles  are  present-electron-positron  pairs  are  created. 

An  electron  and  a positron  can  also  combine  in  a collision  in  which  they 
annihilate  each  other  arid  give  off  a burst  of  radiation.  Suppose  the  electron 
and  positron  were  initially  at  rest.  Their  total  energy  is  1.022  MeV,  If  they 
annihilate  each  other,  giving  off  one  photon  only,  momentum  could  not  be  con- 
served because  the  initial  momentum  is  zero,  whereas  the  final  single  particle 
would  have  to  possess  some  momentum.  Thus,  at  least  two  photons  must  be 
emitted.  If  two  photons  are  emitted,  then  in  order  to  conserve  momentum  they 
must  go  off  in  opposite  directions,  with  momenta  of  equal  magnitudes  Thus,  their 
energies  will  be  equal  (see  Figure  5.12).  Each  photon  will  then  have  to  carry 
away  an  energy  of  0.511  MeV.  This  is  observed  experimentally. 

Before 


Figure  5.12.  Pair  annihilation  ot  rest  causes  at  least  two  photons  to  be  given  off,  which 
travel  in  opposite  directions  with  equal  energies. 

Whereas  the  phenomena  of  pair  creation  and  annihilation  do  not  give  an 
independent  way  of  measuring  Plonck’s  constant,  because  the  frequency  of  the 
photon  is  much  too  high  to  be  measured,  they  show  clearly  that  the  photon 
must  carry  energy  and  momentum,  and  that  total  energy  and  momentum  of  the 
particles  in  a reaction  are  both  conserved. 

5.7  UNCERTAINTY  PRINCIPLE  FOR  LIGHT  WAVES 

It  is  a general  physical  fact  that  any  measurement  of  a physical  quantity 
generates  uncontrollable  disturbances  which  may  alter  the  value  of  the  physical 
quantity  being  measured.  For  example,  to  measure  the  temperature  of  a gas,  a 
thermometer  must  be  introduced  into  the  gas,  which  may  decrease  the  volume 
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slightly  and  hence  heat  up  the  gas.  In  addition,  there  might  be  SOITie  heat 
exchange  between  gas  and  thermometer.  When  analyzed  in  detail,  all  physical 
measurements  can  be  shown  to  have  a similar  disturbing  character.  We  are 
interested  here  in  the  uncertainties  introduced  into  the  values  of  frequency 
(energy)  and  wavelength  (momentum)  of  light  waves  by  attempts  to  measure 
their  values,  i/  and  X. 

Consider  a measurement  of  frequency.  A frequency  is  Q number  of  cycles  per 
unit  of  time,  so  to  measure  a frequency,  we  have  to  count  the  number  N of  wave 
crests  that  pass  a given  point  in  a given  time  Af;  then  the  frequency  will  be 
given  by 


V = 


N_ 

At 


15.30) 


Here,  At  is  the  time  interval  over  which  the  measurement  extends.  In  counting 
N.  the  number  of  crests,  various  difficulties  may  arise.  If  the  wave  is  not  a pure 
sine  wave,  then  it  will  consist,  perhaps,  of  a superposition  of  several  frequencies, 
and  repeated  measurements  of  N will  not  agree.  Even  if  the  wave  is  a pure  sine 
wave,  when  we  count  crests  over  a fixed  time  interval  At.  then  for  a particular 
measurement  we  might  not  know  whether  we  should  include  the  last  portion  of  a 
wave  as  a crest  or  not.  To  put  it  another  way,  suppose  we  chop  the  pure  sine 
wave  so  that  it  only  lasts  Cl  time  At.  Then  the  sharp  variations  in  amplitude 
at  the  ends  can  be  represented  in  terms  of  a superposition  of  waves  of  many 
different  frequencies,  so  that  repeated  measurements  of  N would  not  always  give 
the  same  value.  It  is  not  difficult  to  make  an  order-of-magnitude  estimate  of  the 
range  of  uncertainty,  AN  of  N.  It  will  be  about  1,  since  in  counting  crests 
we  may  miss  one  or  more  crests  at  the  ends.  Thus,  if  the  uncertainty  in  N is 
AN  ^ 1,  there  will  be  a corresponding  uncertainty  Ap  in  our  measurement  of 
frequency,  and  this  will  be 


A 


AN 

At 


Thus,  the  product: 


AvAi  ~ 1 


(5.31) 


15.32) 


This  result  arises  purely  becouse  of  the  wave  nature  of  the  light;  it  is  not  only 
valid  for  light  but  for  all  other  classical  wave  disturbances,  and  also  for  other 
waves  such  as  those  OTising  in  quantum  theory. 

From  Equation  (5. 32),  we  con  obtain  a corresponding  uncertainty  relation  for 
energy.  The  energy  of  a photon  of  frequency  p \s  E = hp,  so  the  uncertainty 
in  energy  will  be  related  to  the  uncertainty  in  frequency  by  AE  = h Au. 
Therefore, 


AEM  ^ h 


15.33) 


This  result  states  that  the  product  of  the  time  Ai  over  which  the  measurement 
is  conducted,  times  the  uncertainty  in  the  measurement  ot  energy  of  a photon, 
is  approximately  h. 
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TABLE  5.3  Typical  Data  From  a Frequency  Counter:  Time  Interval 


Af  = 1 

.0  sec.  Numbers  of 

counts  in  repeated 

measuremenits: 

100404 

100485 

100485 

100482 

100485 

100485 

100485 

100484 

100483 

100485 

100486 

100485 

100486 

100484 

100484 

100484 

100485 

100485 

100482 

100485 

100485 

100486 

100484 

100482 

100484 

100485 

100485 

100479 

100484 

100485 

100485 

100484 

100482 

100483 

100484 

100485 

100484 

100482 

100484 

100486 

100485 

100485 

100483 

100485 

100485 

100485 

100485 

100483 

100485 

100485 

100485 

100484 

100484 

100485 

100486 

Average 

number  of  coiunts  = 

: 100484.3  1 

RMS  deviation  from  the  mean 

of  the  number  of 

counts  = 1.28 

counts. 

In  Table  5.3  are  given  the  numbers  of  counts  in  repeated  measurements  by  an 

electrionic  wave  cre^  counter,  which  has  counted  crests  of  a wave  put  out  by  an 

audio  signal  generator  over  a time  interval  At  = 1 .00  sec.  The  root  mean  square 

deviation  from  the  mean  of  N can  be  taken  as  a measure  of  the  uncertainty  in 

N.  From  the  table,  one  can  find  the  uncertainty  in  frequency  of  the  measurements; 
lit  is  1.28  S6C  \ Thus  the  uncertainty  product  is 

A uAf  1.28 

in  accord  with  the  uncertainty  principle.  Equation  (5.33). 

5.8  MOMENTUM,  POSITION  UNCERTAINTY 

An  uncertainty  relation  moy  be  obtained  in  a similar  way,  which  relates  momen- 
tum and  distance.  Imagine  freezing  a pure  sine  wave  and  measuring  the  number 
of  wave  crests,  N,  within  the  distance  Ax  on  the  meter  stick.  Then  the  wave- 
length X is  given  by  X = Ax/N.  The  momentum  will  be 

hN 

" X " 

However,  again  because  near  the  endpoints  it  will  not  be  clear  whether  we  have 
included  the  last  wavecrest  correctly  or  not,  repeated  measurements  may  give 
differing  values  for  N.  Again,  the  uncertainty  in  N will  be  roughly  AN  1, 
and  the  corresponding  uncertainty  in  momentum  will  be 

b 

Ap  ~ — 

Ax 


or 


ApAx  ??  h 


(5.34) 
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Figure  5.13.  Basic  uncertainties  arise  in  attempts  to  measure  wavelength  or  momentum. 

If  we  take  os  a measure  of  Ap  and  Ax  the  rms  deviations  from  the  mean, 
this  uncertainty  relation  can  be  made  more  precise.  As  one  might  guess,  there 
is  a wave  shape  that  makesthe  uncertainty  product  AxApa  minimum.  It  turns 
out  that  this  minimum  occurs  when  the  wave  shape  is  a sine  wave  mioduloted 
by  a gaussian,  of  the  form  ^ , with  c and  ff  constants.  For  this  wave, 

AxAp  =/]/47T.  So,  in  genera  I,,  we  could  say  that  AxAp>/i /4'7T. 

In  terms  of  wavelength,  the  uncertainty  in  X is 

AA  = a/— 

I 

and  this  gives,  in  terms  of  the  measured  value  X = Ax/N 

X 2 

AAAa  > — (5.36) 

47T 

The  uncertainty  relation  Ap  Ax  ^hfAir  for  light  waves,  states  that  a measure- 
ment of  momentum  of  a light  wave  which  is  carried  out  over  a spatial  interval 
Ax  will  have  an  uncertainty  such  that  the  product  of  Ax  times  the  uncertainty 
in  momentum  is  greater  than  hlAir. 

These  results  show  that  there  are  basic  limitations  on  our  ability  to  simulta- 
neously measure  certain  properties  of  light  waves;  later,  we  shall  see  that  very 
similar  uncertainty  relotions  hold  for  material  particles  such  as  electrons,,  protons 
and  atoms.  No  conceivable  measurement  process  can  give  rise  to  knowledge  of 
physical  quantities  which  violates  these  relations 


i.9  PROBABIUIY  INTERPRETATIION  OF  AMPUTUDES 

We  have  seen  in  detail  how  light  waves  carry  energy  E = hp  and  momentum 
p = h/X,  and  that  when  they  interact  with  matter,  photons  are  emitted  and 
absorbed  and  have  irnany  particle-like  properties.  We  now  have  to  reconcile 
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these  results  with  the  fact  that  in  calculations  of  interference  and  diffraction, 
the  experimental  results  are  very  well  explained  by  using  wave-like  properties, 
namely  superposition  of  wave  amplitudes.  In  a diffraction  calculation,  illustrated 
in  Figure  5.14,  the  square  ^ of  the  amplitude  is  proportional  to 


Hguie  5.14.  Double-slit  diffraction  pattern  for  light  must  be  interpreted  in  terms  of 
probabilities. 


the  intensity  of  the  light  arriving  at  the  screen  at  the  angle  6,  where  4^(6)  is 
obtained  as  a linear  superposition  of  contributions  \pi{0)  from  each  of  the 
individual  point  sources  of  Huyghen's  wavelets.  Mathematically,  the  intensity  is 
given  by 


1(d)  = k I m I ' 


Z 'PdO) 


(5.37) 


where  k is  some  proportionality  constant.  In  order  to  explain  the  form  of  the 
diffraction  pattern,  it  is  said  that  the  energy  going  into  the  angle  0 is  propor- 
tional to  the  absolute  square,  or  magnitude  of  the  square,  of  the  total  amplitude 

However,  if,  according  to  the  quantum  theory  of  light  we  are  actually  dealing 
with  photons  of  frequency  v,  and  if  the  flux  of  photons  going  into  the  oingle 
d is  n,  then  I = nhu-,  thus  the  square  of  the  amplitude  would  be  proportional 
to  the  number  of  photons  going  into  the  angle  d.  Imagine  that  the  screen  on 
which  the  photons  are  allowed  to  fall  is  fluorescent,  so  that  whenever  a photon 
strikes  the  screen  at  some  point,  this  is  made  evident  by  a visible  flash.  Then, 
when  the  intensity  of  the  incident  photon  beam  is  large,  there  ate  many  photons, 
and  there  will  be  many  flashes  on  the  screen.  Ihe  number  of  flashes  at  a given 
point  is  proportional  to  the  square  of  the  amplitude  calculated  classically. 

Suppose  now  that  the  intensity  of  the  b60rTli  is  reduced  to  such  a low  value  that 
only  one  photon  at  a time  goes  through  the  slit  system.  Then  only  one  flash  at  a 
time  will  be  seen  on  the  screen,  at  some  definite  position.  Sometimes,  the  flash 
will  be  at  one  point;  sometimes  at  another.  That  is;  the  exact  position  at  which  a 
given  photon  strikes  the  screen  will  be  unpredictable.  However,  suppose  the 
screen  is  replaced  by  a film  and  a long  exposure  is  made,  so  that  over  a long 
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period  many,  many  photons  hit  the  film,  one  at  a time.  When  this  experiment 
is  performed,  the  pattern  on  the  film  is  precisely  that  predicted  classically,  i.e. 
the  diffraction  pattern.  Thus,  even  though  only  one  photon  at  a time  goes  through 
the  slit  system,  so  that  one  might  think  photons  could  not  interfere  with  each 
other,  one  still  obtains  the  diffraction  pattern. 

Therefore,  the  squared  amplitude  does  not  tell  exactly  where  a photon  will 
go--which  is  unpredictable---  but  it  does  tell  what  happens  on  the  average  to 
many  photons.  It  can  only  bo  interpreted  as  a probability.  The  square  of  the 
amplitude,  , is  thus  proportional  to  the  probability  that  a g iven  p hoto n 

will  be  found  at  the  angle  4^(6)  is  th  en  referred  to  as  a probability  amplitude. 

To  obtain  the  probability  that  a photon  will  be  found  at  the  angle  6,  one 
calculates  the  sum,  or  superposition,  of  all  the  probability  amplitudes  which 
contribute  to  4^{0).  Then  ^ ^ is  proportional  to  the  prob- 

ability of  finding  a given  photon  at  position  This  probability  interpretation 
of  the  amplitude  squared  is  verified  by  many  experiments. 
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THE  PLANCK  RELATION  HEiTWEEN  ENERGY  AND 
FREQUENCY  FOR  LIGHT 

In  order  to  explain  the  observed  properties  of  black-body  radiation,  Planck 
postulated  that  light  carried  energy  in  discrete  bundles  called  quanta,  or 
photons.  If  the  frequency  of  the  light  is  then  the  photon  energy  is  £ = 

The  total  energy  could  be  nb/J  where  n is  some  integer.  This  law  is  relativistic  ally 
form-invariant.  Since  IE  = pc  for  photons  where  p is  the  momentum,  it  follows 
that  p = h/\.  The  presently  accepted  value  of  h is: 

h = 6.6262  X 10  joules-sec. 

Another  useful  constant  is: 

— 1.2399  xlO'^  j-m/coul. 

e ' ' 


DUANE- HUNT  LAW 

If  electrons  are  accelerated  through  a potential  difference  V,  they  acquire  kinetic 
energy  eV.  Then,  if  they  ate  suddenly  stopped,  the  maximum  energy  that  can  be 
emitted  by  an  electron  will  be  oV  = 
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PHOlOELfClRIC  ERECT 

The  work  function  of  a metal  surface  is  defined  as  the  minimum  energy 
necessary  to  remove  one  electron  from  the  surface.  If  light  of  frequency  if  is 
incident  on  the  surface,  electrons  may  be  ejected.  The  maximum  kinetic  energy 
T^ax  of  90  electron  is  given  by  the  Ein^ein  photoelectric  equation, 

' mox  " ^ 

If  hi>  < no  electrons  can  come  off.  The  critical  frequency  v^.,  at  which  some 
electrons  are  barely  able  to  escape,  is  given  by  hu^.  = The  value  of  is 

independent  of  the  intensity  of  the  incident  light;  the  number  of  electrons  emitted 
is  proportional  to  the  intensity  nhl^  of  the  light. 

COMPION  ERECT 

When  a photon  of  initial  wavelength  X is  SCOttered  by  a free  electron,  itself 
initially  at  rest,  then  the  scattered  photon  has  its  wavelength  changed  an  amount 
given  by: 

X'  X = — ^ (1  cos  6) 

where  6 is  the  angle  through  which  the  photon  is  scattered. 

PAIR  PRODUCTION  AND  ANNIHILATION 

A photon  of  energy  greater  than  2moC^  can,  when  passing  near  a heavy  particle, 

be  changed  into  an  electron-positron  pair.  An  electron  and  positron  at  rest  can 

annihilate  each  other  to  produce  two  or  more  photons.  If  two  photons  are  pro- 

2 

duced,  they  each  have  energies  of  (X\qC  . 


UNCERTAINTY  PRINCIPLE 

A single  measurement  of  frequency  of  a photon,  which  lasts  over  a time  interval, 
Af,  necessarily  has  on  uncertainty  given  by  Ai^A/  > 1.  Then  the  energy  is  un- 
certain by  an  amount  AiE,  where  AEAf  > h.  In  a measurement  of  momentum 
of  a photon,  where  the  position  of  the  photon  is  known  to  within  an  accuracy 
Ax,  there  will  be  an  uncertainty  Ap  in  momentum  given  by  ApAx  > h/47T. 

PROBABIUTY  INTERPRETATION  OF  AMPUTUDES 

Experiments  performed  with  low  intensity  light  waves  indicate  thot  the  squared 
amplitude  of  the  wave  may  be  interpreted  QS  the  probability  that  a photon  will 
be  found  at  a certain  position. 
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1 . V\Jhat  eneigy  would  an  election  requite  in  order  to  have  the  same  momentum  as 
an  8 MeV  photon? 

Answer:  8.0163  MeV. 

2.  Hnd  the  wavelengths  for  photons  of  the  following  energies:  (a)  10.2  eV  corre- 
sponding to  the  shortest  v^oivelength  emitted  by  a hydrogen  atom;  (b)  100  keV 
X ray;  (c)  500  MeV  gamma  my. 

Answer:  (a)  1216  Angdioms;(b)  0.1243  Angsboms;  (c)  2.49  x 10  ^ Angstroms. 

3.  Rnd  the  kinetic  eneigy  in  A\eV  of  an  electron  with  momentum  equal  fo  C times  Hs 
rest  mass.  Compare  with  V2 

Answer:  { - - l)moc^=  0.212  MeV;  ]/2  moV^  = 14  = 0.128  MeV. 

4.  Hvo  particles  travel  in  the  lab  system  with  equal  but  opposite  speeds  and  collide. 
If  the  kinetic  eneigy  of  each  particle  is  9 times  the  rest  eneigy  (nioC^)  as  observed 
from  the  lob,  then  what  is  the  kinetic  energy  of  one  of  the  particles  as  observed 
from  a system  in  which  the  other  particle  is  at  rest? 

Answer:  198moi:^. 

5.  A proton  with  total  energy  y/rroC  and  momerriLvn  ^moC  , where  = 1 / v 1 — v /c 
and  V is  the  proton  speed,  hits  a proton  at  rest  in  the  laboratory  system.  Use  the 
transformation  equations  for  the  total  energy,  (7  + 1)moC^,  and  momentum, 
7^0  V,  of  the  two-proton  sy<  t(rni  to  firxl  the  eneigy  and  momentum  in  a ftame  moving 
with  speed  y'  relative  to  the  laboratory  sy^m.  Take  the  relative  velocity  parallel 
to  the  velocity  of  the  first  proton.  Show  that  if  y'  = 7^/(7  + 1),  the  momentum 
is  zero,  this  center  of  rnonfentum  system  is  classically  the  center  of  mass  ^stem. 
Show  that  in  thot  ^stem, 

__  J ^ - /(7  + 1) 

vr-  v'Vc^  y 2 

and  thus  that  the  total  energy  in  the  center  of  momentum  system  is 

V^{7  + l)moc^ 

6.  An  electron  has  a kinetic  eneigy  of  1 MeV  in  one  inertial  system.  Hnd  the  magnitude 
of  the  momentum  of  the  electron  in  MeV/c  in  a ^stem  moving  relative  to  the  first 
at  c/2,  (a)  in  the  same  direction  as  the  electron  velocity  in  the  first  system;  (b)  per- 
pendicular to  the  electron  velocity  in  the  fir^  system.  The  electron  rest  mass 
conesponds  to  0.51  1 MeV. 

Answer:  (a)  0.770  MeV/c;  (b)  L669  MeV/c. 

7.  VUhat  would  be  the  wavelength  of  the  most  energetic  x >^ys  produced  by  electrons 
of  50  keV  kinetic  eneigy  striking  a lead  target? 

Answer:  0.249  Angstrom. 

8.  For  what  wavelength  of  incid6nt  will  photoelections  ejected  from  zinc  have  a 

maximum  velocity  of  of  the  speed  of  light? 

Answer:  4.83  Angstroms. 

9.  A gamma  ray  of  eneigy  5.7  A\eV  >s  Compton  scattered  at  an  angle  of  60"  from  free 
elections.  Rnd  the  energy  in  A^eV  of  the  outcoming  photon. 

Answer:  0.867  MeV. 
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10.  Find  the  least  frequency  of  incident  light  that  will  knock  electrons  out  of  the  surface 

of  a metal  with  a work  function  of  3 eV. 

Answer:  7.2  4 x lO'^Sec  '. 

11.  The  potential  barrier  of  electrons  at  the  surface  of  a metal  which  leads  to  the 

work  function  is  due  to  electrons  which  get  slightly  outside  the  surface,  inducing  a 
positive  charge  inside  the  surface.  This  leads  to  a force  which  is  the  same  as  if  an 
image  charge  equal  ond  opposite  to  that  of  the  electron  were  attracting  the  electron, 
as  shown  in  the  diagram.  Verify  qualitatively  that  the  lines  of  force  between  electron 


Metal  surface 


Electron 


and  image  charge  would  satisfy  the  condition  that  they  must  be  perpendicular  to  the 
conducting  surface.  Showthat  the  electron  has  a potential  energy  of  — e ^/(  1 67rfQ^) 
where  X is  the  distance  to  the  metal  surface.  This  image  force  should  no  longer  be 
present  once  the  electron  is  a distance  from  the  surface  comparable  to  the  metal 
atom  spacings,  say  1 Angstrom.  Compute  the  electron  potential  energy  at  that 
distance  and  compare  in  order  of  magnitude  with  work  functions  given  in  Table  5.2. 
Answer:  3.6  eV. 

12.  Find  the  maximum  kinetic  energy  in  eV  of  electrons  knocked  out  of  a surface  with 

a work  function  of  1.5  eV  by  light  of  wavelength  6000  Angstroms. 

Answer:  0.57  eV. 

13.  The  threshold  WOVcIerigth  tor  emission  of  electrons  from  a Cs  surface  is  6540 
Angstroms.  Calculate  thework  function  of  Cs  in  eV,  and  calculate  the  maximum 
energy  in  ©V  p hoto  electro  ns  would  have  if  photons  of  wavelength  4000  Angstroms 
were  incident  on  the  surface. 

Answer:  1.90  eV;  I .20eV. 

14.  An  x-ray  photon  is  scattered  by  a free  electron  at  rest  through  an  angle  of 
60”.  The  wavelength  changes  by  15%.  What  is  the  incident  wavelength? 

Answer:  0.0486  Angstrom. 

15.  Compute  the  wavelength  shift  for  photons  backscattered  {6  = 180")  from  free 

protons. 

Answer:  2.65  x 10  ^Angstroms. 

16.  Show  that  when  a photon  is  scattered  by  a free  electron  at  rest,  the  product 

of  the  initial  frequency  and  electron  rest  mass  divided  by  the  product  of  the  final 
frequency  and  final  elect  ron  mass  is  1-  v/ccos  "f,  where  vis  the  final  electron 
speed  and  $ is  the  angle  between  the  scattered  electron  and  photon. 


Problems  135 


17.  A 150,000  eV  photon  collides  with  a free  electron  at  rest  and  scatters  at  90”.  What 
is  the  final  kinetic  energy  of  the  electron? 

Answer:  34  keV. 

18.  Derive  an  expression  for  the  kinetic  energy  of  the  recoil  electron  which  has  juS 
been  Compton  scattered,  in  terms  of  the  initial  photon  energy  hv  and  the  initial 
and  final  wavelengths,  X,  of  the  photon. 

Answer:  J = /jw  where  AX  = X^  - X 

A + A h ’ 


19.  An  electron  traveling  with  speed  v = )c  is  hit  heod-on  by  a photon  of  energy 

hu  and  is  brought  to  o dead  stop.  There  is  a scattered  photon  which  goes  back 
along  the  path  of  the  incident  photon.  Calculate  the  energy  hif  of  the  initial  and 
of  the  final  photons  in  MeV, 

Answer:  blf  = 0.17  MeV;  hp'  0.511  MeV. 

20.  A positron  of  kinetic  energy  1 MeV  annihilates  with  an  electron  at  rest.  If  the 

resulting  two  photons  have  equal  energies  find  the  angle  between  their  momenta. 
Answer:  90.6". 

21.  A 2 MeV  photon  creates  an  electron-positron  pair,  if  the  resulting  electron  has  a 
kinetic  energy  of  V4  MeV,  what  is  the  kinetic  energy  of  the  positron? 

Answer:  0.725  MeV. 

22.  In  the  hydrogen  atom  the  light  given  off  when  an  electron  goes  from  one  energy 

state  to  another  is  not  quite  monochromatic.  ESimate  the  wavelength  spread  in 

light  given  off  at  close  to  6563  Angstroms  using  the  uncertainty  principle,  if  it 
-8 

takes  around  10  seconds  for  such  a transition  between  energy  ^ates  to  take 
place, 

Answer:  0.0014  Angstrom. 


Suppose  that  the  position  of  an  object  is  to  be 
measured  by  means  of  scattering  single 
photons  from  it  and  observing  the  photons 
through  a microscope.  The  radius  of  the  objec- 
tive lens  subtends  0 at  the  object.  Show  that 
due  to  the  scattering  of  a photon  with  momen- 
tum hu/c,  the  uncertainty  in  momentum  of  the 
object  is  of  order  Ap  = (hp  sin  d)/c.  Show 
that  in  a plane  perpendicular  to  the  lens  axis, 
the  distance  between  field  maxima  for  the  scat- 
tered photon  can  be  os  high  as  Ax  = X/sin 
This  can  be  token  as  the  error  in  position 
measurement  of  the  object.  Find  AxAp. 
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It  has  already  been  seen  how  in  some  situations  electromagnetic  field  quanta 
may  have  particle-like  attributes:  They  carry  energy  in  discrete  amounts  £ = 

hv,  and  are  emitted  and  absorbed  by  matter  as  though  they  were  particles. 
When  traveling  through  a slit  system,  however,  they  can  still  behave  like  waves, 
in  the  sense  that  the  probability  that  a photon  will  be  found  at  some  angle  6 
from  its  original  direction  is  proportional  to  the  classically  calculated  diffraction 
intensity  pattern. 

Another  remarkable  fact  of  nature  is  that  particles  such  as  electrons,  neutrons 
and  others  can  also  display  wave-like  character  under  appropriate  experimental 
conditions.  Since  experimentally  it  is  found  that  atoms  emit  light  at  only  discrete 
frequencies,  just  as  a stretched  string  only  emits  sound  waves  at  a discrete  set  of 
frequencies,  it  might  be  expected  that  a wavelike  character  of  particles  would 
provide  the  key  to  an  understanding  of  atomic  spectra . J ust  as  the  discrete  fre- 
quencies of  a stretched  string  are  due  to  standing  'waves  on  the  string,  so  the 
discrete  frequencies  of  atomic  spectra  could  be  due  to  standing  waves  within 
the  atoms. 

The  wavelike  properties  of  particles  were  postulated  by  Louis  de  Broglie  in 
1924.  He  was  led  to  this  discovery  when  he  noted  certain  similarities  in  the  prop- 
erties of  particles  and  waves,  under  Lorentz  transformations.  We  shall  take  up 
the  fundamental  study  of  these  waves-de  Broglie  waves-in  this  chapter.  De 
Broglie  assumed  that,  associated  with  a particle  of  speed  V,  was  a wave  having 
some  phase  speed  not  equal  to  c.  This  phase  speed  w is  related  to  V by  a simple 
equation,  which  we  shall  derive  below.  That  a phasO  speed  can  be  associated 
with  a particle  in  a consistent  way  depends  on  some  special  features  of  the  rela- 
tivistic Lorentz  transformations.  Let  us  begin  by  examining  the  transformation 
properties  of  plane  waves  of  any  kind  under  Lorentz  transformations  between 
inertial  frames. 

6.1  PHASE  OF  A PLANE  WAVE 

A plane  wave  may  be  conveniently  described  in  terms  of  its  propagation  vector  k 
and  angular  frequency,  = 2tv.  If  the  wavelength  in  the  inertial  rest  system  R 
is  X,  then  the  propagation  vector  is  defined  as  a vector  of  magnitude  27T/X, 
pointing  in  the  direction  of  propagation  of  the  wave.  The  propagation  vector 
far  a plane  wave  is  thus  normal  to  the  wave  fronts 
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For  a wave  propagating  along  the  positive  x Gxis,  one  possible  sinusoidal 
like  wave  form  has  the  wave  amplitude,  or  wave  function, 


= Ae  exp 


(6.1) 


where  A is  Cl  constant  and  = w/27T  is  the  frequency.  This  wovefunction  is  more 
simply  expressed  in  terms  of  the  angular  frequency  (X  and  the  wavenumber  k = 

k I : 

i//  = (6.2) 

The  term  kx  can  be  written  in  vector  form,  since  in  this  case,  k is  parallel  to  the 
X axis  Thus,  if  r is  the  position  veclor  of  some  point  in  space,  then 


kx  = k^x  = + k^y  + k^z  = k-  r (6.3) 

because  ky  = It,  = 0.  The  wavefunction  in  terms  of  k . r is 

(6.4) 

Since  the  wavefunction  is  now  written  in  terms  of  vectors.  Equation  (6.4)  gives 
the  wavefunction  no  matter  what  the  direction  of  propagation  is.  For  example, 
if  the  wave  were  propagating  in  the  x-y  plane  at  an  angle  of  0 relative  to  the 

X axis,  then  the  x and  y components  of  k would  be 

/c*  = k cos  0^  /fy  = k sin  6/  (6.5) 

So.  in  terms  of  k and  k r :=  kx  cos  6 + ky  sin  and  the  wavefunction 

would  be  A exp  [/'(lex  cos  6 ky  sin  0 - wt)]. 

The  function  k*r  — <J0i  is  called  the  phase  of  the  wave;  that  is,  the  phase  is 
the  coefficient  of  / in  the  exponent  of  the  wavefunction.  If  the  wave  amplitude  has 
a trigonometric  form  such  asi^  = A cos  (k*  r — oj/),  then  the  phase  is  the 
argument  of  the  trigonometric  function.  Each  time  the  phase  of  the  wave  changes 
by  27T,  the  wave  amplitude  goes  through  one  complete  cycle  of  oscillation.  If  we 
fix  our  attention  on  a locus  of  points  of  constant  phase,  such  as 

k-  r — cut  = constant  (6-6) 

then,  as  the  time  increases,  the  positions  r which  satisfy  this  equation  move  with 
a velocity  w,  called  the  phase  velocity.  These  points  of  constant  phase  define  a 
wavefront,  and  hence  the  phase  velocity  is  just  the  velocity  with  which  the  wave- 
fronts  propagate.  The  phase  speed  can  be  written  in  terms  of  k and  CO  by  using 
the  definitions: 


w 


P\ 


2i^v  ■ A_  u 

2ir  k 


This  could  also  be  obtained  by  differentiating  Equation  (6.6): 


k 


dt 


0) 


(6.7) 


(6.8) 
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Since  the  velocity  dr/di  for  the  wavefront  is  parailel  to  the  direction  of  propaga- 
tion, kw  = 0). 

example  If,  at  a fixed  point  r,  the  amplitude  is  observed  for  12  periods  of  oscillation,  what 
is  the  net  change  in  phase  of  the  wave? 

so/u/ion  The  period  is  T = 27T/cO;  observing  for  a time  Af  = 12T  = 247r/oJ  results  in  a 
change  of  phase  A (k  ■ r — OJf)  = — coAf  = — 247T, 

If  N wavecrests  propagate  past  a given  point,  this  means  that  the  phase  has 
changed  by  27rN.  Thus  we  arrive  at  the  main  point  of  the  discussion  so  far:  The 
change  in  phase  of  the  wave  is  proportional  to,  and  hence  is  a measure  of,  the 
number  of  wavecre^s  which  pass  a given  point. 


6.2  INVARIANCE  OF  THE  PHASE  OF  A PLANE  WAVE 

A pure  sine  or  cosine  wave  in  an  inertial  frame  R will  also  appear  to  be  a pure 
sine  or  cosine  wave  in  another  frame,  if  the  WQV6  amplitude  is  the  solution  of  Q 
wave  equation  which  is  rela  tivistic  a My  invariant.  We  will  assume  this  to  be  the 
case.  Then,  by  considering  Figure  6.1,  it  is  easy  to  see  that  the  phase  of  a plane 


wave  is  o relativistic  invariant;  that  is,  it  has  the  same  numerical  value  at  corre- 
sponding physical  points  in  all  inertial  frames.  Zeros  of  the  amplitude  in  R will 
appear  to  be  zeros  of  the  amplitude  in  G,  and  siiiTiilarly  for  the  maxima  and 
minima.  So  for  every  wavefront  in  R,  there  will  be  a wavefront  in  G.  For  ex- 
ample, suppose  the  wavefront  of  zero  phase  passes  the  origins  0 and  0'  in  Fig- 
ure 6.1  at  the  instant  0 and  O'  coincide.  If  this  wavefront  is  observed  at  some 
later  time  at  position  P' (r' ,f  ) in  G,  which  coincides  with  P(r,  f)  in  R,  then 
it  will  still  have  zero  phase.  The  same  holds  for  every  other  plane  of  constant 
phase,  at  any  point  in  space  and  time.  Thus,  the  phases  of  the  plane  wave  as 
observed  in  the  two  inertial  frames  are  equal,  and  the  phase  is  a relativistic  in- 
variant. This  invariance  will  allow  us  to  derive  some  interesting  things  about  the 
transformation  properties  of  k and  CO, 
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If  / t'  =0  when  the  origins  coincide,  and  the  phase  in  G is  k'  . r'  — un'f', 
the  phase  in  R is  [<  • T — wt.  So  in  mathematical  form  the  invariance  of  the  phase 
can  be  written  as: 

k'  . K — v/t  = k ‘ r cut  (6.9) 

This  equation  reflects  the  fact  that  a wavefront,  such  os  a maximum  of  the 
wave  amplitude,  has  physical  reality,  and  all  observers,  can  agree  on  the  number 
of  wavecrests  which  pass  by  a given  phyacal  point.  Hence,  they  can  agree  on  the 
value  of  the  phase. 


».3  TRANSFORMATION  EQUATIONS  FOR  WAVEVECTOR  AND 
FREQUENCY 


Use  of  the  invariance  property,  Equation  (6.9),  allows  us  to  obtain  the  trans- 
formation equations  for  and  co  in  terms  of  k and  w.  We  first  write  out  the  in- 
variance equation  in  more  detail,  using  components  of  k:  k,,  k,,  k,,  and  of 
k':  ,ky,  k^  We  get 

kx^'  + k'y'  + k'z'  - - w't'  = k^x  + k^y  + k^z  - cot  (6.io) 

This  equation  is  valid  for  ail  values  of  the  two  sets  of  space  and  time  coondinates 
which  refer  to  the  same  physical  point  and  which  are,  therefore,  connected  by  the 
Lorentz  tronsformotiofis.  If  we  express  x,y,Z  and  f in  terms  of  x',y',z'  and 
f\  then,  since  R moves  with  speed  v relative  to  G,  we  have  the  Lorentz  trans- 
formations, Equations  (3.16)  and  (3.18): 


VT  - v^/c 


(x'  -I-  vi' ), 


Y = Y’ 
z = z' 

t = 


1 


+ -r) 
/c'  V c'/ 


vT  - vV< 

Substitution  of  these  values  of  t into  Equation  (6.10)  gives  the  resuit, 

1 


(6.1  1) 


kl,x'  + ky/' + k'z' ~ u'f' c:-k/- 


V 1 - vVc 


-(  X ' + V t ' ) + k^y'  + k^z' 


VI  - vVc 


t + 


(6.12) 


This  last  equation  must  now  be  true  for  all  values  of  x ,y  ,z  and  t'.  For  ex- 
ample, if  we  consider  an  observation  on  the  z axis  when  the  origins  coincide  so 
thatx'  = y'  = /'  = 0 with  z’  ^ 0,  the  equation  reduces  to 


k',z'  = k,z' 


(6.13) 


After  cancellation  of  z , we  obtain 


k'  = k, 


(6.14) 
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Similarly,  by  taking  x'  = z'  = f = 0,  y'  ^ 0,  we  can  show  that 


ky  = ky  (6.15) 

To  obtain  k„  in  term',  of  k^  and  w,  we  set  y’  = z’  = f’  = 0 with  x'  un- 
equal to  zero.  We  get 

k.x' 


k'y  - 


k' 


wvx'/c^ 


1 

~ W - vV? 


aA I - vVc 


k. 


(6.16) 


(6.17) 


Lastly,  using  = y' 
k,.  The  result  is 


z'  = 0 and  t’  9^  0,  we  can  find  w'  in  terms  of  ic  and 

oj'  = — ^ — (o)  - vk^)  1 6. 18) 

VI  - vVc'- 


Collecting  the  four  results,  we  have  the  transformation  equations: 


kl 


k; 

k^ 


u'  = — ; — (oi  — yk.) 

a/i  - vVc' 


(6.19) 

(6.20) 
(6.21) 

(6.22) 


These  results  were  obtained  simply  by  showing  that  the  phase  of  any  plane 
wave,  going  with  any  phase  speed,  has  the  same  numerical  value  in  all  inertial 
frames.  In  other  words,  the  phase  (k  . r — wt)  is  a relativistic  invariant.  Com- 
bining this  with  the  Lorentz  transformations,  we  were  led  directly  to  the  trans- 
formation equations  for  k and  w,  by  equating  coefficients  of  x’,  y',  z'  and  f' 
on  both  sides  of  the  equation. 

If  we  considered  these  equations  in  the  limiting  case  of  phase  speed  w = 
w/k  = c,  the  speed  of  light,  they  would  lead  back  to  the  equations  for  the 
Doppler  effect  for  light  found  in  Chapter  4. 

Equations  (6.19)  through  (6.22)  resemble  very  closely  the  relativistic  trans- 
formation laws  for  momentum  and  energy  of  a particle,  which  are: 


1 


a/T^  v^/c‘' 
Py  = Py 
Pz  = Pz 


,2 


E' 


1 


v^/c‘ 


{E  - yp. 


(6.23) 


This  is  a very  suggestive  comparison. 


6^  Phase  speed  of  De  Broglie  waves 
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.4  PHASE  SPEED  OF  DE  BROGUE  WAVES 

With  the  transformations  in  Equations  (6.19) — (6.22),  W6  can  examine  in  detail 
the  hypothesis  of  de  Broglie,  namely  that  with  each  particle  there  can  be  asso- 
ciated a wave  which  travels  along  with  the  particle  CIS  the  particle  moves,  with 
some  phase  speed  w which  may  be  different  from  the  particle  speed  V.  The  trans- 
formation equations  suggest  that  the  wave  vector  k and  angular  frequency  (*j 
might  be  closely  related  to  the  momentum  p and  energy  £ of  the  particle.  In 
fact,  we  will  see  that  if  particles  have  WQVOS  associated  with  them,  the  only  pos- 
sible relations  must  be  of  the  form 

p = Ilk  E - “fico 

where is  a constant. 

Let  us  first  derive  the  relation  between  phase  speed  and  particle  speed.  In  the 
above  transformation  'equations,  CO  /c^  is  analogous  to  E'/c^,  and  k'  is  analo- 
gous to  p’.  It  was  proved  eorlier  that  c^(f/c^)^  p was  a relativistic  invari- 
ant. In  the  same  way,  we  could  show  that  c^(co/c^)^  -*  is  a relativistic  in- 
variant or  that  it  has  the  same  value  in  all  inertial  frames.  Mathematically,  this 
con  be  expressed  as: 


k'^  = ^ = invariant  = C 


(6.24) 


where  C is  a constant  independent  of  the  inertial  frame  in  which  w and  k are 
mea  su red . 

In  the  special  cOSC  of  light,  which  consists  of  zero  rest  mass  particles,  the  value 
of  the  invariant,  co^/c^  — , is  equal  to  zero.  This  suggests  that  when  a wove 

of  angular  frequency  w and  wave  number  k is  associated  with  a material 
particle,  then  the  value  of  the  invariant  co^/c  — might  be  related  to  the 
particle's  mass. 

De  Broglie's  hypothesis  was  that,  associated  with  01  particle  having  speed  V, 
was  a wove  having  phase  speed  w.  He  assumed  that  the  energy  in  the  wave 
traveled  along  with  o group  speed  Vg  = dO)/dk,  which  was  identical  with  the 
particle  speed  V.  The  group  speed  = doj/dk  can  be  calculated  using  the  in- 
variant expression  in  Equation  (6.24),  by  difFerentiatiin9  with  respect  to  k.  The 
result  is 

2o)/c^—  - 2k  =0  (6.25) 

d k 


Solving  for  the  graup  speed,  we  get 


V 


g 


d w _ ^ ^ 
dk  w 


(6.26) 


Since  the  phase  speed  is  w = w/k,  the  group  speed  in  terms  of  w is 


V, 


W 


(6.27) 
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If  we  identify  the  particle  speed  V with  the  gnDup  speed,  then 


(6.28) 


o r 

WV  = (6.29) 

This  relation.  wV  = c^,  is  form  invariant,  since  its  derivation  was  based  on  a 
relativistic  invariant.  Thus,  if  in  another  inertial  system  G the  particle  speed  is 
V’,  then  upon  identifying  the  group  speed  dct>  /dk'  in  G with  the  particle  speed 
V’,  one  would  obtain,  by  an  analogous  argument,  w'V  = C^. 

Since  particle  speeds  must  be  less  than  c,  in  general  the  phase  speed  will  be 
greater  than  c.  Indeed,  for  particles  whose  velocities  approach  zero,  the  corre- 
sponding phase  speed  must  approach  infinity.  Although  the  phase  speed  is 
greater  than  the  speed  of  light,  this  does  not  contradict  special  relativity,  be- 
cause the  energy  travels  along  with  the  particle  speed  V,  which  is  identical  with 
the  group  speed.  The  individual  wave  cre^s  travel  with  the  phase  speed,  whereas 
the  energy  travels  with  the  speed  of  the  envelope  of  the  waves,  the  group  speed. 

To  illustrate  the  relation  between  phase  and  group  speeds,  imagine  the 
analogy,  as  in  Figure  6.2,  of  a plane  light  wave  traveling  with  speed  c incident 


upon  a screen  at  an  angle  / from  the  normal.  The  point  of  intersection  of  a WOVe- 
front  with  the  screen  travels  along  the  screen  with  a speed  w = c/sin  i.  This  speed 
can  approach  infinity,  ii  / approaches  0.  However,  the  energy  travels  along  the 
screen  only  with  the  speed  V = c sin  i.  Hence,  in  this  example,  wV  = 

From  Equation  (6.29)  a useful  relation  between  energy,  momentum,  wave- 
length and  frequency  of  a particle  can  be  derived.  We  know  that  w = w/k,  E — 
mc^,  and  P = mV.  By  means  of  these  three  relations,  we  can  eliminate  w,  '/  and 
in  wV  = c^.  The  result  is  (<j)/k)(p/m)  = E/tV,  or 

w E 


k 


p 


(6.30) 
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l5  particle  incident  on  interface 

The  discussion  above  had  to  do  with  arbitrary  particles  (waves)  traveling  through 
free  space,  and  we  have  established  that  for  a wave  of  phase  speed  w to  be  as- 
sociated with  a particle  of  speed  V,  it  is  necessary  that  WV  = C^.NOW  we  wish  to 
show  that  relations  of  the  form  p = hk  and  E = fiCV,  where  A is  a constant,  are 
va  lid . 

We  can  obtain  more  informiotion  about  p and  k by  considering  a situation  in 
which  the  particle  (wave)  is  ncident  on  a piece  of  material  which  acts  like  a r^- 
frBctive  medium  for  the  wave.  This  refraction  simply  corresponds  to  a (change  in 
phase  speed.  As  far  as  the  Dorticle  is  concerned,  the  refraction  takes  place  be- 
cause the  new  region  has  a different  constant  potential  energy  U than  the  po- 
tential energy  in  frae  space.  (We  use  if  for  potential  energy  here,  since  V is  used 
for  particle  speed.)  For  electrons,  for  example,  this  situation  could  be  realized 
approximately  by  letting  an  electron  pass  into  a metal.  Let's  first  treat  the  situa- 
tion assuming  we  are  dealing  with  particles.  In  Figwre  6.3,  pi  is  the  incident 


Figure  6.3.  A partie  s passing  from  one  region  of  constant  potential  energy  into  another 
of  different  potential  energy. 

momentum  at  an  angle  of  f from  the  normal  to  the  surface.  The  quantity  p2  is 
the  momentum  after  the  particle  passes  into  the  region  of  constant  potential 
energy,  u 7^  0,  at  an  angle  r from  the  normal.  The  only  force  acting  on  the 
particle  is  one  acting  normal  to  the  surface,  as  the  particle  passes  the  surface. 
There  is  no  force  acting  pcirallel  to  the  surface,  so  the  components  of  pi  and  p2 
parallel  to  the  sjrface  are  equal.  In  other  words,  the  components  of  momentum, 
in  the  directions  along  which  no  force  acts,  are  conserved.  In  terms  of  i and  r, 
the  angles  of  inciclonCG  and  refraction,  this  can  be  written  mathematically  as 

p 1 sin  ( = p2  sin  r (6.31) 


p2  ^ sin  j 
p]  sin  r 


(6.32) 
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6.6  WAVE  RELATION  AT  INTERFACE 


Next,  let  us  treat  the  situation  assuming  we  are  dealing  with  waves.  In  Fig- 
ure 6.4,  OA  is  a wavefront  in  free  space,  and  A travels  with  speed  from  A 


Figure  6.4.  A wave  passing  from  one  medium  into  another,  where  the  phase  speed  is 
different,  changes  direction  by  Huyghen's  principle. 

to  6 in  time  Af.  Angles  OAB  and  OCB  are  right  angles,  and  side  Ofi  is  common 
to  both  triangles.  Thus,  since  angle  AOB  — i and  angle  OBC  - r,  we  have 
V/2  Af  = OB  sin  r and  VVi  M = Ofi  sin  i.  This  latter  set  of  equations  can 
be  written,  by  dividing  out  Af  and  06,  as 


W2  sin  f 

w,  sin  i 


(6.33) 


If  this  result  is  applied  to  light  waves,  it  is  just  Snell's  law.  The  derivation  is  the 
same  as  that  used  in  deriving  Snell's  law. 

Combining  the  results  of  Equations  (6.32)  and  (6.33),  we  can  write 


P2  ^ 

sin  r 

(6.34) 

Pi 

sin  1 

W2 

sin  r 

, ■ 

(6.35) 

sin  i 

i,w, 

= P2W2 

(15.36) 

Thus,  as  the  particle  (wave)  travels  into  the  region  of  nonZ6FO  potential,  the 
product  pw  remains  constant.  In  terms  of  k and  co,  w = wk,  so  the  product  poj/k 
remains  constant.  Now  if  a linear  boundary  condition  is  assumed,  such  as  as- 
suming that  the  wave  amplitude  or  its  derivative  is  continuous  across  the  surface. 
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the  frequencies  and  (1)2  must  be  equal;  otherwise,  the  amplitudes  would  get 
out  of  phase  and  the  boundary  condition  could  not  be  satisfied  for  all  time.  Al- 
though we  do  not  yet  know  all  the  physical  laws  obeyed  by  de  Broglie  waves,  it 
will  be  seen  later  that  linear  boundary  conditions  do  exist  and,  therefore,  the 
frequency  remains  the  same.  Hence,  since  p(jj/k  does  not  change  in  crossing  the 
surface,  the  quantity  p/k  remains  the  same,  or,  in  terms  of  p],p2,  k]  and  k2, 

fe,  itj 


6.7  DE  BROGLIE  RELATION 


As  the  electron  moves  acroSS  an  interface  between  two  media,  the  ratio  p/k  re- 
mains constant.  If  it  then  moved  into  a third  medium,  p/k  would  still  remain  un- 
changed. Thus,  no  matter  what  the  speed  of  the  particle  is,  p/k  will  remain 
unchanged.  Since  p/k  remains  unchanged,  we  can  write: 


p = 'hk  de  Broglie  Relation 


(6.37) 


where "h  (read  h bar)  is  a constant  independent  of  speed.  This  is  precisely  the  re- 
lation assumed  by  de  Broglie.  Since  a general  inertial  frame  of  reference  was 
used,  this  result  is  independent  of  the  frame  of  reference  and  should  be  relo- 
tivistically  invariant.  The  theoretical  discussion  does  not  tell  whether  A depends 
on  the  kind  of  particle  or  is  a constant  independent  of  particle  type.  The  answer 
to  this  question  must  be  obtained  by  performing  experiments  on  various  particles. 
Experiments  show  that  the  constant  is  independent  of  particle  type,  and  thus  this 
T)  is  the  same  as  that  discussed  in  connection  with  photons,  with 


fi 


27T 


(6.38) 


a universal  constant.  One  such  experiment  is  discussed  in  the  ne>d  section. 

If  de  Brogiie  waves  carry  momentum  p = i)k,  we  can  derive  a corresponding 
relation  between  energy  and  frequency.  It  was  shown  that  in  free  space,  o)/k  = 
E/p  [see  Equation  (6.30)] . Thus,  since  p = hk, 


£ = Bco  de  Broglie  relation 


(6.39) 


In  terms  of  the  frequency,  p the  energy  can  be  written  as: 

E = 27r1iu  = hp  (6.40) 


If  E fico  and  p z:  k in  the  inertial  system  R,  then  from  the  comparison  of 

the  transformation  equations  for  energy  and  momentum  with  the  transformations 
for  k and  w in  Equations  (6.19)  through  (6.22),  the  relation  between  E’  and  cc 
in  G mu^  be 


E ' = tico' 


(6.41) 
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and  the  relation  between  p'  and  k’  must  be 

p ' = "fi  k’ 

The  de  Broglie  relations  are  thus  relativistica  lly  form-invariant. 
Finally,  if  E = "fia)  and  p = Ak,  then  the  invariant, 


(6.42) 


2 2 2 

■ ■ p = moC 

c 


(6.43) 


can  be  used  to  calculate  the  unknown  constant  C in  Equation  (6.24).  The  result  is 


(t! 


- = 


From  Equation  (6.38),  we  see  that  for  electrons  the  constant  rriQc/ti  is  27r  divided 
by  the  Compton  wavelength,  h/m^^C. 

To  summarize  briefly  the  logical  arguments  leading  to  de  Broglie's  relations, 
if  a particle  has  wave-like  properties  so  that  0 wave  of  phase  speed  w is  associ- 
ated with  the  particle  in  Free  space,  then  wV  = C^,,  where  V is  the  particle  or 
group  speed.  If  these  waves  carry  energy  and  momentum,  with  E = fio:  and  p = 
fik,  then  the  transformation  laws  for  k and  UJ  are  equivalent  to  those  for  p and 
E.  So,  instead  of  two  different  sets  of  transformation  equations,  there  is  only  one 
set.  Further,  all  these  relations  are  relativistically  form-invariant,  provided  the 
constanttf  has  the  same  value  in  every  other  inertial  frame. 


6.8  EXPERIMENTAL  DETERMINATION  OFfi 

De  Broglie  predicted  that  electrons  would  behave  like  waves  with  a wavelength 
A = h/p.  When  these  waves  enter  a crystal  with  regular  lattice  spacing,  they 
should  scatter  and  show  interference,  much  as  light  does  on  a grating.  These 
matter  waves  were  demonstrated  in  1927  by  Davisson  and  Germer,  who  ob- 
served diffraction  peaks  in  a beam  of  electrons  scattered  from  a Nickel  crystal. 
The  experimental  arrangement  is  diagramed  in  Figure  6.5.  The  hot  cathode  F 
emits  electrons  which  are  accelerated  through  the  electron  gun,  which  strike  a 
crystal  of  Ni  and  are  diffracted  back  at  an  angle  <p  into  a detector.  Knowing  the 
accelerating  potential  V,  one  may  compute  the  electrons'  momentum,  and  know- 
ing 0 and  the  lattice  spacing  of  Ni,  one  may  compute  the  wavelength  X,  or  k = 
27T/A.  Hence,  one  can  measure  the  value  of  fl  for  electrons.  The  positions  of  the 
diffraction  maxima  are  determined  by  constructive  interference  between  waves 
scattered  from  different  sets  of  parallel  planes  within  the  crystal.  This  is  called 
Bragg  diffraction. 

In  the  next  few  paragraphs,  we  shall  derive  the  relation  between  the  diffrac- 
tion angle  0 and  the  wavelength  A^  of  the  incident  electrons.  Anyone  not  inter- 
ested in  the  details  of  this  derivation  should  skip  to  the  result  in  Equation  (6.48). 


6.9  Bragg  equation 
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Figure  6.5.  *nie  experimental  QTOngemenl  in  the  electron  diffraction  experiments  of 
Davisson  and  Germer. 

? BRAGG  EQUATION 


Let  the  wavelength  of  the  particles  be  outside  the  crystal,  and  let  the  wave- 
length inside  the  crystal  be  Aj.  wavelength  is,  in  general,  different  inside  the 

crystal,  because  the  electron  hdS  different  kinetic  energy  inside.  The  electrons  are 
incident  normally  on  the  crystal  surface  and  pass  straight  into  the  crystOlL 
then  undergo  Bragg  diffraction  from  some  set  of  parallel  planes  of  atoms  inside 
the  crystal  (See  Figure  6.6).  Let  0 be  the  angle  of  incidence  between  the  incoming 


Figure  6.6.  Incident  and  reflected  electron  beams  near  the  surface  of  a nickel  crystal  in 
the  Davisson-Germer  experiment. 

beam  and  the  normal  to  some  set  of  parallel  planes.  We  will  first  find  the  Bragg 
equation  for  diffraction  maxima.  Figure  6.7  is  an  enlarged  picture  of  a portion  of 
two  atomic  planes,  and  P2.  Lines  A and  6 are  two  particle  wave  rays  which 
reflect  partially  at  Oj  on  plane  Pjand  at  0,  on  plane  P,,  respectively.  For 
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Hguie  6.7.  Beams  incident  on  different  partially  reflecting  parallel  planes  interfere  due 
to  different  path  lengths 

the  two  reflected  rays  \o  add  constructively,  the  path  difference,  QO2S,  of  the 
rays  must  be  an  integral  number  p times  the  wavelength  A2.  From  triangle 
O2  Oi  Q,  the  distance  QOj  is  d cos  The  path  difference  is  then  twice  this  dis- 
tance, or 

QO2S  = 2d  cos  9 (6.44) 

The n the  Bra g g c o nd itio n is  2d  cos  0 = 0X2,  ^ =1,2,.-  • 

The  most  intense  diffraction  peaks  will  occur  due  to  reflections  from  planes 
rich  in  atoms.  It  is  found  that  the  dominant  diffraction  comes  from  the  planes 
indicated  in  the  diagram  of  Figure  6.6,  where  the  dots  indicate  lines  normal  to 
the  paper  containing  nickel  atoms.  The  distance  D between  planes  of  densest 
packing  in  the  diagram  is  D = 2.15  Angstroms  for  nickel.  The  spacing  between 
diffracting  planes  can  be  expressed  in  terms  of  the  distance  D between  atoms  in 
the  crystal.  For  the  two  parallel  planes  in  the  diagram,  in  terms  of  S 

d = D sin  0 (6.45) 

Therefore,  for  Bragg  diffraction,  in  terms  of  D and  the  angle  26  (2  cos  6*  sin  6 = 
sin  26), 

nA,  = D sin  28  (6.46) 

6.10  DIFFRACHON  OF  ELECTRONS 

The  diffracted  electrons  come  back  toward  the  crystal  surface;  their  angl  e of  in- 
cidence on  the  surface  ii$  / = 26,  and  their  angle  of  refraction  is  (f),  the  angle  of 
observation,  as  shown  in  Figure  6.8.  From  Equation  (6.33),  there  will  be  Cl  wave- 
length change  when  the  electrons  pass  back  into  the  free-space  region.  Since  the 
frequency  does  not  change,  from  Snell's  law, 

X]  X^P  w,  sin  (j) 

X 2 ^ 2 ^ ^ 2 


sin  28 


(6.47) 
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Fil9Ur6  6.8.  When  the  electron  V/GV6  exits  from  the  crystal,  its  angle  of  incidence  is  26' 

and  the  angle  of  refraction  is  0,  the  angle  of  observation. 


Eliminating  X2  and  6 from  equations  (6.46)  and  (6.47),  we  obtain 

nX,  = D sin  0 (6.48) 

Equation  (6.48)  can  be  used  tO  experimenta  lly  determine  the  wavelength.  The 
quantity  A]  is  the  wavelength  outside  the  crystal,  i.e.  it  is  the  wavelength  of  the 
incident  electrons.  The  angle  0 is  the  angle  of  observation  of  the  diffracted  elec- 
tron beam  and  n,  which  is  the  order  of  the  diffraction  peak,  will  be  equal  to  1 in 
this  case. 

In  Figure  6.9  are  the  experimental  results.  The  intensity  is  plotted  for  various 
accelerating  voltages  V (in  volts)  in  polar  coordinates  It  is  seen  that  a diffraction 


Figure  6.9.  Curves,  plotted  in  polar  coordinates,  showing  the  intensity  of  the  scattered 
beam  at  different  angles  of  scattering. 


maximum  occurs  when  ’/  = 54  volts  and  0 = 50”.  These  results  may  be  used  to 
calculate  the  constant,  2tT).  The  lattice  spacing  D of  nickel  is  known  from  x-ray 
diffraction  analysis  to  be  2.15  Angstroms.  Taking  n = 1 in  Equation  (6.48)  for 
the  first  order  maximum,  we  find  for  the  wavelength: 


A]  ~ 1.65  X 10 


meters 


(6.49) 
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Next  we  calculate  the  momentum,  knowing  that  the  accelerating  potential  was 
54  V.  So  the  electron’s  energy  was  54  eV,  which  is  much  smaller  than  the  rest 
energy.  Hence,  we  can  use  the  nonrelativistic  kinetic  energy  change  to  find  the 
momentum: 

2 

= eV,  or  p = '\/2moeV  (6.50) 

2mo 

Using  e = 1.6  x 10”'^  COul,  mo  = 9.1  1X1  0”^'  kg.  the  result  is: 

p = 3 . 9 7 X 10  ^'*kg  m/sec  (6.5  1) 

The  numerical  value  of  27rti  for  this  case  is  obtained  from  p = fik  = 27rfi/A  o r 
Ap  = 27rt),  and  we  find: 

27t^  = (3.97  X 10"^^)  X (1.65  xl0''°)  j-sec 

= 6.5  5 X I0'^'*j-Sec  (6.52) 

Within  experimental  accuracy  this  value  of  27T^i  is  equal  to  the  value  of  27T^  we 
would  have  obtained  if  we  were  dealing  with  photons  where  Ap  = h,  Planck's 
constant.  In  their  original  experiment,  Dovisson  and  Germer  observed  about  30 
diffraction  peaks  under  varying  conditions  of  detector  orientation  and  incident 
electron  energy;  these  experiments,  as  well  OS  others  using  neutrons,  protons, 
electrons,  etc.,  show  the  same  numerical  value  for  27T'h  as  we  obtaineol  here. 
Thus,  nature  appears  to  be  such  that  instead  of  several  constants  relating 
momentum  and  wavelength,  there  is  only  one  universal  constant,  Planck's 
constant  h.  Hence,  experimentally,  in  terms  of  Planck's  con^ant, 

27tB  = h Planck's  constant  (6.53) 

In  fact,  usually^  is  defined  as  an  abbreviation  for  the  symbol  h/27T. 

In  terms  of  h,  the  W0V6l©ngth  of  an  electron  can  be  computed  from  the  de 
Broglie  relation,  A = h/p,  just  as  for  a photon. 

example  1.  A particle  has  a mass  of  1 kg  and  a speed  of  30  m/sec,  about  like  a softball. 
What  is  the  wavelength  of  the  de  Broglie  wave  associated  with  the  particle? 

so/ufion  The  momentum  is  mV  = 30  kg-m/s©C,  Then  the  wavelength,  using  h = 
6.6  3 X j-sec,  is 

X = — = 2.61  xlO  meters 

P 

A wavelength  as  small  as  * meters  could  never  be  measured  in  a direct  ex- 

periment because  the  smallest  diffraction  gratings  available  are  crystals,  which 
have  a grating  space  of  about  10  meters 

example  2.  Neutrons  have  a mass  of  1.675  x 10~^^  kg.  Slow  neutrons  coming  out  of  a 
nuclear  reactor  have  kinetic  energies  of  about  7 = 0.0466  eV.  What  is  the  wave- 
length of  such  a thermal  neutron? 


Figure  6.10.  Superposition  of  two  photographs  of  diffraction  patterns  produced  by  beoms  of  particles  passing  through  polycrystolline  aluminum. 
The  upper  half  of  the  photograph  is  the  pattern  produced  by  diffraction  of  a monoenergetic  electran  beam;  the  lower  half  is  the  pattern  produced 
by  X The  appearance  of  diffraction  rings  of  similar  radius  is  a direct  demonstration  of  the  wave  nature  of  electrons.  The  slight  discrepancies  in 

the  radii  of  the  rings  results  from  the  use  of  electrons  and  x rays  of  different  wavelengths 
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so/y#»on  The  n o n re  la  tivistic  expression  for  kinetic  energy  may  be  used,  hence  p = 
\/2moT  = 5.0  0 xi  0"^‘*  j-sec.  Then 

— = 1.33  A 

P 

This  wavelength  is  comparable  to  crystal  atom  spacings,  and  could  therefore  be 
observed. 

6.11  UNCERTAINTY  PRINCIPLE  FOR  PARTICLES 

We  have  seen  how  particles  of  energy  E and  momentum  p have  a^ciated  with 
them  waves  of  frequency  p and  wavelength  X.  Hence,  one  could  measure  the 
energy  of  a particle  by  measuring  v,  or  one  could  measure  p by  measuring  X. 
When  we  discussed  light  waves  earlier,  we  saw  that  in  a single  meosurBITient 
which  lasted  over  a time  A/,  an  inevitable  uncertainty  in  the  measured  fre- 
quency would  be  present.  This  uncertainty  was  such  that,  to  within  an  order  of 
magnitude,  ApAi  ^ 1.  Since  £ = hv,  in  terms  of  the  uncertainty  of  energy, 
Af,  the  product  of  A£  and  Af  must  be  A£At  ~ h.  Similarly,  for  a mea  sure- 
ment  of  momentum  in  a single  measurement  which  takes  place  over  a spatial  in- 
terval Ax,  the  uncertainty  in  momentum  Ap  for  a light  wave  is  given  by 

ApAx  ~ ^ (15.54) 

These  considerations  were  based  principally  on  the  wave  nature  of  light  and 
did  not  depend  on  the  wave  speed,  in  a similar  way,  particles  have  de  Broglie 
waves  associated  with  them,  with  energy  related  to  frequency,  and  momentum 
related  to  wavelength  in  just  the  same  way  as  for  light.  So  we  would  expect  an 
uncertainty  principle  for  matter  waves  smilar  to  that  for  light. 

6.12  UNCERTAINTY  AND  SlINGLE-SLIT  DIFFRACTION 

Due  to  their  wavelike  nature,  particles  can  undergo  diffraction.  To  illustrate  the 
uncertainty  principle  for  particles,  imagine,  for  example,  a beam  of  particles 
represented  by  a plane  wave  propagating  in  the  direction,  as  in  Figure  6.1  1. 


Figure  6.1  1.  A beam  of  particles  traveling  in  the  x direction  is  represented  by  a plane 
wave  propagating  in  the  x direction. 
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In  this  plane  wave,  the  amplitude  or  wa vefunction,  by  definition,  does  not  de- 
pend on  y or  z,  so  the  particles  in  the  wave  all  have  y components  of  momenta 
equal  to  zero.  However,  since  the  wa  vefunction  does  not  depend  on  y,  one  knows 
nothing  about  the  y coordinates  of  the  particles.  There  is  just  as  likely  to  be  a par- 
ticle at  y = -H  1 Im  as  at  y — Om.  So  if  the  uncertainty  in  the  y position  of  the 
particle  is  Ay,  Ay  ==  X . The  y momentum,  however,  is  definitely  known:  py  = 
0,  so  the  uncertainty  in  y momentum  is  APy  = 0. 

Let  us  imagine  making  a measurement  of  y position.  This  we  could  do  by  put- 
ting a slit  of  width  a in  the  path  of  the  beam  of  particles,  as  in  Figure  6.12.  Then 


Figure  6.12.  A slit  placed  in  the  path  of  the  particle  beom  causes  the  particles  passing 
through  the  slit  to  have  their  y positions  measured  to  an  accuracy  of  Ay  ~ the  slit  width. 

only  those  particles  will  get  through  whose  y positions  are  somewhere  inside  the 
slit.  Thus,  all  particles  passing  through  have  had  their  y coordinates  measured  to 
within  an  accuracy  equal  to  a,  the  width  of  the  slit.  For  these  particles,  the  un- 
certainty Ay  is  then  roughly. 

Ay  ~ a (6,55) 


On  passing  through  the  slit,  the  particles  will  be  diffracted  due  to  their 
wavelike  character.  Experimentally,  it  is  found  that  upon  using  a beam  of  many 
electrons,  a single-slit  diffraction  peak  is  observed  which  has  the  same  form  as 
that  observed  for  light.  MojT  of  the  particles  will  go  into  the  central  diffraction 
peak  as  illustrated  in  Figure  6.13.  Thus,  in  order  to  account  for  the  particles  going 
other  than  in  the  straightforward  direction,  we  must  assume  that  the  particles 
will  have  acquired  some  indefinite  amount  of  y momentum  in  passing  through 
the  slit.  To  make  a rough  estimate  of  the  uncertainty  in  this  momentum,  Apy,  let 
us  assume  that  all  the  particles  go  into  the  central  diffraction  peak.  Then  the 


maximum  magnitude  of  the  momentum  py,  such  that  a particle  goes  into  this 
region,  is  roughly  equal  to  the  uncertainty  Apy  in  y momentum.  From  the  dia- 
gram, if  p = h/X,  and  ^ is  the  position  of  the  first  diffraction  minimum,  it  fol- 
lows that,  in  terms  of  0^ 


(6.56) 


and  so. 


(6.57) 
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Figure  6.113.  a beam  of  particles  passing  through  a slit  gives  rise  to  a single-slit  dif- 
fraction pattern. 


But  from  the  study  of  single-slit  diffraction,  it  is  known  that  the  first  diffraction 
minimum  occurs  at 


/6  A = a sin  0 or  a = ' 

2 sin  0 

Thus,  combining  this  result  with  Equation  (6.57),  we  find  that 


(6.58) 


Ap. . a 


h sin  & X 

X 2 sin  0 


h 

2 


(6.59) 


Since  a is  the  uncertainty  in  y position,  a ~ Ay,  we  obtain  the  following  rough 
uncertainty  relation: 

Ap,Ay  ~ 


which  is  of  the  older  of  magnitude  of  li. 

In  this  hypothetical  measurement  of  y position  of  a particle,  an  uncertainty  in 
y momentum  is  introduced  by  the  measurement  process.  More  rigorous  calcula- 
tions show  that  the  corf6Cl  uncertainty  relation  is 

^ 


In  general,  it  can  be  shown  that  there  is  one  sjch  relation  for  each  coordinate 
of  a particle,  so  we  also  have  for  the  uncertainties,  Ap^  and  Az,  the  relation 
Apj  Az  A,  and  similarly  for  Ap^  and  Ax.  As  in  the  uncertainty  principle 

for  light,  the  uncerta  intier,,  Ax,Ap,,etc.  are  defined  to  be  the  root  mean  square 
deviations  from  the  mean.  In  our  discussion  above  we  used  only  order  of  magni- 
tude values  for  Ay  and  Apy.  Analyses  of  other  kinds  of  measurements  always 
show  that  there  are  uncertainties  in  momentum  and  position  connected  by  the 
above  relations. 
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13  UNCERTAINTY  IN  BALANCING  AN  OBJECT 

To  illustrate  one  effeci  of  the  uncertainty  principle,  consider  the  problem  of  bal- 
ancing an  icepick  on  its  point.  Let  the  icepick  be  an  ideal  one  consisting  of  a 
single  particle  of  mass  m concentrated  at  the  position  of  the  center  of  mass  of  the 
icepick,  with  its  point  a distance  { away.  (Reasonable  values  for  m and  t are 
i77  - 100  g,  and  ^ = 20  cm.)  Classically,  to  balance  the  icepick  one  has  to  place 
fhe  particle  exactly  above  the  point  of  contact  of  the  point  with  the  tabletop, 
and  one  also  has  to  place  the  particle  at  rest.  If  the  particle  is  not  at  rest,  the 
icepick  will  fall  over  because  of  the  initial  velocity.  If  the  particle  is  not  exactly 
over  the  point  of  contact,  gravity  will  make  it  fall  over.  This  means  that  to  bal- 
ance an  icepick,  both  the  position  and  momentum  of  the  particle  must  be  exactly 
determined.  However,  according  to  the  uncertainty  principle,  both  the  position 
and  the  momentum  cannot  be  determined  precisely  at  the  same  time,  so  if  the 
position  of  the  particle  is  such  that  the  particle  lies  exactly  over  the  point,  then 
Ap  ^ 'fi/2Ax  ~ fi/0.  Tbe  uncertainty  in  momentum  of  the  particle  will  become 
very  large;  and  hence  the  momentum  will  likely  be  large,  so  the  icepick  will  fall 
over.  If  the  particle  is  exactly  at  rest,  then  the  position  of  the  particle  is  unde- 
termined, so  gravity  will  make  the  icepick  fall  over.  (See  Figure  6.14.)  Thus,  it  is 


Figure  6.14.  The  uncertainty  principle  implies  that  an  icepick  cannot  be  balanced  on  its 
point,  for  both  position  and  momentum  of  the  center  of  moss  would  then  have  to  be 
definitely  known,  which  contradicts  the  uncertainty  principle. 

impossible  to  balance  an  icepick  on  its  point!  It  is  not  too  hard  to  calculate 
roughly  the  average  time  one  c:an  expect  to  keep  the  icepick  on  its  point  if  one 
starts  with  the  smaller  possible  AxAp;  it  is  approximately 


or  about  5 seconds  with  the  reasonable  choice  of  ^ and  m given  above  (see 
Problem  6.15). 

4 ENERGY-TIME  UNCERTAINTY 

It  is  also  ordinarily  true  for  particles,  as  well  as  for  light  waves,  that  AEAf  tj. 
One  way  to  interpret  this  is  as  follows.  Suppose  a wavetrain,  illustrated  in  Figure 
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Figure  6.15.  Amplitude  of  a wove  train  passing  on  observer  in  time  At, 


6.15,  passes  the  position  of  the  observer,  and  that  the  wave  train  la^s  for  0 time 
Af,  Then  it  is  impossible  to  associate  Q definite  frequency  with  that  wave  train, 
since  it  lasts  only  for  q finite  time.  The  train  can  be  thought  of  as  a superposition 
of  woves  of  many  frequencies  and  the  spread  in  frequencies  Ai'  is  roughly  given 
by  Ai^At  ~ 1/27T.  Since  the  corresponding  spread  in  energies  is  AE  ^ HAl^, 
then  to  within  an  order  of  magnitude,  AEAf  ^ h.  For  example,  nuclear  inter- 
actions moy  sometimes  be  thought  of  os  due  to  an  exchange  of  tt  mesons  If  the 
mesons  exist  only  for  a time  10”''  sec,  then  for  AEAf  fi/2,  the  uncertainty 

in  their  energy  would  be  roughly  5 X 10”'^  joules,  or  in  electron  volts, 

3 xlO”eV. 

example  If  a hydrogen  atom  with  a diameter  of  about  10”'“  m moves  at  about  lO'  m/sec, 
considered  as  a wave  train,  it  takes  about  10”^^SeCto  pass  by  an  observer;  then 
the  spread  in  frequencies  of  the  wave  tram  is  in  order  of  magnitude  about  10^^ 
sec~\  The  uncertainty  in  energy  is  roughly, 


-H  _ i0~^^ 
lO-’^  ' lO-’^ 


1 0 joules 


In  electron  volts,  this  uncertainty  in  energy  is  x 10”'^  = 0.006  eV. 

This  uncertainty  may  be  compared  to  the  average  thermal  energy  of  an  atom  in 
a gas  of  hydrogen  atoms  at  room  temperature,  around  293  K,  which  is  I(b^/  with 
kg  = 1.38  X 10'^^  j/K.  The  uncertainties  are  about  the  same  to  within  an  order 
of  magnitude. 


6.15  PROBABIUIY  INTERPRETATION  OF  WAVE  FUNCTIONS 

Since  particles  have  waves  associated  with  them,  one  might  expect  a wavefunc- 
tion  i/' to  exist  which  could  be  used  to  describe  whatever  quantity  it  is  in  o particle 
which  is  wavelike.  One  should  be  able  to  describe  such  phenomena  as  diffrac- 
tion through  Q slit  in  terms  of  this  wave  function.  If  one  performs  a single  slit 
diffraction  experiment  with  a beam  of  electrons,  in  which  the  intensity  of  the 
beam  is  so  low  that  only  one  electron  should  go  through  the  slit  system  at  a 
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time,  then  the  electrons  as  they  pass  through  seem  to  go  randomly  in  various 
directions  Thus,  it  appears  that  we  cannot  predict  exactly  where  any  one  elec- 
tron will  go.  However,  it  is  foijnd  experimentally  that  after  observing  many  elec- 
trons, the  probability  with  which  they  go  into  some  small  range  of  directions  is 
just  proportional  to  the  calculated  diffraction  intensity  for  waves.  For  light  waves, 
the  same  thing  happened:  the  diffraction  intensity  was  found  experimentally  to 
be  proportional  to  the  probability  of  finding  a photon  in  the  small  range  of 
angles.  In  that  case,  if  \p  \s  the  wavefunction  describing  the  light  wave  at  the 
screen,  the  intensity  is  proportional  to  ]p  It  is  thus  natural  to  assume  that  for 
a particle  there  exists  a wavefunction  \p  such  that  | ^ is  proportional  to  the 

probability  of  finding  a particle  near  a point. 

Thus,  one  cannot  predict  the  position  of  any  one  particle,  but  with  the  wave 
amplitude,  Tp,  one  can  say  that  the  squared  magnitude  4^  {0)  ^ times  some 

range  dd  of  the  continuous  variable  0 Is  proportional  to  the  probability  of  find- 
ing a particle  in  the  range  of  positions  c/^.  Therefore,  for  particles  is  called  a 
probobilify  amplitude.  No  better  interpretation  has  ever  been  found  for  \p. 

Suppose  we  had  a double  aliit  set  up  so  that,  as  in  Figure  6.16  at  the  observa- 
tion point  P at  0,  the  probability  amplitude  for  finding  a particle  is  \p-\  when 


slit  1 only  is  open,  and  \p2  when  slit  2 only  is  open.  When  both  slits  are  open,  it 
is  observed  experimentally  that  if  the  beam  intensity  is  high,  so  that  there  are 
many  particles  incident  on  the  slits,  then  the  usual  double-slit  intensity  pattern  is 
seen.  If  the  beam  intensity  i<  so  low  that  only  one  particle  at  a time  can  go 
through  the  slits,  then  the  individual  particles  passing  through  go  off  in  various 
directions.  However,  after  ob:ierving  for  a long  time,  it  is  found  that  the  prob- 
ability with  which  they  go  into  some  range  of  directions  d0  's  just  proportional 
to  the  calculated  diffraction  intensity  for  waves.  We  may  conclude  that  these 
waves  obey  Huygen's  principle,  and  that  they  obey  the  principle  of  superposi- 
tion. Then  to  explain  mathematically  the  double-slit  diffraction  pattern  which  is 
actually  observed  when  both  slits  are  opened,  the  total  probability  amplitude  at 
P must  be 


(6.24) 
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and  the  probability  for  finding  Q particle  in  dS  will  be,  in  terms  of  \p)  and  \p2, 
proportional  to  + 4^2  ^c/0.  If  we  have  0 wavefunction  or  probability 

amplitude  ^p{x)  which  is  a function  of  the  single  position  variable  x,  then  the 
wavefunction  can  be  used  to  calculate  the  probability  density,  so  that  the  prob- 
ability of  finding  a particle  in  the  range  dx  will  he  given  by  \p  ^c/x.  Sum- 
marizing the  properties  of  the  wavefunction  )p  which  describes  the  wavelike  prop- 
erties of  0 particle,  we  can  say: 

(1)  The  wavefunction  \^(x)  is  called  a probability  amplitude  because  the  abso- 
lute magnitude  squared  of  the  wavefunction  times  the  differen- 

tial dx,  is  proportional  to  the  probability  of  finding  a particle  within  the 
range  of  coordinates  dx. 

(2)  The  probability  amplitude  obeys  the  principle  of  superposition:  e.g.,  if 

"if/]  (x)  and  yp2(^)  3re  the  wavefunctions  when  slit  1 only  is  open  and  when 
slit  2 only  is  open,  respectively,  then  when  both  slits  are  open,  the  W0V6- 
function  is  the  sum  xp]  {x)  + \l^2(^)t  ^ probability  of  finding  a 

particle  in  dx  is  proportional  to 

^dx 

6.16  EIGENFUNCTIONS  OF  ENERGY  AND  MOMENTUM  OPERATORS 

Since  particles  have  wavelike  character,  in  effect,  it  is  possible  for  a particle  to  go 
through  both  slits  of  a double  slit  system,  and  interfere  with  itself  in  doing  so. 
This  is  0 type  of  behavior  which  is  impossible  to  explain  on  the  basis  of  simple 
mechanical  laws  of  the  type,  F = dp/df.  Therefore,  we  must  find  an  equation 
which  describes  the  behavior  of  these  probability  waves  This  equation  should  be 
a wave  equation  of  some  kind,  but  in  situations  where  "fi  can  be  considered  to  be 
negligibly  small,  it  should  predict  the  same  results  as  ordinary  mechanics  based 
on  F = dp/df.  We  shall  now  discuss  this  wave  equation. 

There  are  a number  of  criteria  that  the  wave  equation  must  satisfy,  which  will 
give  us  some  clues  as  to  what  form  the  equation  must  have.  For  example,  the 
equation  must  be  consistent  with  the  previously  discussed  wave  properties  of 
particles  moving  through  free  space  and  passing  into  a refractive  medium.  Also, 
it  must  agree  with  Newtonian  mechanics  in  some  limit.  We  will  obtain  the  wave 
equation  by  analogy  v/ith  the  equations  of  motion  of  ondinary  mechanics 

Let  us  first  try  to  find  o wavefunction  \p  which  corresponds  to  a beam  of  par- 
ticles of  exactly  known  momentum.  This  function  will  be  called  a momentum 
eigenfunction,  and  the  corresponding  value  of  momentum  will  be  called  the 
momentum  e/genvo/ue.  T h U S , consider  a wavefunction  describing  a beam  of 
particles  which  are  traveling  with  exactly  known  momentum  in  the  positive  x 
direction.  In  this  hypothetical  situation,  the  uncertainty  in  x momentum  is  zerO; 
so  by  the  uncertainty  principle,  the  uncertainty  Ax  in  the  x positions  of  the  par- 
ticles is  infinite.  Hence,  the  particles  are  spread  out  all  along  the  x axis.  If  there 
are  no  spatial  boundary  conditions  such  as  reflecting  walls,  which  could  make 


6.16  Eigenfunctions  of  energy  and  momenfum  operators  159 


some  X coordinates  preferred  over  others,  and  if  the  particle  beam  is  prepared 
so  that  it  is  of  uniform  intensity,  then  there  should  be  a completely  uniform  dis- 
tribution of  particles  along  the  x axis.  Thus,  the  particles  must  be  diSributed  with 
equal  probability  everywhere  along  the  x axis,  and  the  square  of  the  wovC" 
function.  | \j/[x,t)  \ must  be  a con^ant,  independent  of  x. 

'This  means,  for  example,  that  could  not  be  of  the  form  of  a sine  or 

co3ne  function,  because  then  ’/'(x,  t)  | ^ would  be  a varying  function  of  x.  How- 
ever, 'fix,  f)  could  be  of  a complex  exponential  form,  say: 

(6.60) 

where  A is  a constant.  This  satisfies  | l/^  | ^ — I A | ^ = constant.  If  this  function 
is  to  describe  a wave  with  phciSO  speed  w traveling  in  the  positive  x direction,  the 
phase  $(x,  t)  must  be  of  the  form: 

= f ( x ^wi)  (6.61) 

where,  so  far,  f is  some  arbitrary  function.  Therefore, 

= Ae (6.62) 


We  also  know  that  the  particle  speed  must  be  equal  to  the  group  speed  of  this 
wave.  Then,  if  the  function  corresponds  to  an  exactly  known  group  speed,  the 
momentum  will  be  known  exactly.  In  Chapter  1 the  expression  Vg  = dcc/dk,  for 
group  speed,  was  derived  1‘or  a packet  of  sinusoidal  waves  grouped  closely 
a bo ut  a c e ntra  I freq  uenc y,  I'  ===  6j/2x.  The  exp ressio n Vg  = dw/dk  becomes  exact 
in  the  limit  as  the  frequency  spread  approaches  zero.  Hence,  for  a packet  of 
known  momentum,  we  need  to  consider  a wave  of  definite  frequency,  but  with 
zero  frequency  spread.  A phase  f(x  ~~  wf)  = kx  — cot  = 27T (x/A  “■  ) would 

then  correspond  to  an  exactly  known  group  speed  and  hence  to  an  exactly 

2 2 2 

known  momentum.  Let  us  check  that  this  gtDup  speed  is  correct.  Since  Ci.>  — /c  T: 
is  a constant,  using  B = l)Cx),  p = flk,  we  have 


kc' 

pc^ 

^ mVc 

a; 

E 

^mc 

(6.63) 


fora  particle  with  energy  mc^  and  momentum  mV.  The  wavefunction  then  takes 
the  form: 


(6.64) 


Since  the  connection  between  momentum  and  wavelength  is  p = h/\,  and 
that  between  energy  ond  frequency  is  £ = hp,  the  above  wavefunction  could  be 
written  in  terms  of  momentum  p and  energy  £ as  follows: 

^ = ,^^i(2x/M(px-£()  1 5 5 5 , 

o r 

= Ae'‘'“-''>'^  15,55) 

This  wavefunction  represents  a wave  of  definite  wave  length,  traveling  in  the 
X direction,  which  means  that  the  x component  of  momentum  is  definitely  known. 
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We  see  that  the  wavefunction  ]{/ = satisfies  all  the  requirements  for 

it  to  represent  a beam  of  particles  of  definite  x momentum.  Only  a complex 
wavefunction  of  this  form  can  have  the  correct  probability  interpretation  — 
that  \p  ^ is  a constant  representing  particles  whose  positions  are  completely 
wnknown.  Also,  the  frequency  is  definite,  which  means  that  the  particle  velocity  V, 
which  equals  the  group  speed  Vg  , has  a definite  value. 

6.17  EXPECTATION  VALUES  FOR  MOMENTUM  IN  A PARTICLE  BEAM 

In  practice,  waves  will  usjally  consist  of  superpositions  of  perhaps  many  different 
frequencies,  and  hence  many  different  momenta.  We  might  be  interested  in  the 
average  value,  or  expectation  value,  of  the  momentum.  To  see  how  this  may  be 
calculated,  suppose  there  were  two  sources  of  particles,  as  in  Figure  6.17,  each 


Figure  6.17.  Considerotion  of  the  superposition  of  two  beams  of  particles  of  different 
momenta  gives  rise  to  differential  operators  representing  observable  physical  quantities. 

producing  uniform  beams  traveling  in  the  x direction,  with  \[/]  the  wavefunction 
from  source  1 when  source  2 is  off,  and  1^2  ^^e  wavefunction  from  source  2 when 
source  1 is  off.  Then  the  total  wavefunction  \pj  when  both  sources  1 and  2 are  on 
is,  by  the  principle  of  superposition, 

i/'t  = ’/'I  + h (6.67) 

The  probability  of  finding  a particle  in  dx  with  both  sources  turned  on  would  be 
equal  to 

l/-!  + )/'2  ^dx 

This  interpretation  must  still  be  valid,  even  when  the  sources  do  not  produce 
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when  source  i is  turned  off.  'The  total  probability  of  finding  a particle  in  some 
interval  0 < x < L when  both  sources  are  on  would  be  proportional  to 


^ + \ 4'2  ^ ^ + ’/'* ’/'2  + ’/'* 4'\ ! 


(6,69) 


In  this  expression,  the  asterisks  mean  compiex  conjugates.  Consider  these  inte- 


g ra  Is  0 ne 
b e c a u se 

at  a time.  In  calculating 
g'(Pl«-£  iO/h  1 2 = 1 So  , 

1/^,1  ^ all 

the  X and 

t dependence  goes  out. 

' = 

A.  h 

(6,70) 

SImlla  riy. 

1 

dx 

.11 

'p2  ^ = 

A2 

16.71) 

However,  when  calculating  cm  integral  like 
'L 


= fdxA*A2ex.p 


i(-p,  + p;)x  i(Ei  - 


E2)/ 


16.72) 


if  we  assume  [ to  be  large  and  is  not  equal  to  p2,  then  the  exponential  will 
oscillate  so  that  on  the  averOQG  the  x integral  will  be  zero.  (This  is  in  agreement 
with  the  general  considerations  in  Appendix  2.)  We  shall  assume  this  happens 
here.  Then,  for  large  l_  we  have: 

dxl\p*if'2  + ^ (6.73) 


Thus  the  total  probability  of  finding  a particle  in  the  interval  0 < x < t is 
equal  to 

l 

1 VW  I ^clx  = L(  1 A,  I ^ + 1 A2  i 16.74) 

This  is  just  the  sum  ol  the  probabilities  for  finding  particles  of  the  two  momenta 
in  the  interval,  as  we  might  have  expected. 

Since  j A,  is  the  probability  of  finding  a particle  of  momentum  pi  in  the 
interval,  and  1^2  the  probability  of  finding  a particle  of  momentum  p2  in 
the  interval,  then  the  average  value,  or  expectation  value,  of  the  momentum  of 
this  beam  of  electrons  should  be: 


( P ) 


P)  I A|  I + P2  I A; 
A,  h + A2  h 


16.75) 


In  the  above  expression,  the  factors  [ all  cancel  out.  sO  the  expectation  value  of 
momentum  reduces  tO: 


<p) 


Pi  A]  ^ + P2  I A; 
Ia.I^  + lA^I^  ■ 


(6.76) 


independent  of  the  interval  considered,  provided  it  is  sufficiently  large. 
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6.18  OPERATOR  FORMAUSM  FOR  CALCULATION  OF  MOMENTUM 
EXPECTATION  VALUES 


Now  we  shall  demonstrate  a simple  formal  way  to  calculate  expectation  values 
which  agree  with  the  expression  in  Equation  (6.76),  using  the  wavefunction  \p. 
Consider  the  wavefunction  i/^i  , which  has  a definite  momentum  p]  . Let  us  dif- 
terentiate  the  exponential  function  \p]  = A]  exp  [/(  p^x  with  respect 

to  X,  keeping  t constant.  Since  for  any  constant  a,  we  have 


dx 


ax 


e 


(6.77) 


it  follows  that 


ox  Ti 


(6.78) 


We  may  write  this  last  equation  as 

- = p,l//,(x,0  (6.79) 

I dx 

The  constants  h/i,  multiplied  by  the  x derivative  of  have  the  effect  of  multi- 

/ 1i  d . 

plying  by  a number  equal  to  the  x component  of  momentum.  If  - — = 

i dx 

Pit/-!,  where  pi  has  exactly  the  same  numerical  value  for  all  values  of  x and 
f,  then  we  can  say  that  the  wavefunction  represents  a state  of  definite  momen- 
tum. If  the  effect  of  the  differential  operator  (fi/i){d/dx)  on  the  wavefunction 
were  to  give  something  other  than  pi  , then  we  could  not  say  that  the  x mo- 
mentum had  the  value  pi. 

The  operator  (fi/i)(d/dx)  is  ordinarily  called  the  p^  operator,  or  momentum 
operator,  or  px^p-  When  this  operator  acts  on  a function  and  gives  a constant 
times  the  same  function,  the  function  is  called  an  eigenfunction  of  the  momentum 
operator.  The  constant  is  called  an  eigenvalue. 


example 


Which  of  the  following  functions  are  eigenfunctions  of  p and  what  are  the 

~ *op 

corresponding  eigenvalues?  (a)  = sin  kx;  (b)  :=  exp(  — 67T  ix/L);  (c)  = 

ln(x/L), 


solution  Only  's  a momentum  eigenfunction: 


ft  - - f 

i dx  I \ 

So  the  eigenvalue  is  p^  = — 67rft/L. 
when  differentiated  they  do  not  yield 


and  \j./^^are  not  eigenfunctions,  because 
a constant  times  the  same  wavefunction: 


A _ 

dx 


fik 


COS  kx  const.  X 


/ 


I 
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] , 

- 7^  const.  X 

i dx  X 

The  eigenvalues  and  corresponding  to  \j/^  and  \pt>  therefore,  do  not  exist. 

In  the  case  of  Figure  6.17,  with  superimposed  beams  of  different  momenta,  if 
the  momentum  operator  acts  on  the  total  wavefunction, 

i/'T  = )//,+  t/-,  = (6.80) 

then  it  does  not  give  just  a number  times  \pj;  instead,  the  effect  is: 

^1  s 

= -•  —{'Py  + P2)  = Pl'/'l  + P2'p2  (6.81) 

P 1 OX 


Hence  \p]  + 1/^2  is  not  a momentum  eigenfunction.  Now,  multiplying  the  above 
equation  on  the  left  by  \pj  and  integrating  from  0 to  we  get: 


/■ 


d>('PPP-op'P^  = 


r 

v^O 


c/xjpilAil  +P2IA2I  +'/^*p2^2  + lA*pllAlj 


(6.82) 


When  we  integrate  over  some  large  length  I,  the  righthand  side  of  this  equation 
has  two  terms  which  average  to  zero,  because  if  pi  7-  p2,they  oscillate  sinus- 
oidally with  changing  x.  Then  the  remaining  two  terms  give: 

L 

= t(p,  A,P+  P2U2M)  (6.83) 

Thus,  from  Equation  (6.26),  we  have: 


I 


(6,84) 


This  is  just  the  expectation  value  of  momentum  given  in  Equation  (6.76).  Thus, 
expectation  values  may  be  written  concisely  in  terms  of  operators.  The  procedure 
would  still  hold  if  the  total  wavefunction  \f/  were  a superposition  of  many  mo- 
menta rather  than  just  two.  Thus,  in  general,  the  average  x component  of 
momentum  per  particle  for  particles  in  the  interval  0 < x < L is: 


<f’*) 


\p*\pdx 


X 


(6,85) 
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6.19  ENERGY  OPERATOR  AND  EXPECTAHON  VALUES 


Energy  eigenfunctions  con  be  discussed  in  a similar  way.  The  wavefunction  \p  = 
exp(/px  — iEt)/h  is  a wavefunction  representing  particles  of  definite  known 
energy.  On  differentiating  partially  with  respect  to  time,  keeping  x constant,  we 
get: 


dt 


4'  = 


(6.86) 


This  equation  could  be  written  as: 


'fi'lj-'/'  = 


(6.87) 


Since  this  is  true  for  all  x and  f,  the  wavefunction  represents  particles  of  definite 
energy  E.  We  could  define  an  energy  operator  on  the  basis  of  the  above  equa- 
tion. It  would  be: 


fop 


(6.88) 


A function  is  said  to  be  an  eigenfunction  of  an  operator  if  the  effect  of  the 
operator  acting  on  the  function  is  to  give  a constant-the  eigenvalue — multi- 
plying the  function.  An  eigenfunction  of  the  energy  operator  ihd/df  would  be 

Just  as  an  expectation  value  of  momentum  could  be  written  in  terms  of  mo- 
mentum operators,  so  can  an  expectation  value  of  energy  be  written  in  terms  of 
£^p . The  expectation  value  of  energy  for  particles  in  the  region  0 < x < [ when 
L is  large,  if  the  wavefunction  is  \p  and  the  energy  operator  is  it)d/df,  is  given  by: 


(6.89) 


Clearly,  if  is  an  eigenrtate  of  the  energy  operator,  then  the  expectation  value 
of  E is  equal  to  the  corresponding  eigenvalue.  An  expression  such  as  (6.89)  can 
be  interpreted  in  terms  of  probabilities;  if  P(x)c/x  is  the  probability  of  finding  a 
particle  in  dx,  then  the  average  of  some  property  f(x)  is  just 


/A  fP{x)Hx)dx 

= (6.90) 

JP(K)dx 

In  this  case,  JP{x)dK  is  analogous  to  Ir'pdx,  so  P(x)  is  analogous  to 
Also,  if  f(x)  is  represented  by  some  operator  f,,,  then  P(x)f(x)  is  analogous  to 

VLpP- 

These  rules  for  computation  of  expectation  values  of  a physical  quantity  have 
shown  that  the  combination  of  quantities  \p*ff,p\p  should  be  used  rather  than 
some  other  combination.  (For  e>«mple,  would  be  incorrect.) 
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We  have  defined  differential  operators  for  momentum  and  energy,  given  by 
Equations  (6.79)  and  (6.88).  Similarly,  for  y and  z components  of  momentum,  we 


could  write: 


p = 5 A 

i dz 


In  sjmmary,  when  an  operator  acting  on  a function  has  the  effect  of  multiplying 
that  function  by  a constant,  this  constant  is  said  to  be  the  eigenvalue  of  the 
operator,  and  the  function  is  said  to  be  an  eigenfunction  of  the  operator.  The 
wavefunction  represents  a beam  of  particles  of  definitely  known 

momentum  p^/  and  definitely  known  energy  E.  It  is  also  an  eigenfunction  of  the 
operators  p,,  and  E<,p-The  eigenvalues  are  just  the  physical  volues  of  the  mo- 
mentum and  energy,  respectively,  for  this  particular  beam  of  particles. 

When  the  wavefunction  is  not  an  eigenfunction  of  Px^p(  the  expectatiion  value 
(average  va  lue)  of  the  X c omponent  of  momentum  may  conveniently  be  calcu- 
lated in  terms  of  Equations  (6.85)  and  (6.89).  These  mathematical  expressions 
are  important,  because  there  are  many  times  when  we  are  interested  in  particles 
not  having  definite  momentum  or  energy.  Then  the  operators  allow  us  to  compute 
expectation  values. 


20  SCHRODINGER  EQUATION 


Now  that  the  energy  and  momentum  operators  have  been  introduced,  we  can 
attempt  to  find  a WCIVG  equation  that  the  wave  function  of  a particle  should 
satisfy.  Suppose  we  consider  ci  number  of  regions  separated  by  parallel  planes 
with  a constant  potential  energy  in  each  region.  If  Q particle  moves  perpendicu- 
lar to  the  separating  planes,  we  need  consider  only  the  dimension  parallel  to 
the  particle's  motion.  Calling  this  the  x direction,  we  then  have  the  potential 
energy  graph  shown  in  Figure  6.18,  where  regions  I,  II,  III  are  the  constant  po- 
V 


figure  6.  18.  Graph  of  a potential  energy  curve  which  consists  of  a number  of  constant 
potentiol  energy  regions 

tential  energy  regions.  In  any  of  these  regions,  it  should  be  possible  to  have  a 
wavefunction  which  is  a momentum  and  an  energy  eigenfunction.  That  is,  in 
terms  of  momentum  p^  and  energy  Ej, 


(6.92) 
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In  the  expression  for  \p  we  have  now  written  Ej  for  energy  to  imply  total  energy 
including  rest  energy.  Thus,  E7  = iTiQC^  + where  E is  the  part  of  the  energy 
not  including  rest  energy.  That  is,  for  low-energy  particles,  E is  the  total  energy 
in  the  nonrelativistic  sense,  kinetic  energy  plus  potential  energy.  Let  a WQve- 
function  be  written  in  the  form  = \pf^x,t)  exp  ( — It  is  convenient  to 

use  here  instead  of  \j/j  ^ because  then  the  rest  energy  need  not  be  con- 

sidered explicitly.  This  is  ordinarily  done  in  non-relativistic  quantum  mechanics. 
The  energy  operator  acting  on  \pj  gives: 

,.d\pj  l.^dip  2 i\  /-/moc^A  / (-imoC^i\ 

ih = \i1i + moC  \p j exp  { j=  (E  + moC  )\pexp\ I 

(6.93) 

After  cancellation  of  the  terms  in  rtloC^  and  the  phase  factor  exp  ( — ), 
the  above  equation  can  be  written  as: 

/•ft  ^ £ i/-  (6.94) 

dt 

Since  ifi  d/df  acting  on  1^7  is  the  operator  for  total  energy,  the  operator 
ih  d/df  acting  on  \p  can  be  interpreted  as  the  operator  corresponding  to  the  non- 
relativistic total  energy,  //^i  d/df  = Eop. 

Now  we  are  in  a position  to  obtain  a nonrelativistic  wave  equation.  A wave 
function  \p  which  is  an  eigenfunction  of  and  Eop/  with  eigenvalues  and 

1^  is  given  by 

(6.95) 


it  should  therefore  be  possible  to  find  a solution  of  this  form,  of  the  general 
wave  equation,  in  each  region  of  constant  potential  energy  (Figure  6.18).  Of 
course,  varies  from  region  to  region,  while  E must  remain  constant  if  energy 
is  conserved.  The  nonrelotivistic  relationship  between  p^,  E and  V for  a particle 
of  mass  m is 


(6.96) 


We  shall  assume  that  this  same  relationship  holds  in  quantum  mechanics  if  V is 
constant.  Using  p_  and  Eon/  ^ differential  equation  which  leads  to  this  re- 

' op  r 

lationship  for  the  wavefunction  of  Equation  (6.95)  is: 


~ (Pxop)'’A  + V'P  = 


or  writing  out  the  differential  operators  in  full. 


2 m dx^ 


df 


(6.97) 


(6.98) 
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Here  the  operator  — — means  that  the  function  upon  which  this  operator  acts 

Is  differentiated  partially  twice  with  respect  to  x: 


dx, 


% _ 


(6.99) 


Thus,  for  example, 


2 


2mo  \i  dx  \2mo 


(6.100) 


Suppose  next  that  \p  were  oi  combination  of  energy-momentum  eigenfunctions, 
corresponding  to  different  energies  E„  such  as 


’A  = X 


(6.101) 


Each  ond  every  term  in  this  superposition  satisfies  the  differentiai  equation, 
Equation  (6.98),  in  the  constant  potentiai  energy  region,  provided 

2 

— + V = E:  (6.102) 

2m  ' 

Therefore,  any  wavefunction  describing  motion  of  a particle  in  a constant  poten- 
tial energy  region  should  satisfy  the  differential  equation,  Equation  (6.98). 


.2  1 SCHRODINGER  EQUATION  FOR  VARIABl£  POTENTIAL 

We  shail  assume  that  for  a continuously  variabie  potentiai  energy,  V(x),  the  dif- 
ferentiai equation  stiii  hoids.  This  is  reasonabie  but  not  rigorous,  since  in  a certain 
sense,  a continuous  potentiai  energy  can  be  thought  of  as  a iarge  number  of 
narrow  constant  potentiai  energy  regions. 

in  three  dimensions,,  the  reiation  between  energy  and  momentum  is: 

+ V ipl  + + pl)  + V = E (6.103) 

Zm  2m 

By  the  same  line  of  argument  which  led  to  Equation  (6.98)^  the  differential  equa- 
tion arising  from  this  would  be: 

+ Prop  + Plp)’A  + (6.104) 

or 


(6.105) 


\p  d^\p\  .fc  Schrodinge 

2m  dy^  6z  / equation  ^ 


This  is  calied  the  Scfirodingier  equation,  after  Erwin  Schrodinger  who  first  pro- 
posed it.  Whiie  our  discussion  makes  Equation  (6.105)  appear  to  be  a reasonabie 
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wave  equation,  the  equation's  correctness  depends  on  whether  or  not  it  predicts 
the  experimental  results.  As  will  be  seen,  it  agrees  with  experiment  to  a high 
degree  of  accuracy;  examples  of  this  will  be  given  in  Chapter  8,  on  the  hydrogen 
atom. 

In  the  Schrodinger  equation,  the  operator, 

. il  , 

dy^  dl?  j 


has  the  physical  significance  of  the  kinetic  energy  operator.  In  three  dimensions, 
the  wavefunction  l/^isa  function  of  zand  f,  and  the  probability  offinding 

0 particle  in  the  volume  element  dxdydz  is  ^ dxdydz.  Hence,  extending  the 

formalism  for  calculation  of  expectation  values,  for  'example,  we  would  expect 
that  if  the  wavefunction  is  normalized  to  unity,  the  expectation  value  of  the 
kinetic  energy  would  be 


2m  dy^  dz^ ) 


dxdydz 


If  more  than  one  particle  is  present,  the  relationship  between  the  momenta  and 
the  total  energy  is 


Pi 


P2 


P'n 


2m  1 


-I  ■■■+-—+  V = £ 
2m2  2r?j. 


(6.106) 


and  the  Schrodinger  equation  is  obtained  by  the  following  prescription: 


Replace 


Pi  b y 

pi  by 


by  —fi‘ 


dx^ 


+ — r + — r 
dy„  dz„ 


by  ih- 


and  let  all  these  terms  operate  on  the  wavefunction  which  is  Q function  of  all 
the  variables: 

\p  = i/'(x,,yi,Z|,X2,y2,Z2  r . . . , x„,y„,z„,t)  (6.1107) 

Similarly,  to  find  a relativistic  wave  equation  for  one  particle,  we  can  use  the 
relativistic  relationship  between  energy,  potential  energy  and  momentum.  This  is 

mlc*-  (Ej-Vy  (6.108) 
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Here  Ej  includes  the  rest  energy,  mgC  . The  corresponding  wave  equation  is 


dx 


dy^ 


+ 


dz^ 


= 16.109) 


if  V does  not  depend  on  t.  This  is  called  the  Klein-Gordon  equation.  It  does  not 
have  spin  (intrinsic  angular  momGntum)  appearing  in  it,  and  it  applies  to  spinless 
particles.  Another  relativistic  wave  equation,  called  the  D/fOC  equation,  which 
has  spin  included,  applies  tc  relativistic  electrons.  We  shall  consider  in  detail  only 
the  Schrodinger  equation. 

The  wave  equation.  Equation  (6.105),  describing  the  propagation  of  matter 
waves,  is  the  equation  we  obtained  from  considerations  of  conservation  of 
energy.  After  elimination  of  the  rest  energy,  the  equation  in  one  dimension  takes 
the  form  of  Equation  (6.98).  Although  Equation  (6.98)  was  shown  to  be  true  in 
a region  where  V is  constant,  QS  already  noted,  it  is  also  true  when  V is  varying. 

If  the  consequences  of  this  equation  turn  out  to  agree  with  experiment,  then  we 
can  be  satisfied  that  the  Schrodinger  wave  equation  is  valid.  In  the  next  sections 
we  shall  study  some  simple  properties  and  consequences  of  Schrodinger^S 
equation. 


.22  SOLUTION  OF  THE:  SCHRODINGER  EQUATION  FOR  A 
CONSTANT  POTENTIAL 


Let  us  consider  a state  of  definite  energy  E,  so  that 

in§  = 


(6. 110] 


HerB  E is  the  total  kinetic  + potential  energy.  The  equation 

it,^  == 
dt  ^ 

must  have  a solution  of  the  form: 

\P  = 4>(x)e-'^'/" 


(6.111) 

(6,112) 


When  this  is  put  back  into  the  Schrodinger  equation,  all  time  dependence  will 
cancel  out,  and  the  equation  will  be  one  for  the  spatial  part  of  the  wavefunction. 


l! 

2m  c/x^ 


+ v$(x)  = £<r>(x) 


(6,113) 


This  is  a second  order  differential  equation,  which  cnn  be  written  in  the  form: 


d^$(x) 

c/x" 


2m(E  - V) 


<P(x)  ==  0 


(6. 114) 
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In  this  form,  it  is  very  similar  to  the  differential  equation  for  simple  harmonic 
motion,  which,  for  a displocement  $(f),  is 


dt' 


+ ==  0 


(6.1  15) 


In  our  case,  however,  £ — V may  not  always  be  a constant,  since  the  potential 
may  vary  with  x.  So  in  general,  the  solutions  may  be  difficult  to  find.  Suppose, 
however,  that  in  some  range  of  x,  V is  constant.  Then  we  can  put 

,2  2m(£  - V) 

r = — (6.1  16) 

and  k will  be  a con^ant.  We  can  then  solve  the  Schfodinger  equation  by  anal- 
ogy, for  the  general  solution  of  Equation  (6.1  15)  can  be  written  in  either  the 
fo  rm: 


4^=a  sincuf  + b cos  wt 


(6.1  17) 


with  a,  b arbitrary  constants,  or  in  the  exponential  form: 

+ 6e~'“*  (6/  18) 

where  A,  g may  be  complex  constants.  This  latter  form  is  allowed  in  our  case, 
because  the  wavefunction  $(x)  niay  be  complex. 

By  analogy,  then,  in  terms  of 


k = 


2m(E  - V) 


tor  k constant,  a general  solution  for  the  wavefunction  $ (x)  is: 


(6.1  19) 


(6.120) 


This  is  simply  a superposition  of  momentum  eigenfunctions  discussed  previously, 
with  •<  = /h. 

Thus,  when  E > V,  we  expect  oscillatory  solutions  in  space.  What  happens 
when  E < V?  Although  this  case  would  appear  to  violate  our  intuitive  feeling 
that  kinetic  energy  should  be  positive,  it  is  still  possible  to  find  a wavefunction 
which  satisfies  the  wave  equation  in  a region  of  SUch  high  potential  energy.  The 
quantity  k = A/2m  (£  - V)/b  ^ d e f in  e d in  the  previous  frame  becomes  pure 
imaginary:  k = in  = i'\/2m(V  Then  ±/7c~T/(,  and  the  general 

solutions  ate  of  the  form  of  increasing  or  decreasing  exponentials: 


(J)(x)  = Ae""  + Be  ''  (6.121) 

where  the  arbitrary  constants  are  A and  6. 


6.23  BOUNDARY  CONDITIONS 

The  arbitrary  constants  which  appear  in  these  solutions  are  determined  by  means 

of  boundary  conditions,  which  are  special  conditions  placed  on  the  wavefunction 
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due  to  the  particular  physical  situation  in  which  the  particles  find  themselves. 
Suppose,  for  example,  that  the  system  is  set  up  so  that  it  is  impossible  for  a par- 
ticle to  be  fo und  in  the  ra ng e of  positio nsx>->fO'Ths'^theprobability,  ^ = 
$ of  finding  a particle  in  the  range  of  x > rnust  be  zero,  and  so  we 
would  conclude  that: 

$ = 0 for  X > Xo  (6.122) 

Next,  let  us  consider  the  behavior  of  \p  \n  a transition  region  where  V is  chang- 
ing very  rapidly  from  some  value  V]  to  some  other  value  V2 . Suppose,  for  sim- 
plicity that  the  boundary  of  tihese  regions  is  at  x ==  0,  as  in  Figure  6.19.  In 

V 


I II 




^ ^ X 

x-0 

Figure  6.19.  Potential  energy  curve  for  V(x)  = Vi  = const,  x 0;  V(x)  = const,  x 0. 

region  I,  V = V],the  WQVetunction  will  be  of  the  form  $j  = + Be  a 

superposition  of  momentum  eigenfunctions.  In  region  II,  where  V = V2  and  the 
corresponding  wavenumber  is  the  wavefunction  will  be  of  the  form: 

(6.123) 


The  value  of  the  wavefunction  at  x = 0 in  region  II  is  related  to  the  value  of 
the  wavefunction  at  x = 0.  in  region  I,  just  on  the  other  side  of  the  boundary,  by 
two  boundary  conditions  which  give  us  two  relations,  between  the  constants 
A.  B,  C,  D.  The  two  boundary  conditions  are: 

(1)  The  wavefunction  is  continuous  across  the  boundary: 


o r 
ond 

(2)  The  derivative  of  the 


o r 


’^1  t.  = 0 = 

L-0  = '*’11 


wavefunction  is  continuous 


d\pi 

1 _ 

dx 

X 

/o 

1 

o 

II 

x = 0 

3‘J>i 

dx 

L=o  ~ 

x = 0 

(6.124) 

(6.125) 

across  the  boundary: 

(6.126) 

(6.127) 
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To  understand  the  rieosons  for  these  two  conditions,  suppose  \p  changed  nearly 
d isc o ntinuo usiy  across  the  boundary.  This  would  be  the  same  as  having  a slope 
which  is  arbitrarily  large  at  the  boundary,  as  in  Figure  6.20.  The  sudden  increase 


4' 


Hgure  6.20. 

in  the  slope,  dip/dx,  would  in  turn  mean  that  d^\p/dx^  would  have  to  be  very 
large.  Likewise,  if  the  slope  were  discontinuous  at  the  point,  d^\p/dx^  would  be 
so  large  as  to  be  undefined  at  the  point.  However,  if  the  potential  energy  and  \p 
do  not  become  large  at  the  point,  Schrodinger^S  equation  tells  us  that  d^}p/dx^ 
does  not  become  large  at  the  point.  Thus,  if  the  wave  equation  is  to  be  satisfied, 
\j^  and  d\f//dx  must  be  continuous. 

A useful  analogy  might  be  to  consider  two  strings  of  different  mass  per  unit 
length,  tied  together  and  sustaining  wave  motion  while  under  tension.  It  is  ob- 
vious that  the  displacements  of  the  strings  on  opposite  sides  of  the  knot  would  be 
the  same.  This  is  analogous  to  continuity  of  the  wavefunction  representing  "dis- 
placement" of  a matter  wave.  Also,  it  is  easy  to  see  that  the  slopes  of  the  two 
strings  on  each  side  of  the  knot  would  have  to  be  equal  (if  the  knot  is  masisl6ss); 
otherwise,  there  would  be  an  unbalanced  component  of  tension  acting  on  the 
knot  and  producing  an  infinite  acceleration.  This  is  analogous  to  continuity  of 
slopes  of  the  wavefunction. 

Since  the  one  dimensional  Schrodinger  equation  is  of  second  order  in  the  de- 
rivative with  respect  to  x,  if  the  values  of  and  are  specified  at  one  point, 

and  there  are  no  discontinuities,  a unique  solution  can  be  found  by  integration. 
Sothen  a given  physical  situation  can  be  represented  uniquely  by  a wavefunction. 

Another  condition  on  the  wavefunction  is  that,  as  X,y,Z  go  to  infinity,  must 
not  approach  infinity.  Otherwise,  | I ^ would  give  infinite  particle  densities,  or 
else  lead  to  infinite  total  probability.  In  fact,  for  particles  which  are  restricted  to 
a limited  region  by  some  binding  force,  the  wavefunction  approaches  zero  at 
infinity.  A number  of  examples  of  these  ideas  will  be  studied  in  the  next  chapter. 


summary 

j 


PROPERHES  OF  PLANE  WAVES 


A plane  wave  may  be  represented 
the  phase  k . r — cof  is  a relativistic 


by  a wavefunction  of  the  form 
invariant,  it  follows  that  the  propagation 
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vector  k and  frequency  0)  satisfy  the  following  transformation  equations  between 
inertial  systems: 


K = 


2/. 2 
V /C 


, VCO 

kx  — — 


k: 


~ (o)  vie,)  k'  = Ic, 

VT  - vVe^ 

These  equations  imply  that  co'^  -»  k^fc^  is  q relativistic  invariant,  and  hence  that 
2 . 

the  equation  wV  = c is  invariont.  Here,  w is  the  phase  speed  of  the  matter  wave 
w = w/k,  and  V =:  d(jc/dk  is  the  group  speed  of  the  particle  with  which  the 
wave  is  associated.  V i!>  identical  to  the  particle  velocity. 


DE  BROGUE  RELATIONS 

The  momentum,  propagation  vector,  and  wavelength  of  a particle  (de  Broglie 
waves)  are  related  by 

p . w . I 

and  energy  and  frequency  are  related  by 

E = ~Hii)  = hv 

where  ^ = h/2x;  h is  Planck's  constant. 

DAVISSON-GERMER  EXPERIMENT 

In  the  Davisson-Germer  experiment,  electrons  were  scattered  off  nickel.  The 
existence  of  diffraction  peaks  showed  that  a wavelength  was  associated  with  the 
electron,  and  the  position  of  the  peaks  showed  that  the  wavelength  was  con- 
sistent with  X = h/p,  where  h iis  Planck's  constant. 

UNCERTAINTY  PRINCIPLE  FOR  PARTICLES 

In  any  experiment  in  which  both  the  x component  of  position  and  momentum  are 
measured  simultaneously,  the  uncertainties  Ax  in  position  and  Ap^  in  momentum 
satisfy  the  inequality, 


Ap^Ax  > ~h/2 

where  Ap^,  and  Ax  are  rms  deviations  from  the  mean.  Similarly,  in  a measure- 
ment of  energy  which  lasts  for  Q time  At, 


AEA/  ~ fi 
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PROBABIU7Y  INTERPRETATION  OF  WAVEFUNCT10N 

Associated  with  a material  particle  is  a wavefunction  \p.  In  one  dimension, 
I t/'  I ^c/x  is  pro  fpr  tonal  to  the  p ro ba  b ility  of  find ing  the  pa  rtic  le  in  the  range  dx. 
If  \{/]  is  the  probability  amplitude,  or  wavefunction,.  for  particles  from  source  1 
alone,  and  \p2  's  that  for  source  2 alone,  then  when  both  sources  are  on,  the  total 
wavefunction  is  obtained  by  superposition  of  the  individual  contributions,  and  is 
Th®  total  probability  of  finding  a particle  in  dx  is  then  proportional 
to  + t/^2  ^dx. 

ENERGY  AND  MOMENTUM  OPERATORS 

The  momentum  of  a particle  can  be  represented  by  the  differential  operator 

h ^ 

P‘‘>p  = 7 ax 

The  energy  operator  is: 


When  an  operator  acts  OP  a function  to  give  a constant  multiplied  by  that  same 
function,  the  function  is  said  to  be  an  eigenfunction  of  that  operator  and  the  con- 
stant is  c a Med  the  e/gfenva/ue.  The  function  = Ae  is  an  eigenfunction 

of  both  and  E_^,  with  eigenvalues  p^  and  E,  respectively.  For  any  state  of 

indefinite  momentum  or  indefinite  energy,  the  average  value  or  expectation  value 
of  the  momentum  may  conveniently  be  calculated  in  terms  of  operators  as 
follows: 


<p.) 


^dx 

f \p*\(/dK 


SCHRODINGER  EQUATION 


After  eliminating  the  resf  energy,  the  nonrelativistic : wave  equation  satisfied  by 
the  wavefunction  \p[x,  y,  z,  t),  describing  a particle  having  a potential  energy 
V(x,  y,  z),  is  obtained  from  the  conservation  of  energy  equation: 
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by  replacing  oH  the  quantities  by  their  corresponding  operators  and  allowing 
them  to  operate  on  the  wavefunction.  In  one  dimension,  the  wave  equation  is: 


J_(  ^ A. 

2m  \/  dx 


V + Vi/. 


BOUNDARY  CONDITIONS 


(1)  The  wavefunction  is  continuous  across  a boundary  at,  for  example,  x = 0: 

L-o  = L-o 

(2)  The  derivative  of  the  wavefunction  is  continuous  across  the  boundary: 


= dx 


* = 0 


(3)  The  wavefunction  remains  finite  or  goes  to  zero  as  the  coordinates  go  to 
infinity. 


problems 


1.  Use  Equation  (6.22)  to  derive  the  general  Doppler  effect;  assume  that  in  one  frame, 
light  of  frequency  if  is  propagating  at  angle  ^relative  to  the  positive  x Show 
that  in  another  frame,  moving  at  velocity  v along  the  x axis  relative  to  the  fir^  frame, 
the  frequency  observed  is 

, 1 - V COS  e/c 

r = — _ -P 

\/T  - vVc^ 

Usew  = lirif  = kc. 

2.  If  the  group  speed,  Vg  = dic/dk,  and  phase  speed,  w = w/k,  are  related  by 

VgW  = , where  c^  is  a constant,  find  the  moS  general  relationship  between  oo 

and  k. 

Answer:  + constant. 

3.  Suppose  that  in  the  tree  particle  wave  function,  \j/'  = — g'(p^ 

nonrelativistic  kinetic:  energy,  '/2  mv^  = p^/2m,  were  incorrectly  used  for  What 
would  be  the  relationship  between  the  momentum  p and  the  group  speed?  Find  the 
relationship  between  the  group  speed  and  phase  speed,  w. 

Answer:  p = mVg;  w =--  '/2Vg. 

4.  An  electron  (mass  ==  .91  X moves  at  a speed  of  2 x 1 O^m/sec  in  a 

region  where  the  potential  energy  is  zero.  It  hits  the  plane  boundary  of  a region 
where  its  potential  energy  is  - 4.1  1 x joules  an  angle  of  incidence  of  60 

Find  its  angle  of  refraction. 

Answer:  30\ 
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10, 


11, 


What  are  the  phase  speed  and  wavelength  of  a proton  moving  at  a particle  speed, 

{a  ) 100  m/sec  ( b ) 2 >;  1 0^  m/sec? 

Answer:  (a)  9 x lO^^m/sec,  3.96  xlO  ^m,; 

(b)  4 . 5 ;<  10^  m/sec,  1,477  xlO  '^m. 

An  electron  is  accelerated  through  50,000  volts  in  an  electron  microscope.  What  is 
the  smallest  distance  l^etween  objects  that  could  possibly  be  observed? 

Answer:  5 x 

What  is  the  kinetic  energy  in  electron  volts  of  electrons  in  a beam  incident  at  or  angle 
of  30"  relative  to  a crystal  surface,  reflected  coherently  from  planes  2 angstroms 
apart?  Assume  this  is  the  fourth  order  reflection,  that  the  planes  are  parallel  to  the 
surface,  and  that  no  wavelength  change  is  suffered  upon  passage  into  the  cryst'Dl. 
Answer:  201  eV, 

Electrons  hitting  a metal  target  produce  >;  rays  with  a minimum  wavelength  of  1 
angstrom.  What  is  the  electron  wavelength? 

Answer:  1 . 1 


10  '’cm. 


What  is  the  ratio  between  the  wavelengths  of  1 0^  eV  electro  ns  and  IQ^eVphotons? 
Answer:  1 + 1.3  x 10 

For  — '^^X^'^,the  wavefunction  of 

2 . 

IIS  a probability  density,  find  a.  Find  the  expectation  value  of  the  )(  com- 


If  \\i/\ 

ponent  of  momentum. 


particle  \s  \p  = a { 


ikx  ~ i(i)t 


Answer: 


For  the  wavefunction  of  Problem  10,  find  AxAp^/  where  Ax  and  Ap„  are  rms  devia- 
tions from  the  mean. 


12, 


13. 


Answer:  7)  — = 0.5986  > 7i/2. 

I /i'*- 

An  electron  gun'in  a TV  tube  has  an  opening  of  diameter  Q.  Electrons  come  out  with  a 
speed  V of  100  m/sec,  and  the  distance  to  the  screen  is  L = 1 meter.  What  should  the 
diameter  a be  in  order  to  minimize  the  size  of  the  spot  on  the  screen  if  there  is  no 
focussing?  Take  into  account  that  uncertainties  in  the  position  of  electrons  at  the 
screen  arise  both  from  uncertainties  in  the  initial  position  of  the  electrons  within  the 
gun  and  from  diffrod ion. 


Answer:  a 


0.11  cm. 


What  is  the  minimum  possible  kinetic  energy,  consistent  with  the  uncertainty  principle, 
of  a proton  confined  \o  a region  of  size  5x10  meters,  which  is  the  approximate 
size  of  a nuc  le us? 

Answer:  About  0.83MeV. 


14.  A particle  of  mass  m iTlOVeS  alorig  a vertical  wire  in  the  gravitational  field  of  fhij  earth 
above  a rigid  Impenetrable  floor,  which  is  at  heightx=0.  Hence,  the  particle's 
height  is  always  greciter  than  zero  and  its  potential  energy  is  mgx.  Using  the  uncer- 
tainty principle,  estimate  the  lowest  possible  energy  of  the  particle.  Do  you  think  this 
energy  is  observable? 

Answer:  . 

15.  An  ideal  iceplck  of  mass  m = 100  g concentrated  at  its  center  of  mass,  which  is  a 
distance  f = 25  cm  from  the  point  of  the  Icoplck,  set  on  its  point  and  an  att'Smpt  is 
made  to  balance  it.  This  is  impossible,  of  course,  because  to  balance  it,  the  center  of 
mass  must  be  both  directly  over  the  point  (Ax  = 0)  and  at  rest  (Ap/  = 0)  . If  sin  0 
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0,  show  that  the  NJewtonicin  equation  of  rotational  motion  is 


df^ 


^-0 

r 


with  the  solution  rf)  = V2  { Ap/m  V r/g  + '/2  (Ax  + Ap/m  \ r/g  ) 

e '^®'^^^^with  Ax  arid  Ap  the  initial  displacement  and  momentum.  For  f r/g,  the 

negative  exponential  can  be  neglected.  Use  the  uncertainty  principle  to  estimate  the 
maximum  time,  on  the  average,  during  which  the  center  of  mass  of  the  icepitk  moves 
the  d ista  nee  V2rsidewaysin  fa  Ming,  i.e.  the  time  forthe  bsijt  balance  you  can  expect. 


Answer: 


169 


h 


I 2 3' 

•<ry  gr 
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16.  A particle  of  mOSS  m has  a WGVef UtlCtion, 

' 1 2 

1 mwx 


^ = A exp  1 - - 


Et 

+ ikyY  + ikjZ  - i — ), 


where  is  an  angular  frequency.  Find  the  potential  energy  of  this  particle  OS.  a func- 
tion of  X,  and  find  the  total  energy  for  this  state. 


Answer:  '/l  E = '/j  TiO)  + 


jkl  + kl)t,^ 

2m 


17.  The  wavefunction  of  0 two  particle  system  with  masses  fTl],  m2  and  position  vectors 
ri , V2  is 

_2 

X 


\p  ~ A exp 


miXi  -f  m2X;j 


m 1 m26 


mi  + m2  j 47reo^  (fi^i  + ^2) 

A/(xi  - X2)^  + (yi  ^ (zi  - Z2)^  " 


where  q /47Tto  0 constant.  Find  the  potential  energy  and  the  total  energy.  What  is 
the  physical  meaning  of  this  sterte? 


Answer; 


.2 


4xco\/ (x]  - X2^  4 (yi 
4 

1 fTl)  m2  e 


Y2)  + 


^2)‘ 


2 m]  + m2  (4:4-fo7i)^  2(m,  + m2) 


7 examples  of  the 
use  of  Schrodinger's 
equation 


In  this  chapter  several  examples  will  be  presented  to  illustrate  the  use  of  the 
Schrodinger  equation  and  the  application  of  boundary  conditions  In  the  process 
of  studying  these  examples,  the  physical  meaning  of  the  wavefunction  should 
become  clearer.  For  simplicity,  all  the  examples  will  be  done  only  in  one 
dimension. 


7.1  FREE-PARTICLE  GAUSSIAN  WAVE  PACKET 


In  Chapter  6 we  saw  that  the  no nre la tivistic  timedependent  Schrodinger  equa- 
tion for  fr^e  particles  moving  in  one  dimension  is 


1L-  ^ =■  ih  ^ 

2 m ' ' at 


(7.1) 


and  that  a typical  solution  is  a wavefunction  of  the  form 

(7  2) 

where  E = E(p)  = p^/2/n  is  the  nonrelativistic  kinetic  energy.  Physically,  this 
solution  might  correspond  to  a beam  of  particles  uniformly  distributed  along  the 
X axis,  moving  with  definite  particle  velocity,  y=  p/m,  and  with  definite  energy 
E = E(p).  The  solution  m Equation  (7.2)  is  thus  both  a momentum  eigenfunction 
and  an  energy  eigenfuTiCtion. 

By  superposition  of  such  eigenfunctions  corresponding  to  different  values  of 
momentum  (and  energy),  we  can  build  up  interesting  solutions  of  the  free-particle 
Schrodinger  equation.  For  example,  as  was  also  discussed  in  Chapter  6,  the 
wavefunction 


- K 


exp 


i(ptx  - pU/2m) 


+ Aj  exp 


/(Pjx  - p\\/2m) 


(7.3) 
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with  p]7«^p2,islikewise  a solution  to  Equation  (7.2)^  but  it  is  no  longer  a 
momentum  or  energy  eigenfunction. 

We  now  wish  to  discuss  the  quantum-mechanical  description  of  a free  particle, 
which  corresponds  more  closely  to  our  intuitive  notion  of  a particle  as  being  well 
localized  in  space.  The  solution  in  Equation  (7.2)  is  certainly  not  well  localized, 
because  there  is  no  information  at  all  in  this  wavefunction  about  the  x coordinate 
of  the  particle;  all  x coordinotes  are  equally  probable.  A wavefunction  describing 
a localized  particle,  with  SOfTlB  small  uncertainty  iik  x in  position,  must  have  a 
large  uncertainty  in  momentum  according  to  the  uncertainty  principle,  AxAp^> 
Vi  fi.  To  obtain  a localized  wave  packet,  we  will  consider  a more  general  sjper- 
position  of  free-particle  momentum  eigenfunctions  of  many  different  momenta. 
This  superposition  has  the  form: 


i(p,x  - p,\/2r, 


(7.4) 


where  the  numbers  A,  are  any  constant  coefficients.  Since  each  term  in  Equation 

(7.4)  satisfies  the  Schrddinger  equation,  which  is  a linear  differential  equation, 
the  sum  satisfies  it. 

We  can  also  consider  the  superposition  of  wa vefunctions  with  a continuous 
distribution  of  momenta  by  passing  from  the  summation  in  Equation  (7.4)  to  an 
integration: 


i 


dpA(p)  exp 


ip^f/2m) 


(7.5) 


where  A(p)  is  any  function  of  p, 

Now  to  obtain  a function  which  is  localized  in  space,  we  shall  consider  the 
superposition  in  Equation  (/-S),  with  A{p)  chosen  to  give  a distribution  of 
momenta  about  some  central  value,  pQ.  If  the  momenta  (appearing  in  the  integral 
in  Equation  (7.5)  are  distributed  symmetrically  about  the  value  pQ,  we  would 
expect  the  particle  to  move  with  an  average  momentum  pQ  = mvo.  Furthermore, 
if  there  is  a large  spread  in  momenta,  i.e.  if  Ap  is  large,  we  would  expect  it 
to  be  possible  to  have  Ax  small.  We  shall  choose  a distribution  of  momenta 
given  by  a gaussian,  as  follows,: 


A(p) 


/ 

-Vi  (J^p  - Pof 

[ 

(7.6) 


While  this  is  only  one  of  an  infinite  number  of  choices,  the  choice  in  Equation 

(7.6)  is  particularly  interesting  for  several  reasons  and  is  not  too  difficult  to 
handle  mathematically.  The  constants  in  front  of  the  exponential  in  Equation  (7.6) 
make  the  function  f)  a ncrrmalized  one,  so  that  the  total  probability  is  unity. 

Thus,  we  shall  study  the  wave  packet: 


]/ 27T  \/7T  J)  ^ a 


exp 


-'/2ff’(p  - Pof 


exp 


\i{px 


)^t/2m) 


dp 


(7.7) 
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7.2  PACKET  AT  t = 0 


Consider  first  the  resultiri'g  description  of  the  particle  at  time  f - 0: 


= 0)  = 


27T  J-  ^ 


exp 


-'/2  (T^ip  - pof 


expf^jdp  (7.8) 


ipx/h 


The  integral  may  be  performed  with  the  help  of  Table  7.1,  after  changing  e 
to  q'Pq^/^  and  introducing  a new  integration  variable  by  the  sjbstitution 

Y = P Po: 


==  0)  = 


1 


V 


s/  IT  a 


/-x'\  (ipox- 


(7.9) 


Clearly,  at  this  time  the  wovefunction  is  localized  in  space,  near  the  origin  at 
X = 0.  The  probability  density  is 


I r/r  2 = — ^ exp  (— r 


\/ 7T  ( 


a 


(7.10) 


which  is  a normalized  gaussian  d istrib utio n centered  at  x = 0.  Thus  at  f — 0. 
= 0.  To  calculate  A>:  at  this  time,  we  need 


Ax  = a/  (x^)  - ^x)  ' 


y'  dxx^  I i/-'  I ■ 
f dxx ^ 1 


1/2 


exp  [ - - 


1/2 


(7.11) 


v2 


from  Table  7.1.  Thus,  (7  is  a measure  of  the  distance  within  which  the  particle  is 
initially  localized. 


TABLE  7.1  Some  Integrals  Involving  Complex  Exponentials 


£ 

£ 

£ 


exp 


.1-  + 


ibyjdy=  V^oexp 


2 


Real  part  of  > 0 


/ 2\ 

y ] 1 j 

exp  - — y , 

^ — X \ ® / 


^ o^\/ir 


yexp  ( j|£fy  = 0 

a 


The  oscillating  factor  exp  (/pox/?i),  whic  h multiplies  the  gaussian  in  Equation 
(7.9),  corresponds  to  the  fact  that  the  particle  has  an  overall  momentum  p^, 
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because,  calculating  the  expectation  value  of  momentum,  we  have: 


(P) 


/*  ■fi 

'/'*  -7  --  dx  = , 

I dx  V 


1 r , A,  f'  ^ ) 

--  exp  (-  7-  (-  — ^ + po 

TT  a ^ / 


dx  = 


Po 


(7.12) 

Thus  the  wavefunction  corresponds  to  a particle  with  average  velocity,  Vq  = 
Po/rn.  The  tms  deviation  from  the  mean  momentum,  or  uncertainty  in  momentum. 


is: 


Note  that  at  f = 0 the  uncertainty  product  is  the  minimum  allowed  by  the  un- 
certa  inty  princ  iple, 


ApAx  =:  — 

V2a 


<7  1i 

a/2  2 


(7.14) 


Thus,  at  first  the  gauSSian  wave  packet  is  actually  a minimum  uncertainty  packet; 
this  is  one  of  the  reasons  the  gauSsian  packet  is  of  particular  interest. 

Summarizing  our  results  so  far,  we  have,  at  f = 0, 


/x\  = 0,  Ax  = — ^ 

V2 


<P)  = Po,  Ap 


1i 

V2  0- 


(7.15) 


(7.16) 


.3  PACKET  FOR  t > 0 

Next,  we  shall  calculate  the  expectation  values  and  uncertainties  at  any  later 
time  t.  We  would  expect  that  the  average  momentum  and  uncertainty  in  momen- 
tum would  not  change  with  time,  since  there  are  no  forces  to  modify  the 
momentum  distribution.  This  could  be  verified  by  detailed  calculation  using  the  \p 
in  Equation  (7.18)  below.  To  calculate  x and  Ax,  we  need  the  wavefunction 
i/'(x,  f)  at  an  arbitrary  time  and  hence  must  perform  the  p integral  in  Equa- 
tion (7.7)  at  an  arbitrary  time.  This  may  be  done  in  a straightforward  way, 
using  the  integrals  in  Table  7.1,  although  the  algebra  is  a little  messy.  The 
integral  may  be  written  as: 
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= l/ : exp 

y 2TT\/wfl^ 


i{pox  - plt/2m) 


I 


dp  exp 


-(p  - PoY 


2fi^  2mfi 


+ i{p  poi- 


X Pot 


fi  mti 


The  first  integral  in  Table  7.1  then  gives  us: 

1 (X  - Pot/mf  + i (poX  - pit) 


4^{x,t)  = 


V + ifit/m) 


exp 


2 u 


iht/m  fi  2m 


This  wave  function  leads  to  a prDbability  density  of 


= I I 


\ZxvV"  + 


exp 


- - Pot/mY\ 


/J 

(7.17) 


(7.18) 


(7.19) 


This  distribution  is  centered  about  the  point  x = pot/m,  corresponding  to  an 
average  particle  speed  of  po/m.  This  agrees  with  the  result  (p)  of  Equation 
(7.12).  The  distribution  c:enter,  po  t/m,  is,  of  course,  also  the  expectation  value 
of  X.  The  mns  deviation  of  x from  its  mean  is 


Ax 


V2 


-g^(x  - pot/m)^ 

+ fi'/Vf"')  . 


(7.20) 


This  Ax  is  least  at  f = 0 and  increases  thereafter.  This  is  because  of  the 
possible  presence  of  momenta  greatly  different  from  pg  within  the  momentum 
distribution,  resulting  in  the  possibility  that  the  particle  may  be  moving  with 
velocities  greater  or  less  than  the  average,  pg/m,  and  thus  the  possibility  of  the 
particle  being  farther  and  farther  from  (x)  as  time  progresses.  If  the  particle  is 
very  sharply  localized  in  space  initially,  that  is  if  (j  is  very  small,  then  from 
Equation  (7.20)  it  is  seen  that  the  wave  packet  will  spread  very  rapidly,  because 

at  large  times,  Ax  tit/ma.  This  is  due  to  the  complementary  presence  of  very 
high  momenta,  which  must  be  present  in  order  that  Ap  be  large,  Ap  > ■fi/2Ax. 

If  the  particle  is  not  very  well  localized  initially,  (large  a),  the  wave  packet 
spreads  slowly.  We  could  expect  that  at  sufficiently  large  times,  the  spread  of  the 

packet  would  be  on  the  order  of  Avt  = Apf/m  = ht/2(Tm.  The  uncertainty  Ax 

in  Equation  (7.20)  is  of  this  order  of  magnitude  for  large  f.  The  uncertainty 
principle  is  satisfied  at  all  times,  since  from  Equations  (7.12)  and  (7.20) 

, , It  1 

ApAx  = - fi  > -t 

^ 2 y - 2 


(7.21) 
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Let  us  put  some  numbers  in,  to  see  how  long  we  can  expect  a particle  to 
remain  reasonably  well  localized.  Suppose  we  consider  an  electron  with  mass  of 
about  ,0-30 

kg.  If  it  has  a few  electron  volts  kinetic  energy,  such  as  it  might 
pick  up  in  a low  voltage  vacuum  tube,  it  is  moving  with  a speed  of  around  10^ 
m/sec.  Also,  if  in  an  experiment  the  electron  is  initially  localized  to  within  a 
distance  Ax  of  0.01  cm.  then  the  spread  in  velocities,  Av  = Ap/m  = 7l/(2Axm), 
is  on  the  order  of  1 ni/sec,  very  small  compared  to  the  speed.  Now,  from  Equa- 
tion (7.20)  the  spread  in  the  distribution  will  be  multiplied  by  2 when 
Tlf/tV  = (T^>  Since  (J  is  of  the  order  of  0.01  cm,  this  time  is  of  the  order  of 
sec.  While  this  may  not  seem  a long  time,  with  a speed  of  10^  m/seC,  the 
electron  will  have  gone  10^  meters,  or  about  300  feet,  in  that  time.  During  this 
displacement,  the  packet  will  spread  only  about  40%  in  width.  Thus,  for  most 
macroscopic  experiments,  w9  do  not  have  to  worry  about  the  electrons'  be- 
coming nonlocalized.  For  a macroscopic  object,  such  as  a stone  of  100  gm  mass, 
the  time  required  for  Ax  to  increase  by  a factor  of  \ 2 's  around  10^^  SeC,  o r 
about  10^^  years.  This  indicates  why  quantum  mechanics  is  ordinarily  unim- 
portant for  the  descriotion  of  macroscopic  bodies.  The  spreading  and  motion  of 
a gaussian  wave  packet  is  illustrated  in  Figure  7.1. 

H 


Packet  at  t=0 


A - 
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Figure  7.1.  Graph  of  probability  density  in  a Gaussian  wave  packet.  The  wave  packet 
spreads  in  space  as  time  progresses 


STEP  POTENTIAL;  HIGH  ENERGY  E > Vo 

The  first  example  involving  the  matching  of  boundary  conditions  will  involve  the 
one  dimensional  potential  energy  shown  in  Figure  7.2.  This  is  called  a step 
potential,  and  corresponds  to  the  particle  experiencing  a very  large  force  over  a 
very  small  distance  V/hCH  going  from  region  I to  region  II.  In  region  I the  potential 
energy  is  zero,  and  in  region  II  it  is  the  constant  V,,. 
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(7.29) 
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o r 


c/x^ 


2m(E  - Vo) 


- 0 


(7.30) 


Since  we  are  assuming  E > V,.  the  solutions  are  of  a form  similar  to  those  in 
Equation  (7.18);  putting  Oi  = +[2m(E  ^ have: 

(]E>„  ..  Ce’"*  +''De-'"^  (7.3i) 

where  C and  D are  constants. 


7.5  BEAM  OF  INCIDENT  PARTICLES 


The  constants  A,  B,  C,  and  D in  Equations  (7.28)  and  (7.31)  are  determined  by  the 
imposition  of  physical  boundary  conditions.  As  an  example,  we  shall  consider 
what  happens  when  a beam  of  particles  of  energy  E is  incident  on  the  step 
potential  from  the  left.  The  incident  beam  corresponds  to  a nonZ6rO  volue  of  A 
in  Equation  (7.31);  i.e.,  since  the  momentum  operator  is  = —ihli/dx,  the  term 
corresponds  to  a beam  of  positive  x momentum,  = 1ik.  The  term  Be 
would  correspond  to  a beam  of  particles  in  region  | traveling  to  the  left,  such  as 
could  occur  if  the  step  could  cause  particles  to  be  reflected.  In  Equation  (7.31), 
the  term  Ce'""  corresponds  to  a beam  of  particles  traveling  to  the  right,  due  to 
particles  transmitted  through  the  potential  barrier,  while  De  corresponds  to 
particles  incident  on  the  barrier  fnDm  the  right.  If  the  experiment  is  set  up  so  that 
a source  of  particles  is  far  tc  the  left,  then  we  have  to  allow  for  a transmitted 
beam  in  region  II;  but  there  is  no  source  for  particles  incident  on  the  step  from 
the  right.  Hence,  we  rriust  have  D ==  0 in  Equation  (7.31).  Thus,  for  this  particular 
problem, 

= Ce'“*  (7.32) 

Now  let  us  apply  boundary  conditions  at  x = 0 to  find  6 and  C in  terms  of  A. 
We  must  satisfy  the  condition!;: 

= 0 = ‘^’nL.o  (7.33) 

a nd 

I _ c)$|| 

dx  |,.o  x-o 

With  the  substitution,  ,<  = 0,  the  first  of  these  conditions  gives  us: 

A + 6 = C (7.35) 


The  second  condition  leads  to: 


ikA  ikS  = iaC 


(7.36) 


If  the  two  equations,  Equations  (7.35)  and  (7.36),  are 
the  result  is: 


e := 


1 + {a/k) 


used  to  find  6 in  terms  of  A. 


(7.37) 
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Likewise,  the  solution  for  C gives  us: 


C = A 

1 + (a/k) 


Then  the  wavefunctions  are: 


(f),  = A e'*'  + (7.39) 

1 + (a/k) 

'J’l,  =-A--~e-  (7.40) 

1 + (a/k) 

Thus,  incoming  particles  in  region  I moving  in  the  positive  x direction  are  par- 
tially reflected  and  partially  transmitted  into  region  II. 

7.6  TRANSMISSION  AND  REFLECTION  COEFFICIENTS 


An  interesting  relationship  is  obtained  if  Equations  (7.35)  and  (7.36)  are  multi- 
plied together  and  the  resulting  equation  is  multiplied  by  Then 

m m m 

This  equation  has  a very  simple  physical  interpretation.  We  shall,  for  convenience, 
assume  that  A is  real,  a rd  thus  from  Equations  (7.37)  and  (7.38),  6 and  C must 
also  be  real.  In  general,  \p  ^ \s  p TO  po  r tj'onol  to  the  probability  density  of 
particles.  Then,  in  the  function  *f  Be-"",  A’  is  proportional  to  the 

number  of  particles  of  momentum  per  unit  length  along  the  x axis.  Let  us 
assume  that  A is  normalized,  so  that  A^  is  exactly  the  number  of  incoming 
particles  per  unit  length.  SinceTiit  is  the  momentum,  'hk/m 's  the  particle  speed, 
and  the  term.  ~hkA^/tV,  in  Equation  7.40  is  the  speed  times  the  number  of  in- 
coming particles  per  unit  length.  This  is  equal  to  the  number  of  incoming  particles 
arriving  at  x = 0 per  unit  time.  Likewise,  -hkB^/  m is  the  number  of  particles  per 
unit  time  reflected  back  into  region  1 by  the  step  at  x :=  0.  Similarly,  tfCxC^/iTi  is 
the  number  of  particles  transmitted  through  the  step  x = 0 into  region  II,  per 
unit  time.  Thus,  the  overall  meaning  of  Equation  (7.41)  is  that  the  number  of 
particles  reaching  x = 0 per  unit  time  equals  the  total  number  leaving  that  point 
per  unit  time;  i.e.  the  total  number  of  particles  is  conserved. 

One  can  define  a reflection  coefficient  R to  be  the  fraction  of  incident  particles 
reflected,  or  the  ratio  of  the  number  of  particles  going  back  into  region  I to  the 
number  of  incident  particles  at  X = 0-  Thus,  from  Equation  (7.37), 


(tikB^/m} 
(hkA^/m)  ( 


Likewise,  the  transmission  coefficient  J is  defined  as  the  fraction  of  incident 
particles  which  are  transmitted,  or  the  retio  of  the  number  of  particles  going  into 
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region  II  to  the  number  of  incident  particles: 

(haC^/m)  Acy/k 

7 ==:  .! (7  43) 

(filcAVm)  ( 1 + a/kf 

We  see  that  7 4^  = 1;  this  is  another  form  of  the  conservation  of  particles 
equation.  As  the  energy  £ becomes  very  large  compared  to  the  potential  height 
V,.  we  would  expect  the  potential  to  be  less  and  |eSS  important,  so  the  trans- 
mission coefficient  should  approach  unity.  Since  a/k  approaches  one  in  this  limit, 
Equation  (7.43)  shows  that  this  is  indeed  the  case.  When  E = Vq,  (X  =■  0.  Then 

the  transmission  coefficient  is  zero  and  all  the  particles  are  reflected.  If  the  par- 

ticles obeyed  Newtonian  mechanics  rather  than  quantum  mechanics,  J would  be 
equal  to  unity  for  all  energies  E > Vo,and  there  WOuld  be  no  particles  reflected. 

Thus,  the  wave  properties  of  the  particles  cause  reflections  that  would  not  occur 

c la  ssic  a lly. 


7.7  ENERGY  LESS  THAN  THE  STEP  HEIGHT 

Suppose  that  £<VQforthe  same  potential  energy  function,  with  a step 
height  Vq  • ftien,  in  classical  mechanics,  no  particles  could  go  into  region  II  where 
V = Vq,  since  there  the  kinetic  energy  would  have  to  be  negative,  leading  to 
imaginary  speeds.  Hence,  Newtonian  mechanics  would  say  that  all  the  particles 
are  reflected.  We  shall  see  fhat  quantum  mechanics  gives  the  same  result.  If 
E <'  Vq,  we  still  have  for  the  solution  in  region  I, 

4>i  = Ae'*”  + Be"'*'  (7.44) 

However,  in  region  II,  since  E < V,,  the  solutions  must  involve  real  exponentials, 

<l>ll  = Ce~^"  + De  " " (7.45) 

where  /3  = \/2m(Vg  - As  Hence,  ifD^O, 

there  would  be  an  infinitely  large  probability  of  finding  particles  infinitely  far 
Inside  the  classically  forbidden  region.  This  is  not  reasonable,  so  D must  be  zero. 
The  remaining  solution  in  region  II  is  the  same  as  the  solution  for  E Vq,  but 
with  (T  replaced  by  |^.  If  the  boundary  conditions  are  now  applied  at  x = 0, 
the  equations  relating  A,  B and  C are: 

A -f  6 = C (7.46) 

a nd 

ik(A  - B ) = -f^C  (7.47) 

Then,  in  terms  of  A,  the  solutions  for  the  coefficients  are: 

c - —'—A 

1 ■■  m)  ' 1 - m) 


B 


(7.48) 
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In  this  case,  even  if  A jj,  real,  6 and  C are  both  complex,  and  so  the  number 
of  particles  reflected  back  into  region  I per  sec  is 

m 

The  reflection  coefficient  is  then: 

{f)kAA*/m) 

^ [1  4-  (/j//fc)][1  - (/3/,i)]  |,4  ^ , 

[1  - i^/ik)][]  + (l3/ik)]  A 2 

All  the  particles  are  therefore  reflected. 

Even  though  the  tra nsn-issio n coefficient  J is  zero,  this  does  not  mean  that  a 
measurement  would  never  show  a particle  in  region  II.  In  fact,  the  number  of 
particles  in  region  II  per  jn it  length  is  ^ = C ^e~^^^.The  net  particle 

current  to  the  right  is  simply  zero  in  that  region,  in  Newtonian  mechanics,  the 
probability  of  finding  a particle  in  region  II  would  be  zero.  Thus,  in  quantum 
mechanics,  particles  can  penetrate  into  a region  which  is  forbidden  classically. 


(7  49) 


7.8  TUNNELING  for  a square  potential  barrier 

One  implication  of  this  penetration  effect  is  that  if  the  higher  potential  region  is 
not  very  wide,  particles  will  have  a possibility  of  tunneling  through  to  the  other 
side,  and  of  being  transmitted.  Classically,  this  would  be  impossible. 

To  illustrate  quantum  mechanical  tunneling,  we  will  use  the  potential  energy 
shown  in  Figure  7.3,  with  V =:  Vq,  a constant,  between  x = 0 and  x = a.  We 


v(x) 


X - 0 X - o 


Figure  7.3.  Square  potertial  barrier  used  to  illustrate  quantum  mechanical  tunneling. 
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assume  that  elsewhere,  V = 0.  As  was  the  case  in  the  previous  section,  the  solu- 
tion in  region  1 is  now: 

= Ae'‘^  + k = (7.51) 

n 

In  region  II,  if  E <*  Vq,  the  solution  is: 

= Ce-'^’'  + De^"; 

Here  we  cannot  conclude  that  D = 0,  since  region  II  does  not  extend  to 
X = + X . If  the  source  of  particles  is  to  the  left  in  region  I,  and  there  is  no 

source  fa  r to  the  right,  then  we  may  allow  for  the  possibility  of  particles  tunnel- 

ing through  the  barrier  and  continuing  on  to  the  right  by  taking  the  wavefunction 
in  region  III  to  be 

= Fe-"-  (7.53) 

As  before,  ~hk  A ^/m  is  the  number  of  particles  per  unit  time  moving  to  the 
right  in  region  I and  hitting  the  potential  barrier,  tik  | 6 | is  the  number 

reflected,  and  ~hk  F | ^/m  is  the  number  transmitted  into  region  III.  In  this 
example,  the  particles  in  both  regions  I and  III  have  momentum  of  magnitude  Ak. 

There  are  two  boundary  conditions  at  x = 0:  continuity  of  the  wavefunction 

and  of  its  derivative;  and  there  are  two  similar  conditions  at  x = a.  They  give 

fA  + B = C+D 

at  X = 0 J (7.54) 

[ik(A-^S)  = ^(-C  + D) 

+ De^°  = Fe''° 

Cit  X = a (7.55) 

+ De-')  -.^ikFe'^- 


V2m(Vo  - E) 


(7.52) 


Solution  of  Equations  (7.54)  a nd  (7.55),  for  6,  C , D and  F,  in  terms  of  A,  gives  us 
after  some  algebra. 


8 

C 

D 

F 


[1  + (/?A)1(1  - 

il-(/3/k)'](l-e-^''“)+  2/(/?A)(l  + 

2[1  + <-(/3A)l 

il-(/3A)'](l-e-'''“)+  2/(/3A)(l  + 

2[1  ^ /(/?A)]e-^^° 

II  2;(/?A)(l  + 


A (7.56) 


A^7.57) 


A(7.58) 


4;(^/<c)e~*'^  + '''>° ^ 

(1  - (i8/fc)T(i  -6-=*'*°)  + 2;(^A)(1+  e-'^“) 


(7.59) 


While  these  results  are  somewhat  involved,  it  is  easy  to  substitute  them  into 
Equations  (7.54)  and  (7.55)  and  to  verify  that  they  are  solutions.  Since  the 
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particle  speed  is  the  same  in  I and  III,  the  transmission  coefficient  is  simpiy 

r = FFyAA*.  It  is 


]6(/3/k)^e-‘^^°  

[1  _ ip/ky]^(]  - + 4(0/kf{]  +6-''^“)^ 


(7.60) 


If  fia  is  large  compared  to  one,  the  exponentials  in  the  denominator  of  Equation 
(7.60)  ate  very  small  compared  to  one,  and  can  be  dropped.  In  this  case. 


T 


4/?/*r 

.1  + my 


2 

e 


-2/io 


(7.61) 


Because  the  exponential,  e rapidly  becomes  small  with  increasing  the 

traction  of  particles  getting  through  is  very  small  when  ffa  = \/2m(Vo  — E)a/h 
is  large.  Thus,  as  the  enerciy  becomes  smaller  compared  to  Vq,  or  the  width  of  the 
potential  barrier  becomes  greater,  fewer  particles  tunnel  through.  Of  course,  in 
Newtonion  mechanics  no  particles  would  get  through. 


example  'I.  When  two  materials  are  placed  in  contact,  an  electron  often  has  to  go 
through  a potential  barrier  of  a few  electron  volts  to  get  from  one  material  to 
the  other.  There  are  a number  of  solid  state  devices  which  are  made  this  way 
deliberately.  For  electron‘s,  m = 9.1  x 10'^^  kg  and  = 1.05  x 10"^'*  j-sec. 
Take  Vq  — f = 1 gV  and  a = 3 Angstroms,  a reasonable  distance  between 
atom  layers.  ESimate  the  value  of  the  exponential  e 


solution  2^0  = 


2 V2m(Vo  - E)o 
1) 

2 V279. 1 X 10^'')(1.6  X (3  X 10" 

1.05  x 10“^'* 


= 3.08. 


Therefore,  e - e = 0.046.  So  the  tunneling  is  reasonably  probable. 


example  2.  Hydrogen  impurities  in  a solid  might  diffuse  through  it  by  tunneling  of  the 
hydrogen  nucleus  (the  proton)  from  one  lattice  site  to  another.  The  proton  mass 
is  about  1836  times  that  ^ot  the  electron.  Take  the  other  parameters  to  be  the 
same  as  in  part  (1)  of  this  Example.  Find  the  exponential  in  this  case. 


solution  Since  the  only  change  from  Example  1 is  in  the  mass,  the  exponent  is  increased 
by  a factor  of  x/' I 836.  The n e = e ~ 2 x 1 Q The  proton  in  oscil- 
lating about  its  equilibrium  point  in  the  solid  might  baV6  9 frequency  of  around 
per  second.  This  is  essentially  how  many  times  the  proton  hits  the  barrier 
per  second.  The  product  of  10^^  and  the  exponential  is  a measure  of  the  order 
of  magnitude  of  the  probability  of  a proton  jump  per  second.  This  is  of  the 
order  of  10  complete  y negligible.  If  the  quantity,  Vq  E,  were  lowered 
by  a factor  of  ten  or  mote,  this  diffuson  would  begin  to  be  more  important. 


7.9  PARTICLE  IN  A BOX 

As  a fourth  illustration  of  the  solutions  of  the  0D'6  dimensional  Schrodinger 
equation,  we  shall  consider  the  case  of  a particle  confined  to  a finite  region,  a 
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one  dimensional  box  of  length  L.  By  this  we  mean  that  the  particle  is  definitely 
inside  the  box  and  is  kept  there  by  rigid  impenetrable  walls  at  the  ends,  x = 0 
and  X = L.  This  is  illustrot6cl  in  Figure  7.4.  Since  the  particle  is  confined  to  a 

To  infinity  To  infinity 


Figure  7.4.  Potential  energy  function  fora  particle  in  a one  dimensional  box. 


region  of  size  L,  the  uncertainty  in  position  Ax  is  about  L,  so  the  uncertainty 
Ap.  in  momentum  should  be  about  fi//,.  Hence  the  particle  cannot  have  a 

definite  momentum.  It  can,  however^  still  have  a definite  energy,  as  we  shall  see. 

We  still  assume  that  the  energy  is  definite,  so  ^ ~ $(x)e  where  Ct>(x) 

is  the  spatial  part  of  the  wove  function.  Hence,  inside  the  box,  where  V = 0, 
$ satisfies  the  differential  equation: 


2m  dx^ 


We  expect  this  equation  to  tell  us  what  *f(x)  is  inside  the  box.  The  situation  is 
somewhat  analogous  to  the  case  o1  a stretched  ^ring  held  rigidly  at  both  ends.  In 
that  case  also,  a wave  may  exist  on  the  string,  and  solutions  of  definite  fre- 
quencies arise  only  when  an  integral  number  of  half  wavelengths  of  the  wave  can 
fit  into  the  length  L of  a string.  Thrs  gives  rise  to  standing  waves  on  the  string. 
A similar  situation  should  hold  for  the  de  Broglie  WCIV6S  in  the  box  of  length  L. 

If  X is  the  wavelength  of  a de  Broglie  wave,  then  in  order  for  the  wave  not  to 
interfere  destructively  with  itself,  an  integral  number  n of  half  wavelengths 
should  fit  into  the  box,  on 


(7.63) 


(7.65) 
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So  only  a discrete  set  of  energies  or  frequencies  would  be  allowed.  These  would 
be  determined  by  values  of  the  integer  n. 

7.10  BOUNDARY  CONDITION  WHEN  POTENTIAL  GOES  TO  INFINITY 

Now  let  us  see  how  this  same  situation  would  be  treated  using  the  Schrodinger 
equation,  Equation  (7.62).  To  solve  a differential  equation  like  this,  we  need  to 
have  boundary  conditions,  statements  analogous  to  the  requirement  that  the  dis- 
placement at  the  ends  of  the  stretched  string  must  vanish.  In  our  case,  we  know 
the  particle  is  inside  rO'^her  than  outside  the  box.  The  reason  that  $ is  zero 
outside  the  box  is  that  the  walls  are  assumed  to  be  perfectly  rigid,  so  that  all 
particles  bounce  elastically  off  the  walls,  or,  equivalently,  that  the  potential 
energy  is  infinite  outside.  The  probability  of  finding  a particle  outside  is  there- 
fore zero;  so,  for  x outside  the  box.  ‘J*(x)  | ^ = 0.  This  implies  that  the  value 
of  itself  must  be  zero  outside.  Since  the  wavefunction  must  be  continuous,  the 
value  of  the  wavefunction  just  inside  the  box  must  be  zero  at  either  end,  so 

$(x  = 0)  = $(x  = I)  =:  0 (7.66) 

The  slope  of  the  wavefunction  must  also  be  continuous,  and  it  might  appear  at 
first  glance  that  both  the  wavefunction  and  its  slope  are  zero  at  the  endpoints; 
but  this  would  mean  the  wavefunction  would  vanirh  everywhere,  an  unreason- 
able solution.  To  see  why  the  slope  of  the  wavefunction  can  be  finite  at  the  end- 
points, suppose  the  potential  energy  outside  the  box  were  not  infinite,  but  had 
a large  constant  value.  Then  for  x > L,  $ = Ce  , with  j3  proportional  to  the 
square  root  of  the  potential  energy.  Outside,  d^/dx  = —ffCe 
Hence,  although  <I>  approaches  zero  as  Vq  — ► x,  Ij  approaches  infinity  and  the 
product  /3<|>can  remain  finite.  Indeed,  d^/dx  must  be  finite  everywhere,  both 
inside  and  just  outside  the  box.  The  boundary  conditions  for  the  case  of  the 
particle  in  a box  are  therefore  given  by  Equation  (7.66),  with  no  further  avail- 
able information  on  the  slopes  d^/dx  at  the  endpoints,  except  that  they  are 
finite. 


7.11  STANDING  WAVES  AND  DISCRETE  ENERGIES 


We  now 
For  ease 


have  a differential  equation,  Equation 
in  writing  the  equations,  let 


k = 


A 


(7.60),  with 


boundary  conditions. 


(7.67) 


Then  the  Schrodinger  equation,  Equation  (7.32),  becomes: 


0^ 

dx^ 


(7.68) 


This  equation  is  the  same  as  that  discussed  in  connection  with  the  step  potential, 
and  has  oscillatory  solutions  of  the  form  of  Equation  (7.28).  For  the  present 
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application,  however,  it  is  more  convenient  to  write  the  solutions  in  trigonometri- 
cal form,  as  a sum  of  a sine  and  a cosine: 

4^(x)  = A cos  kx  + 6 sin  kx  (7.69) 

where  A and  6 are  two  arbitrary  constants  whose  ratio  is  to  be  determined 
from  the  boundary  conditions.  One  condition  is  $(x  ==  0)  = 0.  This  gives  us: 

$(0)  A cos  (0)  + 6 sin  (0)  = 0 (7.70) 

or  A =0.  The  second  boundary  condition  is  $(x  = L)  -=  0.  This  gives  us: 

'!>(/.)  = B sin  (kL)  = 0 (7.71) 

This  could  be  satisfied  by  setting  6 = 0,  but  then  the  whole  wavefunction  would 
vanish,  which  is  not  the  desired  solution.  The  other  possibility  is  sin  (/c/.)  = 0. 
'The  sine  function  has  zeros  at  values  of  L such  that: 

kL  = nir  (7.72) 

where  n is  any  integer  not  equal  to  zero.  If  n = 0,  again  the  whole  wave- 
function  would  vanish,  so  thisi  case  is  excluded.  The  possible  wa vefunctions  are 
then: 

$„{x)  = n = 1,2,3,...  (7.73) 

Only  positive  integers  are  taken,  because  negative  integers  just  duplicate  the 
same  wa  vefunctions  with  an  overoll  sign  change;  the  overall  sign,  however,  is 
not  physically  significant.  The  constant  6 can  be  determined  by  normalization. 
Thus,  if  the  probability  of  finding  the  particle  in  the  range  dx  is  ^dx, 

then  for  one  particle  in  the  box, 

I dx  I 4>„(x)  I ^ 

*7o 

Using  the  formula 

I * {”  (t)} 

we  find  that 

i6r  = ? 

If,  for  convenience.  B is  taken  fo  be  real,  the  final  form  of  the  eigenfunctions  is: 

= y'^-^  sin  n =1,2,3,...  (7.76) 

The  constant  in  front  of  the  sine  function  is  cailed  the  normalizafion  consfant. 

Having  solved  the  diffenentiai  eqUOtion  with  boundary  conditions,  we  can  now 


= 1 (7.73) 


= I L (7.74) 

2 


(7.75) 


194  Use  of  Schrodinger's  equalioi 


find  the  allowed  energies  From  the  definition  of  k,  Equation  (7.66), 


This  is  the  some  as  that  obtained  by  analogy  with  a stretched  string.  The  main 
point  to  be  seen  here  is  that  because  of  the  boundary  conditions  only  a discrete 
set  of  energies  are  possible;  the  energy  is  quonfized . smaller  the  size  of  the 
box  L,  the  larger  will  be  the  spacings  between  allowed  energies.  Physically,  it  is 
the  confinement  of  the  electron  to  lie  within  a small  region  which  gives  rise  to 
the  discrete  energy  spacings.  In  classical  mechanics,  any  energy  would  be  pos- 
sible for  this  mechanical  situation. 


the  energy  is: 

(7.77) 

(7.78) 


7.12  MOMENTUM  AND  UNCERTAINTY  FOR  A PARTICLE  IN  A BOX 


To  investigate  the  momentum,  the  sine  function  can  be  written  as  a super- 
position of  exponentials.  For  example,  for  n = 1,  the  ground  state,  the  wave" 
function  is: 


<r>,(x) 


(7.79) 


The  term  involving  by  itself  would  correspond  to  a value  of  momentum 

given  by: 


t d^ 

or  p- 

i dx 


fiTT 

L 


(7.80) 


The  term  e would  correspond  to  a value  of  momentum,  = —’hir/L.  So 

appearance  of  these  exponentials  in  with  equal  amplitudes  corresponds  to  the 
motion  of  the  particle  in  either  direction  with  equal  probability;  the  wavefunction 
$1  is  a superposition  of  waves  of  equal  but  opposite  momenta.  Thus  the  expec- 
tation value  of  the  momentum  is  zero.  This  could  be  verified  directly  by  calculat- 


ing 


i 

d X 


{'h/i)d\f//dx.  The 


d 


Jo 

waves  should  give  us  a measure 
in  p„.Thus,  approximately. 


'ifference  in  the  momenta 
of  the  order  of  magnitude 


of  the 
of  the 


superposed 

uncertainty 


(7.81) 


Also,  Ax  is  on  the  order  of  L,  so  AxAp;,  ^ h,  in  agreement  with  the  uncer- 
tainty principle.  A more^  careful  calculation  of  the  uncertainties  using  rms  devia- 
tions from  the  means  could  easily  be  made,  but  the  crude  argument  given  above 
is  sufficient  to  illustrate  the  uncertainty  principle  in  this  example. 
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M3  UNEAR  MOlfCULES  APPROXIMATED  BY  PARTICLE  IN  A BOX 

Frequently,  physicists  represent  energy  levels  by  a diagram  in  which  horizontal 
bars  have  a vertical  spacing  proportional  to  the  energy  spacing  between  levels. 
This  allows  one  to  see  at  Cl  glance  the  energy  structure  of  the  system.  In 
Figure  7.5  an  energy  level  diagram  is  shown  for  the  particle  in  Q box,  where  the 


n 


4 


n 2 


0 

Figure  7.5.  Energy  level  diagram  and  possible  tra nsitio ns  fo r a particle  in  o one 
dimensional  box. 


energies  are  Here  the  distance  of  the  bars  from  the  base  line 

corresponding  to  the  zero  of  energy  is  proportional  to  n . fbis  is  essentially  a one 
dimensional  plot  of  allowed  energies  with  energy  increasing  upwards.  The  par- 
ticle can  exist  in  stationary  states,  states  of  definite  frequency,  only  if  the  energies 
have  these  discrete  values,  if  some  external  influence  should  disturb  the  particle, 
then  it  might  change  from  one  of  these  states  to  another.  For  example,  if  the 
particle  started  in  the  state  lobeled  by  the  integer  <3nd  ended  up  in  the  ^ate 
|U  for  upper,  for  lower),  then  it  would  have  to  lose  energy: 


E,  = 


8mL\l 


(7.82) 


This  energy  could  be  given  up  in  the  form  of  a photon  The  energy  of  the  photon 
would  be: 

E hp  = E,  (7.83) 


Therefore,  the  differences  between  levels  in  an  energy  level  diagram  are  propor- 
tional to  the  light  frequencies  we  might  expect  to  see  emitted  from  the  system. 

Physical  systems  for  which  the  particle  in  the  box  is  a good  model  are  found 
in  certain  classes  of  long  straight  molecules  of  varying  lengths  L,  which  attract 
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electrons  in  such  a way  thot  the  electron  moves  back  and  forth  between  the  ends 
of  the  molecule  in  a standing  wave.  The  observed  energies  are  closely  approxi- 
mated by  those  of  the  particle  in  a box,  Equation  (7.78).  When  the  electron 
makes  transitions  between  these  energy  states,  absorption  and  emission  of 
photons  are  observed.  If  the  upper  state  is  the  n = 2 state,  and  the  lower 
state  is  the  n = 1 state,  then  for  a molecule  of  length  [ the  frequency  of  the 
photon  should  be: 


3h 

8^ 


(7.84) 


The  wavelength  of  the  photon  would  be  given  by: 

X - £ _ 8mL^c 
V “ 3h 


(7.85) 


For  the  electron,  m = 9.  M x 10'^'  kg.  Then,  for  Q molecule  of  length  i = 7 
AngSroms,  this  wavelength  is  in  the  visible  region: 


^ 8(9.11  X 10~^’)(7x  1Q~'°)-'(3x 

[3(6.63  X lO^"'')] 


- 5.39  X 10  ^ rn  = 5390  Angstroms 


10®) 


(7.86) 


7.14  HARMONIC  OSCILLATOR 


The  final  example  to  be  studiod  in  this  chapter  is  the  one  dimensional  harmonic 
oscillator.  The  study  of  the  quantum  mechanical  lharmonic  oscillator  is  very 
important,  because  a number  of  physical  systems  can  be  considered  to  behave 
like  a collection  of  harmonic  oscillators.  For  small  vibrations,  particles  in  most 
potential  wells  have  simple  harmonic  vibrations.  For  instance,  a diatomic  mole- 
cule has  the  energy  levels  of  a one  dimensional  harmonic  oscillator  (along  with 
rotational  and  atomic  levels).  Also,  quantized  sound  waves  (phonons)  and  light 
waves  (photons)  can  be  represented  as  harmonic  oscillators. 

The  Schrddinger  equation  for  a one  dimensional  harmonic  oscillator  must  first 
be  obtained.  For  a particle  of  mass  m with  displacement  x from  equilibrium, 
the  kinetic  energy  operator  is  ~{h^/2m)d‘'/dx^.  The  total  energy  operator 
is  itid/df.  Also,  for  o spring  constant  K,  the  harmonic  oscillator  potential  is 
V = y?  Kx^.  These  operators  lead  to  the  Schrodinger  equation: 


hi  hit  1 

2 m dx^ 


Kx  ^ = (ft 


5i/' 

dt 


(7.87) 


If,  again,  a stationary  state  with  definite  energy  is  assumed,  so  that  ^ = 
$(x)e  the  equation  for  <I>  is: 


-Kx^$=  E4> 

2 


2m  dx^ 


(7.88) 
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Since  in  microscopic  systems,  frequency  is  more  easily  measurable  than  spring 
constants,  it  is  desirable  to  eliminate  K by  expressing  it  in  terms  of  the  angular 
frequency  for  o harmonic  oscillator  from  Newtonian  mechanics,  w — x-^KIm  = 
2iiV.  Then,  in  terms  of  co, 

■ if  + 1 = £<I>  (7.89) 

2rn  dx'  2 


Let  us  verify  that  for  the  proper  choice  of  «,  an  energy  eigenfunction  is; 


Qoe 


(7.90) 


where  Oq  is  a normalization  constant.  The  first  term  in  the  differential  equation. 
Equation  (7.89),  contains; 


d^<l>  d 

— 7 = Oo  — 

dx  dx 


dx 


(a’x^  cv) 


(7.91) 


The  differential  equation  then  becomes; 


1/2  2 j, 

0(,e  ' X * 

2m 


2m 


1 2 2 -1/9/yv2 

- mco  .x=  QqQ 

2 / 


(7.92) 


Since  this  must  hold  for  any  arbitrary  x,  in  order  to  have  a solution  the  sum  of 
the  coefficients  of  must  be  zero.  Thus,  -h^a^/2m  + y2mw^  = 0,  and  this 
leads  to  a value  for  a. 


mcu 


(7.93) 


Then  for  the  remainder  of  the  equation  to  be  satisfied,  the  energy  eigenvalue 
must  be: 

£ = £o  = ^ 0)fi  (7.94) 

Note  that  the  probability  density  <f)g  | ^ for  this  solution  to  the  Schrddinger 
equation  is  gaussian  in  form.  One  might  suspect  that  for  this  case  the  uncer- 
tainty product  ApAx  would  be  a minimum.  Compariison  of  the  wavefunction  of 
Equation  (7.90)  with  the  free-particle  gaussion  packet.  Equation  (7.9),  indicates 


that  '/2  a = '/2  cr^,  so  for  this  case, 

<x>  = (3 

(7.95) 

Ax  - i/l- 

1 

(7.96) 

V a 

y/2a 

<P>  - 0 

(7.97) 

> 

II 

II 

(7.98) 

Hence,  again,  AxAp  = fi/2.  In  fact,  it  is  because  of  the  uncertainty  principle 
that  the  minimum  possible  energy  of  the  oscillator  is  greater  than  zero.  Clas- 
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sically,  the  minimum  Gne’^gy  state  of  an  oscillator  would  occur  when  the  mass 
was  at  rest  (p  = 0)  at  the  position  of  zero  displacement  (x  = 0).  Then  both 
kinetic  and  potential  energies  would  vanish,  and  ~ possible 

in  quantum  mechanics,  because  then  both  position  and  momentum  would  be 
known,  with  Ax  = Ap  = 0 violating  the  principle  of  uncertainty. 

Since  =(p)  =0  for  the  oscillator,  Ap^=(p')  and  Ax^=<^x^^ 
The  average  value  for  the  energy  in  the  ground  state  is  thus: 


<£) 


) +i/<  ( X ' 

2 


1 ^ 1 K 

2m  2 2 2a 


+ 


(7.99) 


Since  a = mw/H, 


(E)  = J_  + Ik 

2m  2h  2 2m  o) 


- Tio)  + - -fio)  = - Tico  (7.100) 

4 4 2 


Thus,  in  0 sense,  the  uncertainty  principle  requires  both  ^p^}  and  {x')  to  be 
positive,  and  forces  the  ground  state  energy  to  have  a positive  value. 


7.15  GENERAL  WAVEFUNCT10N  AND  ENERGY  FOR  THE 
HARMONIC  OSC  lUAlOR 

The  general  solution  of  the  one  dimensional  harmonic  oscillator  Schrodinger 
equation  which  satisfies  the  boundary  condition,  • 0 os  X ± is,  for 

(X  = moj/fi, 

1/2  II 

4>^(x)  = x^"^ e' for  n an  even  integer  (7.101) 

1/2  (n-  1) 

= X ^ ^ OjfX^^e  for  n an  odd  integer  (7.102) 

-t=o 

By  substituting  into  the  Schrodinger  equation.  Equation  (7.63),  one  may  find 
the  coefficients  in  terms  of  a,,,  and  determine  the  energy  eigenvalues.  The 
general  exprBssion  for  the  energy  is  found  to  be: 

E„  ==  n = 0.  1,  2,3,  . . (7.103) 

The  first  five  of  the  eigGnf jnctions  ar^  given  in  Table  7.2,  along  with  their  energy 
eigenvolues.  The  lowest  (energy,  72^03,  belongs  to  the  state  described  by  the 
wavefunction  <{>q  already  discussed.  This  is  'called  the  zero  point  energy.  The 
five  lowest  possible  energy  eigenfunctions  of  Table  7.2  are  graphed  in  Figures  7.6 
through  7.10,  along  with  their  probability  densities,  $ 


Figure  7.6.  Wovefunction  and  probability  density  for  the  ground  state  (n  = 0)  of  the 
harmonic  oscillator.  The  horizontal!  bar  beneath  the  origin  indicates  the  range  of  possible 
positions  for  classical  motion  with  the  S-Ome  energy. 


Figure  7.7.  Wavefunction  and  probability  density  for  the  harmonic  oscillator  state 
with  n = 1. 


Figure  7.9.  Wavefunction  cind  probability  density  for  the  harmonic  oscillator  state 
with  n = 3. 


Figure  7.10.  Wavefunction  and  probability  density  for  the  harmonic  oscillator  state 
with  n = 4. 
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TABLE  7.2  Eigenvalues  and  Eigenfunctions  for  First  Five  Simple  Harmonic 

Oscillator  States 


Quantum 

Number 

n 


Wavefunction 

* n 


Energy 

Eigenvalue 


0 

1 

2 

3 

4 


1/4 

a -1, 

- e 

7T 

1/4 


1/2  a»2 


^ (1  - 2ax^)e  '^^‘ 

47r/ 


9a 


3\l/4 


1 - 2a  y le 


9a 
64  2T 


1,1/4 


1 - 4a*^  + 4a^  ^ 


1 

2 

3 

2 

5 

2 

7 

2 

9 

2 


fto) 


fio) 


Aw 


lio! 


The  coefficient  Oq,  in  the  case  of  each  eigenfunction  <J>„,  may  be  found  by 
requiring  that  the  total  probability  of  finding  a particle  be  unity.  Thus,  for  4>q, 
the  probability  density  is,  from  Equation  (7.90), 

$o*^>o  = Ool'e”"'  (7.104) 

and  the  total  probability  is: 

1 = f I Qo  M (7.105) 

^ V O' 

from  Table  7.1.  Therefore,  assuming  it  is  real  and  positive,  the  value  of  Qq  for 
this  state  is  (a/7r)^^^,  as  shown  in  Table  7.2.  A similar  integration  must  be  done  to 
determine  Oq  fof  each  state. 

7.16  COMPARISON  OF  QUANTUM  AND  NEWTONIAN  MECHANICS 
FOR  THE  HARMONIC  OSCILLATOR 

It  is  of  interest  to  compare  the  probability  distribution  from  quantum  mechanics 
to  that  from  Newtonian  mechanics  for  Q state  of  high  n.  If  in  Newtonian  m6clian- 
ics  the  position  of  the  particle  is  measured  at  arbitrary  times,  one  would  expect 
that  the  probability  of  finding  it  in  dx  is  inversely  proportional  to  the  speed,,  i.e. 
proportional  to  the  time  dt  = dx/{dx/df)  that  the  particle  spends  in  the  range  of 
positions  dx.  In  Problem  21  of  Chapter  2 it  was  found;  that  the  probability  is  then: 

pdx  = (7.106) 

7T  <0  “ 

for  an  amplitude  Xq.  The  classical  amplitude  Xg  for  Q given  energy  is  foUDCl  by 
equating  the  maximum  potential  energy  to  the  total  energy: 
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The  probability  density,  1/(71'A/xo  — x^),  is  plotted  in  Figure  7.1  1 as  the  dcl'ted 
curve  for  E = hoj,  corresponding  to  n = 20.  The  quantum  density, 


Figure  7.1  1.  Comparison  of  clossiccil  (doted)  atxi  quantum  mechanical  (solid)  distribu- 
tion functions  for  the  one  dimensional  harmonic  oscillator  with  n = 20. 

is  the  corresponding  solid  curve  for  n = 20.  Between  — Xq  and  Xq  the  main  dif- 
ferences are  the  oscillations  and  zeros  in  the  quantum  curve.  Outside  this  range 
of  X,  the  Newtonian  probability  density  is  exactly  zero;  the  particle  cannot  go 
into  a region  in  which  the  kinetic  energy  would  be  negative.  There  is  a tail  to  the 
quantum  curve  in  those  regions,  however,  indicating  a possibility  for  the  particle 
to  be  found  there. 

In  Figure  7.12  are  given  probability  density  plots  for  a harmonic  oscillator 
with  n = 10,  together  with  the  corresponding  classical  density.  These  plots  corre- 
spond to  a particle  which  is  free  to  move  in  the  vertical  direction  but  is  bound  by 
the  oscillator  potential  in  the  horizontal  direction.  If  several  thousand  measure- 
ments of  position  of  the  oscillator  were  made  and  plotted  on  a graph,  the  re- 
sulting plot  would  have  the  appearance  of  the  Figure. 

The  connection  with  Newtonian  mechanics  may  be  seen  more  easily  by  con- 
sidering a gaussian  wave  packet  similar  to  that  discussed  for  the  free  particle  ot 
the  beginning  of  this  chapter.  The  reader  may  verify  by  substituting  into  Equo- 
tion  (7.87)  that  the  Schrodinger  equation  is  satisfied  by: 


sin  2u'>t, 


= 


exp 


a{x  Xq  cos  wf) 


-i\2  ci)t  + axx[f  sin  uit  — - axg 


(7.107) 
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Figure  7.12.  Density  of  points  is  proportional  to  the  probability  density  for  the  harmonic 
oscillator  with  n = 1;  quantum  mechanical  density  at  the  top  of  the  diagram,  classical 
density  below. 

This  function  is  a superposition  of  many  stationary  states  exp ( — /£„ f/fi),  and 
thus  does  not  correspond  to  a definite  energy.  The  probability  density  is: 


exp  [ — a (x 


Xo  c o s oof)^] 


(7.108) 


This  is  a wave  packet  of  constant  characteristic  width  I/da  = x/fi/mCjO,  with  its 
center  moving  with  the  Newtonian  simple  harmonic  motion,  x = xq  cos  wt.  For  a 
macroscopic  mass  of  1 kg  and  a spring  frequency  of  1 cycle/sec,  the  charac- 
teristic width  of  the  gaussian  is  around  10”’^  nn.  Therefore,  for  all  practical 
purposes,  the  position  is  known  with  negligible  error. 

What  about  the  energy  spread?  The  expectation  value  of  the  energy  operator, 
ibd/dt,  is  easily  found  with  the  help  of  Table  7.1  to  be: 


(E) 


• 2 2 • -t 

- mu)  Xq  + - nw 

2 ° 4 


(7.109) 


This  is  the  Newtonian  energy  plus  one-half  the  zero  point  energy.  Since  the  zero 
point  energy  for  a frequency  of  1 cycle/sec  is  approximately  10  j,  one  can 
forget  about  it  for  macroscopic  bodies.  The  rms  deviation  of  the  energy  from  its 
mean  is: 


AE  = 


V2 


(7,110) 


This  is  V 2 times  the  square  root  of  the  Newtonian  energy  times  the  zero  point 
energy.  For  a macroscopic  body,  AE  is  negligible  compared  to  E;  it  is  about 
10'"  jif  E is  approximately  a joule.  On  the  other  hand,  AE  is  very  large  com- 
pared to  the  zero  point  energy.  So  we  conclude  that  for  macrescopic  bodies,  as 
closely  as  we  can  measure,  quantum  and  Newtonian  mechanics  agree  for  the 
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harmonic  oscillator.  Of  course,  for  microscopic  bodies  this  is  not  true.  In  particu- 
lar, as  the  maximum  classical  displacement  Xq  approaches  zero,  the  wavefunc- 
tion,,  Equation  (7.44)/  approaches  the  ground  state  wa vefunction  and  E ap- 
proaches the  zero  point  energy.  Also,  A£  approaches  zero  as  one  would  expect 
for  the  stationary  ground  state. 


17  CORRESPONDENCE  PRINCIPLE  IN  QUANIUM  THEORY 


The  above  discussions  of  the  classical  and  quantum  descriptions  of  a simple 
harmonic  oscillator  and  of  a gaussian  wave  packet  far  a free  particle  provide 
illustrations  of  the  application  to  quantum  theory  of  the  correspondence  princi- 
ple, which  was  discussed  in  (Chapter  3,  in  connection  with  special  relativity. 
According  to  this  principle,  the  quantum  theory  shoLllci  give  essentially  the  same 
results  as  the  classical  theory — Newtonian  mec  ha  nic s--in  situations  where  the 
classical  theory  is  known  to  hold,  such  as  in  situations  involving  bodies  of  macro- 
scopic mass  and  size.  It  was  seen,  for  example,  that  a wave  packet  describing  a 
particle  of  macroscopic  mass  had  negligible  spreading,  and,  similarly,  that  a 
well-localized  oscillator  having  negligible  spread  could  be  obtained  for  an  oscil- 
lator of  macroscopic  mass 

These  situations  almost  always  involve  the  superposition  of  an  extremely  large 
number  of  stationary  states,  leading  to  large  quantum  numbers.  Hence,  anotner 
way  of  stating  the  correspondence  principle  is  that  the  classical  theory  must  be 
an  appropriate  limit  of  the  quantum  theory  involving  extremely  large  quantum 
numbers.  For  example,  in  order  for  a particle  of  mass  1 g,  in  a one  dimensioniol 
box  of  length  1 cm,  to  have  a kinetic  energy  of  1 erg  (1  0 ^ joules),  the  quantum 
number  n must  be  determined  through  Equation  (7.38),  and  so: 


o r 


(8)i;io-')(io-')'(iO“') 

(6.63  X 


(7.1  11) 


t I 10^^ 


(7.1  12) 


As  another  example,  the  clossicol  'oscillator  has  an  energy  of  order  for 

this  to  be  described  by  a packet  or  superposition  of  quantum  oscillators,  which 
have  energy  of  order  ntiCx),  we  must  have: 


ntiO)  ~ moj^Xo 


(7.1  13) 


or  form  = 1 g,  w 


1 sec  \ Xq  = 1 cm, 


" fi  10“^'' 


(7.114) 


So  in  these  examples  n is  indeed  large. 

One  can  actually  show  rigorously  that  if  the  oscillator  wave  packet,  Equation 
(7.107),  is  expressed  in  terms  of  a superposition  of  oscillator  wavefunctions. 


= ^ A„  (x)  exp 

n = 0 
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(7.1  15) 
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then  to  describe  o macroscopic  particle,  the  majority  of  quantum  numbers  n 
which  contribute  to  the  above  sum  are  given  approximately  by  Equation  (7.1  13) 
above,  and  are  hence  very  large. 

Numerous  additional  examples  of  this  correspondence  between  quantum  and 
classical  theories  in  the  linit  of  large  quantum  numbers  will  be  discussed  in  later 
chapters,  in  connection  with  statistical  mechanics,  lattice  vibrations  in  solids,  and 
the  hydrogen  atom. 


summarv 

mEE  PARHC1E 

A free-pa rtic le  wavefunction  with  properti©:3  similar  to  those  of  a Newtonian 
particle  may  be  formed  with  an  initial  gaussian  distribution.  Subsequently,  the 
wavefunction  is  also  gaussian,  with  the  characteristic  spatial  width  increasing 
with  time  due  to  the  uncertainty  in  the  momentum.  For  macroscopic  cases, 
Newtonian  and  quantum  mechanics  agree. 

STEP  POTENTIAL 

If  E > V,.  the  wa vefunctions  are  simple  oscillating  exponentials  in  the  two 
regions  separated  by  the  step.  By  using  the  conditions  that  the  wavefunction  and 
its  derivative  are  continuous  at  the  step,  one  may  find  the  amplitudes  of  the 
reflected  and  transmitted  waves.  The  particle  current  is  proportional  to  the 
magnitude  of  the  amplitude  squared  times  the  speed,  fhe  ratio  of  the  transmitted 
current  or  reflected  current  to  the  incoming  current  is  the  transmission  or  reflection 
coeffkient,  respectively.  The  sum  of  these  coefficients  is  unity,  expressing  conser- 
vation of  number  of  particles.  For  energies  below  the  top  of  the  step,  E < V,„  the 
reflection  coefficient  is  unity. 

SQUARE  POTENTIAL  BARRIER 

For  a square  potential  barrier  of  height  V,,  some  of  the  incident  particles  may 
tunnel  through  to  the  other  side  even  if  E < Vq.  The  fraction  tunneling  through  is 
of  order  e where  a is  the  barrier  width  and  f3  = \'^2m{VQ  — £)/fi 

PARHCIE  IN  A BOX 

A particle  confined  in  o finite  region  can  have  only  discrete  energies.  This  is 
illustrated  by  the  discrete  energy  eigenvalues  of  the  particle  in  the  one  dimen- 
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sional  box.  At  the  boundaries  of  the  box,  where  the  potential  energy  suddenly 
goes  to  infinity,  the  wavefunction  must  be  zero.  These  boundary  conditions  lead 
to  standing  waves  with  the  discrete  energies,  with  n a non- 

negative integer  for  a box  of  length  L.  The  lowest  energy  is  greater  than  zeie. 


HARM  O N 1C  O SC  ILLATO  R 

Many  physical  systems  approximate  the  harmonic  oscillator  potential  for  snail 
vibrations,  i.e.  for  low  energies.  This  is  another  system  in  which  there  are  only 
discrete  energies.  In  this  case,  the  levels  are  evenly  spaced;  = (n  + Vi  )5a;, 
where  is  the  angular  frequency  which  the  hamonic  oscillator  would  have  in 
Newtonian  mechanics.  Again  in  this  case,  a solution  may  be  found  which  \<  of 
goussian  shape  and  moves  like  a Newtonian  particle.  Here,  the  uncertainty  in 
the  momentum  does  not  lncreaS6‘ the  gaussion  width  because  the  particle  iis 
bound.  For  macroscopic  systems,  Newtonian  and  quantum  mechanics  are 
equiva  lent. 


1.  Consider  a particle  of  massllO  inside  a one  dimensional  box  of  length  3 cm. 

Suppose  it  is  in  a state  such  that  i"S  speed  is  about  1 cm/sec,  to  within  0.1%.  What  is 
the  corresponding  quantum  number  n,  and  the  corresponding  uncertainty  in  the 
quantum  number? 

Answer:  9 xl0^^;9  )<1  0^^  — SO  quantization  of  £ iiSunimportant. 

2.  A simple  harmonic  oscillator  consists  of  a particle  of  ITKJSS  m with  a potential  energy 

of  1/2 /fX^,  where  k is  a constant.  Estimate  the  minimum  energy  which  the  particle  may 
have  consistent  with  the  uncertainty  principle,  i.e.  by  assuming  = V'^ 

h/2Ax  and  minimizing  1 he  energy.  (Use  the  exact  form  ApjfAx  > fi/2)  1 1 
k/rn  10*^  per  S6C,  what  is  the  magnitude  of  the  energy  in  eV? 


Answer:  E„ 


1 /k 

2T- 


; 0 . 3 eV. 


3,  Write  the  one  dimensional  !Schr6clinger  equation  for  a mass  fT)  with  a potential  engirgy 
corresponding  to  that  of  (a)  the  gravitational  field  near  the  earth's  surface;  (b)  the 
interaction  of  an  electron  with  a fixed  point  positive  charge,  q. 

4.  Let  be  the  angle  relative  to  the  x^^isofthe  position  of  a particle  in  the  xy  p|(,m6. 

Tbus,  in  terms  of  X and  y,  (f:  = tan~^  (y/x).  Show  that  \j/  = e'"'^  satisfier,  the  two 
dimensional  Schrodinger^puation,  with  V = 0 forQparticle  constrained  to  IT0V€ 
in  a circular  path  where  x + y — R is  a constant.  Y2m  {d  \Pjdx'  -|- 
d^\pfdy  + E}j.  = 0.  What  is  the  energy,  in  terms  of  the  constants,  R? 

If  the  wave  function  can  hcJVO  only  one  value  for  a given  find  the  possible  values 
that  n c a n have. 


2mR‘ 


;n  = 0,  -t  1,  ±2,  . 


Answer: 
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5.  The  rigorous  definition  of  Ax  is  the  root  mean  square  deviation  from  the  average 


of  X,  or: 


Ax  - v'^(x  V ,/i^*(x  - /i^'xi/'c/x)  i^c/x 

,p.  Find  Ax,  Aj 
one  dimension 


similarly  for  ^p.  Find  Ax,  Ap;,and  AxAp„  for  the  lowest-energy  levei  of  o particle 
of  mass  m in  a one  dimensionai  box  of  width . 


— 6)  I 

Answer;  — 1 / ' , « / 1 / 0.567fi  >-7),  the  minimum 

't  y ]2  2 

possibie. 

6.  Using  the  exact  time-dependent  gaussion  wave  packet  for  a localized  free  particle 
given  in  Equation  (7.18),  calcuiate  (p,)  and  Ap,,  arid  verify  that  these  ex- 
pectation vaiues  do  not  change  in  time. 

7.  A one  dimensional  potential  is  V = Vq  > 0 for  X < 0 and  X > L and  is  = 0 
for  0 < X < t.  Show  that  if  Vq  > E > 0,  the  energy  E must  satisfy  ton  (1(1.)  = 

2fik/[k^  here  k = \/  2mE/ti  and  ji  = V^2fD  (Vq  ^ f )/fi. 

8.  For  the  wave  function  of  Equation  (7.9),  Ax  Ap  =!/?iftwhen  t = 0.  Aiso  for/  = 0, 

show  that  (E)  ;=(p(,/2m)-|-!4^1  ^/m  <T^,the  Newtonian  energy,  plus  a quantum 
term  associated  with  the  wave  packet  due  to  the  momentum  distribution.  Find  AE 
where  .In  addition  to  the  integrals  given  in  Table  7.1,  use 


£ 


dx 


^/4  V'^  Tf/tr;  These  reSuitS  are  independent  of  time. 


Answer: 


pW 


1 r 

+ r 


9.  If  ij^,and  2^'^^  the  normolizedvi/^vefunctions  for  the  two  lowest-energywQve- 
functionsfora  particle  in  a one  dimensionai  box,  normalize^!  + 
the  expectation  value  of  the  energy. 

Answer:  _ 

2\/ 5rm  L‘ 

10.  For  the  wavefunction  of  Problem  9,  find  the  expectation  value  of  the  momentum 
as  a function  of  time. 


Answer: 


32  l3h7rU 

sin 


151  \2ml" 

11.  Show  that  the  function  \p  A sin  (j(j,x)sin  (j(yy)sin  (fe^z)  satisfies  the  three  dimen- 
sional Schrddinger  equation, 

(d^i  (5^  t:/V\ 

( 2 — 2 — 2 j + ^ ~ 0 

2m\dx^  dy 


If  this  is  the  wavefunction  in  a box  of  dimensions  a,b,C,  in  the  x,y,zdirections, 
find  the  possible  values  for  k,,  k,,  k,, 
n-  7T  n.  7T  n,  7T 


Answer: 


and  find  the  possible  energies  E. 
2 


2m 


^ 1,2,3,. 

\o  b c / 


12.  If  the  potential  energy  is  V = Vq  > 0 fof  0 < X < a and  V = 0 elsewhere, 

find  the  transmission  coefficient  for  E >VQ.Show  thot  this  approaches  one  for 
large  E.  What  would  this  transmission  coefficient  be  for  Newtonian  mechanics? 
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Answer: 


8(a/kf 


/„\2  AfV 

/«v  /«v 

2 

1 -f  6 - -T  - 

_ 

cos  (2aa) 

L vl  \|</J 

L Vi  j 

wlisre 


k = 


/ 


2mf  , V2m{E  - Vo) 

— and  (V  = 

b fi 


For  particles 

~ 

r = 


inside  a spherical 


of  radius 


for 


c 0 nta  ine  r 

X'^+y‘^  + 2^<i?,the  wave  function  iszero  at  r=R-  Fora  particie  of 
mass  m,  show  that  there  ore  solutions  of  the  three  dimensional  wave  equation  of 
the  form:  \p  = Q s\n  (kr)/kre  what  are  the  possible  values  of  k and  E? 


Answer:  k = 


-,n  = 1,2,3,. 


R 2mR^ 

14.  For  the  particle  in  the  Sphericcil  box  of  Problem  13,  show  that  there  are  solutions  of 
the  form; 

rsin(/cc)  cos  (^r)~| 


\p  = a 


■~iEt/h 


cos  6 


15. 


\kry  kr 

where  0 is  the  angle  relative  to  the  L axis,  cos  S = l/l.  Write  the  transcendental 
equation,  the  solutions  of  which  would  give  the  possible  values  of  k.  How  ore  k and  E 
related?  What  is  the  probability  of  finding  the  particle  at  Z = 0? 

Answer:  tan(kR)  = kR;  E = E}‘k^/2m;zero. 

In  three  dimensions,  the  potential  energy  Q particle  sees  is  V = 0 for 
f = \/  < R and  V = Vq  > 0 for  r > R.  The  solution  \j/  = 

a S i n [kr)/kr  e given  forf<'R.  Forf^R  and  £<'0,  show  thatasolution  is 


-Hr 


here  fj  = 2m(Vo  — £)/fi.  This  satisfies  the  boundciry 


16. 


b e"'" 

l^r 

condition,  — ► 0 aS  f From  the  boundary  conditions  at  r = R,  find  a 

relationship  between  fnd  k.  This  leads  to  the  possible  values  of  E. 

Answer:  tan(fc/?)  = ~k/(j. 

Two  particles  of  masses  m|and  m2,  constrained  to  move  on  the  Xaxis,  are  Con- 
nected by  Qspring,  so  thatV  = */2k(X2  Thus,  the  Schrddinger  equation  tie- 


1 


r<p 


2 ^mi  (Txi  mj  dxj/ 


-/t(X2  - X,) 


■<i> 


Now  let  x=X2™-Xi,the  relative  ‘coordinate,  and  X =(m^Xi  + f??2^2)/(^l  ^2  )> 

the  center  of  mass  coordinate.  Use  d/dx-^  = d x/dx -[(d  / dx)  + dX/dx-\(d  / dX)  ^ n d a 
similar  expression  for  d/dx2^o  obtain  Q d iffe  re  ntia  I equation  in  terms  ofxand  X. 
Show  that  there  is  a solution  of  the  form  $ = 4^„(^x)e  *^^with  ‘J^^,the  one 


dimensional  harmonic  oscillator 


solutions.  Verity  that  £ = £„  + k n^/2(mi 


17. 


with  the  reduced  moss,  given  by  = m-\  m2  + m^),  and  with  ^ the  harmonic 

osciliatorenergy,  given  by  = [n  + V2  )h\^ k/)Li.  Whot  is  the  physical  significance 
of  the  two  parts  of  <{)and  £? 

Assume  that  the  general  solution  of  the  one-dimensional  harmonic  oscillator  equation 
isoftheform<J>=/(x)e  ^'^^°*,with  a = moj/fi.  Show  that  /2m)  fjdx^  - - 
tOX  df/dx  + {b  V2^0j)f=0.  Assume  that  f=  0 Substitute  into 

the  differential  equation  and  find  0 relationship  between  and  + i by  setting 

the  coefficient  of  each  power  of  x^o  zero.  Show  that  a ^ = 0 for  > n/2  if 
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18. 


19. 


20, 


21  . 


22. 


E — V2  ho  = n hw  with  n an  even  integer.  Thus,  f is  a polynomiai  with  a finite 

2^+1 


Then  n 


number  of  terSimilor  results  occur  for:  f ^ .J(,  =ci 

an  odd  integer. 

By  comparison  with  the  one  dimensional  simple  harmonic  o sc  i 1 1 a to  r Sc  h rb  d i n g e r 
equation,,  show  that: 


(1) 

f d mw 

, — + X 

2m 

\dx 

/ 

(2) 

Id  m u!  \ 

— — 1 

— 

2m 

\dx 

f>  / 

L\^ 

Id  mo) 

\dx  ^ 


mu,' 

fi 


= E 


+ --liu)  )'I>„ ; and 
2 


1 


- ^ UJ  <f> 


Byoperating  on  Equation  (1)  on  both  sides  with  d/dx  ~ mo^/t)  X 3 comparing 
the  result  with  Equation'2),show  that  {d/dx  — m ic/h  = ^n+1 

isan  eigenfunction  with  £^  + BciJ.'This  shows  that  iffo  = ’/2'ha;, 

th  e re  a re  e n e rg  ie  s =;  (n  + ]/2  S t a r t i n g with  = ae  ~ w i t h = 

mco/h,  find  4^jand  $2  this  method. 

Verify  that  the  expectation  values  for  the  energy  and  its  uncertainty  AE  given  in 
Equations  (7.109)  and  (7.1  10)  are  correct  for  the  harmonic  OScHlotOr  WQVe  packet, 
Equation  (7.107). 

Show  that  the  expectation  value  of  the  momentum  is  the  same  QS  the  Newtonian 
momentum,  p = mV=  — m WXq  sin  cof  tof  the  simple  harmonic  oscillator  W0V6 
packet,  Equation  (7.107) 

Find  the  potential  energy  in  the  one  dimensional  Schrodinger  ® P u a ti  0 n that  is 
satisfied  by  the  wave  functicjn: 

1 [x  - (pot/m)  - j/2 


Hx.f)  = 


v'; 


1/4. 


iHt/m 


exp 


+ i 


mgt  + Po 


rr^  -f  itit/m 

(mgt  + pof 


6m^gh 


Show  that  the  probability  density  is: 


4 , -fc2.2/  2 

<j  -j-  n t /m 


exp 


Vi  gt^f  Pot/m 


(a  + tU'/m 


2. 


What  is  the  meaning  of  this  density? 

Answer:  v = —nr,gx. 

Show  that  for  the  wavefunctiOD  of  Problem  21,  the  expectation  value  of  the 
momentum  is  the  Newtonian  value,  = pO  -h  mgt,  for  the  potential  energy 

V = —mgx. 


hydrogen  atom  and 
angular  momentum 


We  have  seen  how  electrons  can  behave  like  WOVeii  when  traveling  from  one 
point  to  another,  such  as  when  they  pass  through  crystals  and  are  diffracted  just 
like  X rays.  In  this  chapter  it  will  be  shown  how  the  wavelike  character  of  elec- 
trons,. as  described  by  the  Schrodingor  equation,  can  be  used  to  explain  many  of 
the  observed  properties  of  hydrogen  atoms.  A hydrogen  atom  at  rest  is  to  be 
pictured  as  conssting  of  a negatively  charged  electron  and  a much  more  massi^C, 
positively  charged  proton.  The  attractive  Coulomb  force  between  the  oppositely 
charged  pa  rtic  les  keeps  the  electron  bound  to  the  heavy  proton,  which  remains 
nearly  at  rest  while  the  electron  probability  waves  may  oscillate  in  many  differ- 
ent ways  in  the  nearby  neighborhooo  of  the  proton.  The  states  of  oscillation, 
having  a definite  energy-or  definite  freq  ue  nc  y--a  re  quite  stable  and  are 
called  stationary  sfofes.  Transitions  between  these  stationary  states  give  rise  to 
the  emission  or  absorption  of  photons  of  discrete  frequencies,  and  hence  to  a 
discrete  spectrum. 

The  positions  of  the  stationary  state  energy  levels  were  first  calculated  by  Bohr 
using  some  very  simple  postulates,  a number  of  years  before  the  Schroding6r 
wave  equation  was  discovered.  Although  Bohr's  theory  was  not  entirely  correct, 
when  the  wave  equation  was  solved  for  the  hydrogen  atom  the  energy  levels 
were  found  to  lie  at  exactly  the  positions  calculated  by  Bohr.  The  problem  of  the 
hydrogen  atom,  because  it  involves  only  two  particles,  is  one  of  the  very  few 
problems  for  which  the  Schrodinger  equation  is  exactly  soluble  in  terms  of  simple 
functions.  The  solution  of  this  problem  and  its  agreement  with  observation  has 
been  one  of  the  most  spectacular  succeses  of  quantum  theory. 

We  shall  first  briefly  discuss  the  IJohr  theory  of  hydrogen.  We  shall  then  see 
how  the  wave  equation  leads  to  quantization  of  energies  and  will  discover,  as 
well,  that  the  wave  equation  implies  that  the  atorn^s  angular  momentum  is 
quantized. 

1 PARTICLE  IN  A BOX 


Before  discussing  the  theory  of  hydrogen  in  detail,  it  will  be  useful  to  recapitulate 
some  of  the  ideas  used  in  Chapter  7 in  the  quantum  mechanical  description  of  a 
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particle  in  a one  dimensional  box.  There  it  was  seen  that  a discrete  set  of  sta- 
tionary state  energy  levels  arose  due  to  the  confinement  of  the  particle  within  the 
box  of  finite  size.  The  smaller  the  box.  the  more  widely  spaced  were  the  energy 
levels. 

The  energy  levels  of  the  particle  in  the  one  dimensional  box  may  be  repre- 
sented in  the  energy  level  diagram  in  Figure  8.1,  where  energy  is  plotted  up- 

I: 

: n ==  4 

n ■=  3 

n==2 

i n=l 


Figure  8.1.  Energy  level  diagram  for  the  particle  in  a one  dimensional  box 


wards,  with  the  horizontal  lines  representing  the  allowed  values  of  the  eH6rgy. 
These  are  the  stationary  states  of  the  system,  and  if  the  system  is  perturbed 
slightly,  it  may  make  transitions  between  states  and  conserve  energy  by  emitting 
or  absorbing  a photon.  If,  for  example,  the  transition  goes  from  an  upper  state 
of  energy  to  a lower  state  E^,  the  frequency  of  the  emitted  photon  will  be 
given  by: 

h,  - E^  - j (8.1) 


Since  the  energies  are  discrete,  the  possible  frequencies  V are  discrete,  and  the 
spectrum  will  also  be  discrete. 

Atoms  are  systems  in  which  electrons  are  confined  to  a small  volume,  known 
to  be  of  dimensions  on  the  order  of  a few  angstroms.  In  this  case,  the  potential 
energy  is  negative,  and  is  due  to  the  attractive  Coulomb  force  between  electrons 
and  nucleus  Although  the  particle  in  a box  has  zero  potential  energy,  and  moves 
in  one  dimension  rather  than  in  three  as  do  the  electrons  in  atoms,  we  should 
be  able  to  get  a rough  idea  of  the  energy  level  spacing  in  atoms,  arising  from 
confinement  of  the  electrons  by  comparing  the  lower  energy  level  spacings  of  a 
porticle  in  a box  whose  size  is  roughly  that  of  an  atom. 

For  example,  let  us  ccilculote  the  wavelength  of  light  given  off  in  the  transition 
from  the  state  with  n = 2 to  that  for  n = 1 for  a length  i of  the  box  equal  to 
three  Angstroms  The  energies  for  the  particle  in  the  box  are  given  by: 
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1,2,3, . . . 


Then  for  the  2 


transition. 
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Therefore,  using  form  the  mass  of  the  electron,  9.1  1 X 10  kg, 

. _ 8mL\  8(9.11  X lQ-^')(3x  lQ-^'°f(3  x 10°) 

3h  3(6.63  X lO  "’") 

~ 10  ^fr  = 1000  Angstroms.  (3-4) 

This  is  comparable  to  the  wavelengths  emitted  by  atoms  for  transitions  between 
the  lower  Sates,  which  Srongly  that  the  wavelike  character  of  the  elec- 

trons in  the  atom  is  responsible  for  the  observed  discrete  spectra. 

It  should  be  noted  that  the  reciprocal  of  the  wavelength  of  the  emitted  light  is 
given  by  a simple  formula,  involving  a difference  between  the  energies  of  hvVO 
stationa  ry  states: 

y ^ (T  ^ ) (8.6) 


8.2  BALMER'S  EXPERIMENTAL  FORMULA  FOR  THE 
HYDROGEN  SPECTRUM 


We  shall  now  consider  in  detail  the  lightest  and  simplest  element,  hydrogen.  The 
spectrum  of  hydrogen  contains  many  discrete  lines.  By  fitting  the  experimental 
data.  Balmer  showed  in  1885  that  the  values  of  the  wavelengths  in  this  Spectrum 
can  be  expressed  by  the  following  formula: 


1 
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'll 


1,2,3, . . . ; fi2  = n. 


1,  n,  + 2,. 


(8.6) 


The  Rydberg  constant  Rh  has  been  measured  with  great  accuracy  by  spectro- 
scopists.  It  has  the  value: 


Rh  = 10,967,758.1  m ' 


II. II 


The  fact  that,  as  in  the  case  of  the  particle  in  a box,  l/X  is  proportional  to  0 
difference  of  terms  suggests  that  the  hydrogen  atom  has  stationary  states  of 
definite  energies,  and  that  transitions  between  these  states  give  rise  to  the 
discrete  spectral  lines.  For  a transition  from  some  energy  level  E^J  down  to  a lower 
level  , the  values  of  l/X  would  be  given  by  Equation  (8.5)  above.  In  the  case 
of  hydrogen,  when  the  electron  and  proton  are  separated  on  infinite  distance, 
the  potential  energy  is  defined  to  be  zero.  The  potential  energy  in  the  actual 
atom  must  therefore  be  negative.  The  magnitude  of  the  potential  energy  must  be 
larger  than  the  kinetic  energy  in  order  for  the  system  to  remain  confined  in  Q 
bound  ^ate.  Then  the  nonrelativistic  energy  levels  should  be  negative.  Upon  COfTl* 
parison  of  Equation  (8.5)  with  the  experimental  result  in  Equation  (8.6),  we  see 
that  apart  from  an  additive  constant,  the  values  of  the  hydrogen  atom  energy 
levels  must  be  given  by: 

n = 1,2,3 (8.8) 
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8.3  SPECTRAL  SERIES  FOR  HYDROGEN 

The  energies  = —R^hz/n^  can  be  represented  by  the  energy  level  diagram  in 

Figure  8.2.  The  lowest-lying  level  is  labeled  n = 1.  As  n takes  on  larger  and 

f- 

n = 4 
n = 3 
n = 2 


I n-1 

Figure  8.2.  Energy  level  diagram  for  the  electron  in  atomic  hydrogen.  The  zero  of 
energy  is  at  the  top  of  the  diagram. 


larger  integral  values,  the  energies  approach  zero.  In  electron  volts: 

-(  1.097  X 1 0^)(6.63  X icr^^)(3  Xl0°) 


E,  = -Rnhc 

= -13.6  eV 


1 . 6 X 


10-'  i/eV 


(8.9) 


The  value  of  one-fourth  of  this  or  -3.4  gV.  A transition  from  the  n = 2 to 

the  n = 1 state  would  then  correspond  to  a photon  of  (energy  --3.4— ( “ 13.6)  eV 
or  10.2  eV,  with  a wavelength  of  1216  angstroms  in  the  ultraviolet.  Transitions 
down  to  a given  state  from  all  higher  states  give  rise  to  series  of  spectral  lines 
which  have  been  given  the  names  of  the  scientists  who  first  observed  them  experi- 
mentally. Thus,  for  example,  the  various  transitions  n z=  2 — ► n = n 3 — ► 
n :=  1,  etc.,  down  to  the  lowest  (ground)  state,  correspond  to  a series  of  ultra- 
violet lines  known  as  the  Lyman  series.  The  1216  angstrom  line  calculated  above 
is  the  line  having  the  longest  wavelength  in  this  series.  The  transitions  leading  to 
the  Lyman  series  are  depicted  schematically  in  the  energy  level  diagram,  Fig- 
ure 8.3.  The  names  of  the  various  series  of  lines  are  given  in  Table  8.1.  Within 


1 

1 1 

! 

Lymam 

series 

Figure  8.3.  Energy  level  diagram  showing  the  series  of  transitions  down  to  the  ground 
level  which  give  rise  to  the  Lyman  series  of  spectral  lines. 


each  series,  the  lines  are  labeled  (X,  (f,  y,  6,.  . . in  order  of  decreasing  wavelength 
(increasing  energy).  The  (X,  y,  5 lines  of  the  Balmer  series  lie  in  the  visible. 


TABLE  8.1  Names  of  the  Series  of 
Spectral  lines  observed  in  Hydrogen. 
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n = 

n = 
n = 
n = 

n = 

Etc. 


2,  3,  . ■ n = 1 Lyman  series 

3,  4,  . . n = 2 Balmer  series 

4,  5,.  . — ► n = 3 Paschen  series 

5,  6,.  . ->  n = 4 Brackett  series 

6,  7,  . . n = 5 Pfund  series 

unnamed 


mple  What  is  the  energy  in  eV  of  a photon  in  the  jS  line  of  the  Lyman  series? 

ut/on  The  ^ line  of  the  Lyman  series  corresponds  to  a transition  from  the  n = 3 state  to 
then  = 1 state.  The  energy  is: 


f = Rh^c 


A = 1(1  ■ 0 9 7 X 10^)(6.63  X ]Q-^^)(3  X 10«)(%)  ^ 
9/  1 . 6 X 10“”  i/eV 


8.4  BOHR  MODEL  FOR  HYDROGEN 

We  have  inferred  from  the  experimental  data  that  there  exists  a series  of  energy 

levels  in  hydrogen.  This  is  a compact  way  of  describing  the  experimental  dcit(3, 

and  is  certainly  consistent  with  the  previous  discussion  of  de  Broglie  waves.  Lci  US 
now  approach  the  bound  electron-proton  system  frOITl  the  point  of  view  of  theory, 
and  see  if  we  can  predict  or  explain  mathematically  why  the  energy  levels,  in 
hydrogen  have  the  values  they  do  have.  We  will  first  discuss  the  theory  of  Bohr, 
in  which  the  electron  is  pictured  CIS  moving  in  an  orbit  described  by  Newtonian 
mechanics,  but  with  an  additional  condition  on  the  orbit  circumference  due  to 
the  wave  properties  of  the  electron.  This  theory  is  not  correct.  However,  because 
it  agreed  with  experimental  energies  so  well,  it  did  cause  people  to  think  more 
about  the  wave  properties  of  particles  and  eventually  to  find  the  correct  theory. 

Also,  it  gives  an  intuitive,  although  incorrect,  feeling  for  the  quantization  of  the 

o rb  its. 

We  first  consider  those  aspects  of  the  Bohr  model  of  hydrogen  which  can  be 
treated  using  Newtonian  mechanics.  In  Bohr's  model,  an  electron  orbits  around 
a proton  under  the  action  of  electrostatic  forces  We  will  initially  assume  that  the 
proton  mass  is  so  large  that  the  proton  can  be  treated  as  being  at  rest.  Also  we 
shall  assume  the  electron  moves  in  a circular  orbit  of  radius  r.  The  Newtonian 
force  equation  F = ma,  means  that  the  electron  mass  times  the  centripetal 
acceleration  in  the  circular  orbit  is  equal  to  the  electrostatic  force  of  attraction. 
Thus,  if  the  electron's  speed  is  v, 


where  e is  the  electronic  charge  and  Z is  the  number  of  protons  in  the  nucleuij. 
(For  hydrogen,  Z = 1.  However,  with  Z = 2,3,.  ■ ■ , one  would  have  the  Bohr 
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model  for  singly  ionized  helium,  doubly  ionized  lithium,  etc.)  The  energy  we 
desire  to  find  is,  acCOrdiriQ  to  Newtonian  mechanics,  the  kinetic  energy  plus  the 
electrostatic  potential  energy: 


p 1 2 Ze' 

E = - mv  - 

2 47reor 


(8.1  1) 


The  speed  may  be  eliminated  between  Equations  (8.10)  and  (8.11)  to  find  that 
the  total  energy  is: 

, 1 Ze' 


2 47rcor 


(8.12) 


which  is  one-half  the  potential  energy. 


8.5  QUANTIZATION  IN  THE  BOHR  MODEL 


Next  we  may  use  the  wave  nature  of  the  electron  to  obtain  quantization  condi- 
tions on  the  orbits  of  the  electron  which  will  lead  to  a discrete  set  of  energy  levels. 
The  de  Broglie  wavelength  is  Planck's  constant  divided  by  the  momentum,  on 


X = — 
mv 


(13.13) 


Imagine  the  electron  de  Broglie  wave  propagating  around  in  the  circular  orbit. 
In  order  for  it  not  to  interfere  destructively  with  itself  after  many  revolutions,  the 
wave  amplitude  must  fit  continuously  onto  itself  after  each  revolution.  This  would 
mean  that  the  circumference  of  the  orbit  is  an  integral  number  of  wavelengths,  so 
that  as  the  electron  goes  around  the  orbit,  the  wave  is  periodically  repeated. 
This  condition  is 


A = 2711; 


1,2,3,. 


(8.14) 


This  equation  may  be  rewritten  from  the  expression  for  the  de  Broglie  wave- 
length as: 


m V r = 


2tt 


2tt 


= mjTi 


(13.15) 


Since  mvr  is  the  angular  momentum,  Equation  (8.15)  states  Bohr's  original  rule 
for  the  postulated  quantization  of  angular  momentum.  This  quantization  rule 
was  generalized  by  Bohr  and  Sommerfeld  to  apply  to  elliptical  orbits,  but  we 
shall  discuss  only  the  circular  case.  The  speed  may  be  eliminated  between  the 
quantization  condition,  Equation  (8.15),  and  the  Newtonian  force  equation, 
Equation  (8.10).  The  rSSUilt,  after  solving  for  r,  is: 

Ze^m 


(8.16) 
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Finally,  this  radius  may  be  substituted  into  the  energy  equation,  Equation  (8.6). 
This  gives  the  Bohr  formula  for  the  energy  levels: 


1 T 2 4 T 

1 Z e m 1 

2 ml 


(8.17) 


This  result  says  that  the  energy  levels  of  the  electron  in  hydrogen  are  nsgO'^iiVSy 
corresponding  to  a bound  state,  and  are  inversely  proportional  to  the  square  of 
an  integer.  Thus  the  energy  level  diagram  will  look  just  like  that  of  Figure  8.2 
from  experiment. 

The  quantization  arises  in  Bohr's  theory  from  a condition,  Equation  (8.15),rOn 
the  allowed  values  of  orbital  angular  momentum.  Physically,  this  can  arise  from 
a boundary  condition  which,  stated  mathematically,  takes  the  form  of  a period- 
icity condition.  For  a particle  moving  in  a circular  orbit,  the  particle’s  position  is 
described  by  an  angle  <p.  This  is  quite  different  from  the  case  of  a particle  in  a 
box,  because  the  circle  is  endless.  The  wave,  rather  than  bouncing  back  ftDm  the 
ends,  just  keeps  on  going.  If  the  wavefunction  at  the  angle  ip  has  the  value 
\p{p),  then  as  p increases,  \p{p)  will  change  in  some  fashion;  if  p increases  by  27ir^ 
so  that  the  wave  has  come  around  to  the  same  physical  point,  the  wavefunction 
is  \l/{p  + 2x),  and  this  should  be  the  same  as  \p[p)  itself.  Otherwise,  the  vvCIVCi- 
function  would  not  have  a unique  ‘value  at  a given  physical  point.  Hence,  instead 
of  a boundary  condition,  we  have  a periodicity  condition: 


\p{<p  + 27T)  = \P{tp) 


(8.18) 


This  equation  is  the  mathematicol  analogue  of  the  requirement  that  the  cir- 
cumference of  the  orbit  must  contain  an  integral  number  of  wavelengths. 

We  can  now  see  if  the  energies  obtained  in  Equation  (8.17)  have  the  correct 
magnitude.  In  analogy  with  Equation  (8.8),  the  energy  derived  from  the  Bohr 
theory  may  be  written  as: 


£■  = 


-R^hc 

“n — 


where,  since  Z = 1 for  hydrogen, 


2 h/mc  \47r€o^c/ 


(8.19) 


(8.20) 


The  subscript  X on  denotes  that  we  treated  the  proton  as  a particle  of  infinite 
mass,  since  we  assumed  it  was  at  re^.  This  conSant  R 33  has  been  written  in  terms 
of  two  basic  physical  constants;  the  Compton  wavelength,  = h/mC,  which 

was  discussed  in  connection  with  Compton  scattering  of  photons  by  electrons; 
and  the  physically  dimensionless  fine  structure  constant  (X  = The 

fine  structure  constant  is  an  e>dremely  important  fundamental  constant  in  physics 
and  occurs  in  many  places,  such  as  in  small  corrections  to  atomic  energy  levels 
due  to  relativistic  and  intrinsic  angular  momentum  effects.  The  Compton  wave- 
length is  Xp  = 2.4263  X 10'’'  m;  the  fine  structure  constant  has  the  value  Q 
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1/1  37.036.  Therefore,  can  be  evaluated,  and  is  found  to  have  the  value: 


= 1.09738  X lO^m" 


(13.21) 


8.6  REDUCED  MASS 


The  value  of  R^  differs  from  the  experimental  value  of  R^  of  Equation  (8.7) 
starting  in  the  fourth  significant  figure.  The  reader  might  well  think  that  this 
agreement  is  close  enough.  However,  it  can  be  made  even  closer.  The  fractional 
error  in  the  theoretical  Rydberg  constant  R^  is 

R - /?H  _ 6 . 0 X 10^  1 

Rh  1.0968  X 10^  1830 


We  may  also  observe  that  the  mass  of  the  proton  is  just  1836  times  the  muss  of 
the  electron,  which  suggests  that  we  may  be  able  to  arrive  at  even  closer  agree- 
ment if  we  take  into  account  the  motion  of  the  proton. 

In  a two-particle  system,  one  particle  does  not  mOV6  around  the  other,  but 
both  move  around  the  common  center  of  mass.  The  position  of  the  center  of  mass 
is  given  by: 


(r.m,  + Tpmp) 

(m,  + flip) 


(8.23) 


where  the  subscripts  e and  p refer  to  electrron  and  proton,  respectively.  Also,  the 
position  of  the  electron  relative  to  the  proton  is: 


(8.24) 


The  force  between  electron  and  proton  depends  only  on  the  relative  displace- 
ment r,,  If  Equations  (8.23)  and  (8.24)  are  solved  for  r^and  Tp  in  terms  of 
and  r,  and  substituted  into  the  Newtonian  force  equations  F = ma  for  the 
two  particles,  then  two  equations  result,  one  for  alone  and  one  for  r,  alone. 
The  equation  for  simply  states  that  the  center  of  mass  of  the  system  is  not 
accelerated.  The  equation  for  gives  a radial  equation  similar  to  Equation  (8.10) 
but  with  f replaced  by  the  relative  distance  r,  and  m replaced  by  /x  = 
m^TDp/lme  + niJ-  The  quuntity  fj,  is  called  the  reduced  moss.  Likewise,  the 
total  orbital  angular  momentum  of  the  atom,  including  a small  contribution  from 
motion  of  the  nucleus,  depends  only  on  ^ and  r,.  It  is  f.Lvr,,  where  v is  the  speed 
of  the  electron  relative  tc  the  proton.  If  the  total  angular  momentum  is  set  (squal 
to  m in  analogy  with  Equation  (8.15),  all  the  theory  is  as  before  but  with  /i 
replacing  m in  the  energy.  Thus  the  energy  levels  are 


1 pc'*  ] 
2(47re<,fi)^m^ 


(8.25) 


Thus,  when  the  slight  motion  of  the  proton  is  taken  into  account,  the  predicted 
value  of  the  Rydberg  constant  for  hydrogen  is 


Rh 


2 _j 

2 (h/^c) 


47reo'frc 


(8.26) 
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TABLE  6.2  Experimental  Values  of  the  Rydberg 
Constant  for  Some  Multiply-Ionized  Atotrs 


Atom 

Rydberg  Constairt 
m 

10,967,758.1 

10,970,741.9 

10,971,734.8 

10,971,734.4 

2 He" 

10,972,226.4 

3Li‘ 

10,972,729.5 

aLi' 

10,972,872.3 

4 Be’ 

10,973,062.3 

sB" 

10,973,183.5 

10,973,228.6 

7N'‘' 

10,973,300.4 

,o’‘ 

10,973,353.9 

This  agrees  with  experiment  to  seven  significant  figures.  The  Rydberg  constants 
for  other  similar  systems  such  as  singly  ionized  helium,  doubly  ionized  lithium, 
etc.,  which  also  have  hydrogen-like  spectra,  may  be  found  by  putting  in  the 
reduced  mass  for  the  nucleus-electron  system  and  by  multiplying  by  the  SCjUOre 
of  the  nuclear  charge  number  / , OS  in  Equation  (8.17).  These  agree  equally  well 
with  experiment.  A list  of  some  observed  Rydberg  constants  for  multiply  ionized 
atoms  is  given  in  Table  8.2.  The  Bohr  model  thus  gives  a simple  and  compact 
explanation  of  an  enormous  amount  of  experimental  data. 

The  characteristic  size  or  "radius"  of  the  hydrogen,  atom  for  the  ground  state 
may  be  found  from  Equation  (8.16)  using  = 1 and  Z = 1.  In  terms  of  the 

fine  structure  conSant  and  the  CcmptOP  wavelength,  this  is  (neglecting  reduced 
mass  corrections), 

= 0.529  X 10  = 0.529  Angstroms  (8  2/) 

lira 

The  speed  of  the  electron  in  its  orbit  may  be  found  by  substituting  the  radius  r 
of  Equation  (8.9)  into  Equation  (8.8).  'The  result  is 

V (Y 

^ (8.28) 

c 

Then,  for  the  ground  state  of  the  hydrogen  atom,  v/c  is  about  much  less 

than  unity.  This  justifies  the  nonrelativistic  treatment  in  the  theory. 

SCHRODINGER  EQUATION  FOR  HYDROGEN 

We  have  discussed  a simple  picture  of  the  hydrogen  atom  which  agrees  well  with 
experiment  as  far  as  the  energy  levels  are  concerned.  However,  this  model  cannot 
be  used  in  finding  the  probability  of  a transition  from  one  State  tO  another  with 
emission  or  absorption  of  a photon.  It  also  cannot  be  applied  successfully  to  more 
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complicated  atoms  such  QS  a neutral  helium  atom  with  two  electrons.  Further- 
more. although  with  the  Bohr  theory  the  quantum  number  in  the  energy  expres- 
sion is  proportional  to  the  orbital  angular  momentum,  the  correct  theory  to  be 
discussed  next  shows  that  the  energy  is  actually  not  dependent  on  this  angular 
momentum. 

The  correct  way  to  approach  these  problems  is  by  means  of  the  three  dimen- 
sional Schrodinger  equation,  if  for  the  hydrogen  atom  the  two-particle  wave 
equation  is  used,  it  may  be  separated  into  a part  describing  the  center  of  ITIQSS 
motion  and  another  part  describing  relative  motion.  The  part  giving  the  relative 
motion  is  found  to  be  similar  to  the  Schrodinger  equation  obtained  when  the 
mass  of  the  proton  is  aSS'jmed  to  be  infinite.  The  only  difference  is  that  in  place 
of  the  electron  mass  m,  the  reduced  mass  fj.  appears.  Let  us  then,  for  simplicity, 
temporarily  assume  the  proton  is  infinitely  massive  and  is  placed  at  the  origin. 
After  deriving  the  energy  levels,  \Ve  can  then  introduce  the  small  corrections  due 
to  motion  of  the  nucleus  about  the  center  of  mass  by  making  the  replacement 
m - - 11. 

The  electron  is  at  position  (x,  y,  z)  a distance  f = (x'  + from 

the  proton.  In  three  dimensions,  the  kinetic  energy  operator  is: 


2m  2 rXd:dx^  dy^  dz^  j 


(8.29) 


The  potential  energy  for  the  hydrogen  atom,  where  2.  — 1.  is: 


47reor 


(8.30) 


For  a wave  function  of  the  form  \j/  = \p{r)e  a Stationary  state,  the  Schrod- 
inger  equation  in  three  dimensions  is  then: 


2m\dx'  dy^  dzy 


47re„r 


(8.31) 


Because  r is  a moderately  complicated  function  of  x,  y,  and  z,  whereas  the 
potential  energy  depends  only  on  r,  it  is  more  convenient  to  work  with  spherical 
polar  coordinates  r,  d and  ip.  These  coordinates  are  defined  as  follows:  r is  the 
distance  from  the  origin  to  the  electron  as  seen  in  Figure  8.4;  ip  is  an  angle  in  the 
xy  plane,  measured  from  the  positive  x axis  to  the  projection  of  the  vector  r onto 
the  xy  plane;  0 is  the  angle  between  r and  the  z axis.  Thus  the  coordinate 

transformations  are: 


d 


+ 


= tan 


X =:  r Sin  ft  cos  If 
n d y =:  r sin  6 sin  ip 


fan 


z =:  r COS  d 


(8.32) 
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Figure  8.4.  Spherical  polar  coordinates. 


The  kinetic  energy  operator  expressed  in  spherical  polar  coordinates  is  derived 
in  Appendix  1.  The  result  of  making  the  transformations  to  spherical  polar 
coordinates  is: 


2 ^ 4-  J-  + 1 J..  , I d^\ 

2m\dr^  r dr  t a n 8 36  r^s\n^8dip^) 

With  this  operator,  the  Schrodinger  equation  becomes: 


(8.33) 


/dV  7djP  j_  ^ __J __J ^ , 

2m  dr^  r dr  r^  d8^  r^  tan  8 38  r^  sin^  8 dip^j  47T£or 

(8.34) 


PHYSICAL  INTERPRETATION  OF  DERIVATIVES  WITH 
RESPECT  TO  r 

The  terms  in  Equation  (8.34)  involving  only  derivatives  with  respect  to  r have  a 
very  simple  physical  interpretation.  Suppose  we  have  a steady  source  of  particles 
at  the  origin,  which  emits  particles  of  definite  energy  that  travel  radially  outward 
symmetrically  in  all  directions.  This  corresponds  to  0 stationary  spherically  sym- 
metric de  Broglie  wave  propagating  radially  outwards,  which  will  be  described 
by  some  wavefunction  l/'(r,  t)  = $ (r)e  It  is  not  difficult  to  guess  what  the 

form  of  fhe  spatial  part  of  fhe  wavefunction  must  be.  In  order  to  have  an  out- 
going spherical  wave,  '{’(r)  must  involve  an  exponential  factor  of  the  form 
exp(iprr),  where  p,  is  fhe  radial  componenf  of  momentum  of  the  particles.  This 
is  analogous  to  a factor  of  the  form  exp(ip,x)  for  a beam  of  particle:,  of 
momenfum  p,  propagating  in  the  x direction. 

In  addition,  if  the  system  is  to  remain  stationary  so  that  particles  do  not  pile 
up  at  any  one  radius,  the  number  of  parficles  fo  be  found  inside  a spherical  shell 
centered  af  fhe  origin  of  radius  r,  area  4irr^  and  fhickness  dr,  must  be  the  same 
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for  all  r.  Thus,  | l/^(r)  | ^ • 47rr^c/f  = constant,  independent  of  r.  The  probability 
density  | i/^(r)  | ^ must  be  inversely  proportional  to  the  square  of  the  radius.  This  is 
the  quantum  analogue  of  the  well-known  inverse  square  law  for  the  intensity  of 
outgoing  spherical  waves,  found  in  classical  physics.  Since  | ^ is  propor- 
tional to  the  amplitude  itself  must  be  inversely  proportional  to  the 

radius  itself,  so  we  would  expect  the  wavefunction  to  be  given  by: 


$(r) 


Ae 


(13.35) 


Ae 


i(p,r-Et)/fi 


(13.36) 


We  may  now  use  this  radial  wavefunction  ^(r)  to  derive  the  form  of  the 
operator  corresponding  ■^0  p,,  the  radial  component  of  momentum.  Since  E is 
definitely  known,  and  E = Pr  1^^/  the  ra  d ia  I momentum  must  be  definitely 
known,  and  so  must  in  fact  be  an  eigenfunction  of  Pr^^  with  eigenvalues  p,. 

We  might  expect,  by  analogy  with  one  dimensional  wave  motion,  that  P-.j,p 
would  involve  a term  of  the  form  1)/}[d/dr),  However,  if  we  differentiate 
USinQ  this  operator,  we  find  that 


d t)  d /Ae 

— 

I or  I or  \ r 


Pr 


$ 


(13.37) 


because  of  the  appearance  of  the  factor  r in  the  denominator  of  $(r).  Thus  $ is 
not  an  eigenfunction  of  /dr).  However,  the  above  equation  can  be  rewritten 


7 + 


(!3.38) 


Therefore,  is  an  eigenfunction  of  —ih(d/dr  + 1 /r),  with  eigenvalue  p,.  We 
can  therefore  identify  the  operator  on  the  left  of  the  above  equation  as: 


A 

r \dr 


(8,39) 


From  this,  the  kinetic  energy  operator  corresponding  to  radial  motion  can 
be  obtained  as: 


= YmP'J  = 


= + iV^  + 

2m\dr  r}\dr  r , 


2m 

V 

2m 


1 ] d\p  } dxp  \p 


dr^ 

2d_^ 

dr^  /-  dr 


r dr 


r dr 


(B.40) 
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These  are  precisely  the  terms  involving  derivatives  with  respect  to  r in  EcjUO- 
tion  (8.34),  and  thus  may  be  interpreted  as  the  contributions  to  kinetic  energy  clue 
to  radial  motion. 

The  remaining  terms,  involving  derivatives  with  respect  to  0 and  (f,  will  be 
shown  later  to  have  a similar  interpretation  in  terniiS  of  contributions  to  kinetiic 
energy  due  to  rotational  motion. 


SOLimONS  OF  THE  SCHRODINGER  EQUATION 


It  has  been  found  that  there  exist  energy  eigenfunction  solutions,  of  Equation 
(8.34)  which  may  be  written  in  the  formiof  a product  of  functions,  each  factor 
in  the  product  being  a function  of  only  one  of  the  independent  variables  r,  0 
and  (f.  The  solutions  can  be  written  as  follows: 


(8.41) 


where  (r)  is  a function  only  of  r;  0^  ^ (6)  is  a function  only  of  8;  and 
is  a function  only  of  (p.  The  energy  levels  depend  on  n,  a positive  integer,  but  not 
on  { or  m;  t\S  an  integer  associated  with  the  total  angular  momentum  iiuch 
that  0 < .{  < n;  and  is  a positive  or  hegative  integer,  or  zero,  associated 

with  the  z component  of  angular  momentum  such  that  < t 

The  simplest  of  these  solutions,  corresponding  to  the  ground  state,  is  on<3  in 
which  the  wavefunction  depends  only  on  r and  not  on  $ or  (p.  In  this  case, 
the  Schrddinger  equation,  Equation  (8.34),  reduces  to: 


2^\ 

2m  (dr"'  r dr  / 


4xcor 


and  the  simplest  solution  is: 

'Pxoo  = vT/tto^  (8.43) 


where  the  constant  a is  the  Bohr  radius,  equal  to  0.529  angstroms  for  hydrogen, 
and  given  by: 


a 


^TTtoh^ 


(8.44) 


The  labels  on  the  wavefunction  \j/ \qq  mean  n = 1,  -?  = 0,  = 0,  as  will  be 

seen.  The  function  is  normalized  so  that  the  integral  of  the  probability  density 
l^*i^overall  space  (0  <r<2c,0  < 6 < 7T,  0 < p < 27T)  is  unity.  We  cOfl 
show  that  this  is  Cl  solution  by  direct  substitution  into  Equation  (8.34)  or  (8.4.2). 
Differentiation  with  respect  to  r gives  us: 


dr  a 


(8.45) 


so  that  the  second  term  in  Equation  (8.42),  — (h^/2m)(2/r)di/'ioo/dr,  cancels 
the  potentiai  energy  term,  — (e ^/4xtor)l,i'|(3() . Two  derivatives  of  l/zioo  are 
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equivalent  to  multiplying  by  a factor  of  ^/Q^,  so  the  energy  must  be: 

^4 

\2 


’ 2m 


-me 

2(47reofi)' 


(8.46) 


This  is  identical  to  the  ground  state  energy  given  by  the  Bohr  theory. 

In  fact,  solutions  to  this  three  dimensional  equation,  Equation  (8.42),  exist 
which  satisfy  the  boundary  conditions,  provided  the  energies  have  only  the 
values  given  by  the  Bohr  theory  formula: 


E„ 


2(47TCo^n)^ 


(8.47) 


However,  the  integer  n,  which  is  called  the  principal  quantum  number,  has 
nothing  to  do  with  angular  momentum.  For  a given  value  of  the  integer,  there  are 
solutions  which  differ  in  their  dependence  on  the  angular  variables  0 and  if>. 
All  these  solutions  have  the  same  energy  E,;  they  are  said  to  be  degenerate.  In 
Table  8.3  are  given  all  the  wave  functions  for  n = 1,  2 and  3. 


TABLE  8.3  Normalized  Wavefunctions  for  Low-Lying  States  of  Hydrogen. 
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From  left  to  right,  squares  of  hydrogen  wavefunctions  for  3p(m  = 0)  and  4p(m  = 0)  states. 


Figure  8.9.  Squares  of  hydrogen  wavefunctions  for  3d  stafes  with  m = 0,  ±1,  ±2. 


Figure  8.10.  Squares  of  hydrogen  wavefunctions  for  4d  states  with  m = 0,  ±1,  ±2. 


Squaresof  wavefunctions  for  4f  states  with  m 
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Figures  8.5  through  8.12  are  probability  density  pictures  of  the  squares  of 
some  of  these  wavefunctions  These  pictures  have  been  drawn  in  such  a way  that, 
if  one  were  to  make  a few  thousand  measurements  of  position  of  the  electron  in 
the  given  state,  and  then  plot  all  those  positions  as  dots  on  polar  graph  paper 
with  r versus  d,  the  density  of  dots  would  appear  as  in  the  pictures.  The  density 
of  dots  is  thus  proportional  to  the  probability  of  finding  the  electron  at  the 
plotted  r and  d. 

The  reader  may  verify  that  the  wavefunctions  given  in  Table  8.3  satisfy 
Equation  (8.34)  with  the  proper  energies,  by  direct  substitution  into  the  equa- 
tion. In  general,  the  functions,  are  of  the  form  of  an  exponential  e 

times  a polynomial  in  r;  the  functions,  OZm^  are  of  the  form  (sin  6}  times 

a polynomial  in  cos  (/,  and  ((p)  is  proportional  to  e . These  wavefunctions 
satisfy  the  general  orthogonality  properties  discussed  in  Appendix  2: 

j dv  0 unless  n = n',  I = V , = m ' (8.48) 

Ifi 

8.10  BINDING  ENERGY  AND  IONIZATION  ENERGY 

We  will  frequently  be  intere^ed  in  ^sterns  in  which  the  constituent  particles  have 
negative  energies  due  tO  the  attractive  forces  which  bind  them  together.  Such 
particles  might  be  electrons  in  atoms,  protons  in  a nucleus,  or  water  molecules  in 
a drop  of  water.  To  remove  any  one  of  the  particles  from  the  system  requires  the 
addition  of  a positive  amount  of  energy,  which  is  called  binding  energy.  In  other 
words,  the  term,  binding  energy,  refers  to  the  positive  amount  of  energy  which 
must  be  added  to  a system  of  particles  bound  together  by  attractive  forces,  in 
order  to  separate  the  system  into  its  conSituent  particles  and  place  them  at  re^ 
an  infinite  distance  away  from  each  other.  Sometimes,  the  term  is  used  for  the 
amount  of  energy  required  to  remove  just  one  of  several  bound  particles  of  a 
system  out  of  the  range  of  the  attractive  forces;  then  the  specific  particle  to 
which  the  term  refers  should  be  made  clear  from  the  context.  For  example,  the 
binding  energy  of  the  hydrogen  atom  in  the  ground  state  is  13.6  eV,  since  this  is 
the  energy  which  would  have  to  be  added  to  the  atom  in  order  to  separate  the 
electron  from  the  nucleus.  The  binding  energy  of  an  electron  in  an  excited  state  of 
hydrogen  is  less  than  this,  since  less  additional  energy  is  required  to  separate  the 
electron  from  the  nucleus.  Thus,  the  binding  energy  depends  on  the  specific  state 
which  the  system  is  in  in'itrally’. 

The  /on/zaf/on  ©nergy  of  an  electron  in  an  atom  is  the  energy  required  to  re- 
move that  electron,  when  in  its  ground  state,  from  the  atom.  The  iomzation 
energy  is  thus  the  same  as  the  binding  energy  when  the  electron  is  in  its  ground 
state. 

8.11  ANGULAR  MOMENTUM  IN  QUANTUM  MECHANICS 

In  Newtonian  mechanics,  a radial  force,  such  as  the  Coulomb  force,  exerts  no 
torques  about  the  origin,  and  thus  angular  momentum  is  conserved.  By  investi- 
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gating  the  meaning  of  angular  momentum  in  quantum  mechanics,  we  will  be 
able  to  see  the  quantum  analogue  of  the  conservation  of  angular  momentum.  We 
will  find  that  the  angular  part  of  the  wa vefunction,  which  is  (v^)/ 

corresponds  to  an  eigenfunction  of  the  total  orbital  angular  momentum  oper- 
ator, and  that  <|>^,  (ip)  is  an  eigcnfunction  of  the  operator  corresponding  to  the  2 
component  of  the  angular  momentum.  Thus,  the  total  angular  momentum  and  the 
z component  of  the  angular  momentum  of  the  atom  are  definite  numbers  inde- 
pendent of  time. 

Just  as  momentum  itself  is  represented  by  a differential  operator  in  quantum 
mechanics,  so  is  angular  momentum.  In  Newtonian  mechanics,  in  terms  of  f and 
the  momentum  p,  the  vector  angular  momentum  of  a particle  is  given  by: 

L = r X p 

The  same  definition  is  used  in  quantum  mechanics,  but  with  the  momentum 
operator  inserted  for  p.  Thus,  for  example,  the  z component  of  the  angular 
momentum  operator  is: 

/.,  = xp,  yn,  = — - - y — I (8.49) 

\ dy  0xj 

.12  ANGULAR  MOMENTUM  COMPONENTS  IN  SPHERICAL 
COORDINATES 


it  is  desirable  to  express  this  operator  in  terms  of  spherical  polar  coordinates. 
This  could  be  done  by  straightforward  coordinate  transformations;  however,  it 
is  easier  to  note  that  since  only  first  derivatives  occur  in  Equation  (8.49),  in 
spherical  coordinates  I,  must  be  some  linear  combination  of  the  derivatives  with 
respect  to  r,  0 and  (^: 


= A—  + S — + C — 

dr  dB  dip 


(8.50) 


where  A,  6 and  C can  be  functions  of  the  coordinates.  The  coefficients  A,  B and  C 
can  easily  be  determined  by  comparing  the  effect  of  the  two  expressions  for 
when  differentiating  some  simple  functions.  If  the  latter  operator  acts  on  the 
function,  f = it  gives  A.  But  the  form.  Equation  (8.49),  op- 

erating on  r gives: 

Therefore,  A = 0.  Likewise,  operating  on  cos  B = z/ r gives  — sin  (i  = 
— 6(x^  + y^)*^^/r.  The  form.  Equation  (8.49),  operating  on  z/ r gives  zero 
since,  as  we  have  seen,  it  gives  zero  wheruoperating  on  a function  of  r and  there 
is  no  derivative  with  respect  to  z appec^ring  in  Equation  (8.49).  Therefore,  6 = 0. 
When  operates  on  tan  (f  = y/x,  it  gives  C sec^  (f  = C(x^  + y^)/x^.  The  form. 
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Equation  (8.49),  then  gives 


— it) 


i 


\ 


by 


— it) 


(8.52) 


Therefore,  C is  — /fi,  and  the  operator  for  the  z component  of  angular  momentum 
is: 

L,  = -it)  ~ (8.53) 

o<p 


In  a similar  way,  we  could  show  that 


d cos  a 
L.  = in  an  (fi  — - + — „ - — 

86  tan  6 dtp 


iti 


a sin  W 5 

-cos  P — -f-  - - 

as  tan  8 8 <p 


(8.54) 


When  any  of  these  angular  momentum  operators  act  on  a function  of  r only,  the 
result  is  zero,  since  there  is  no  derivative  with  respect  to  r involved.  Thus,  the 
ground  state  wavefunction  and,  in  general,  wa vefunctions  for  which  f = 0 and 
which  depend  only  on  r,  not  on  ^ or  <p,  correspond  to  states  of  zero  angular 
momentum.  This  is  in  contrast  to  the  Bohr  model,  where  the  ground  state  had  an 
angular  momentum  of 


8.13  EIGENFUNCTIONS  OF  L,  AND  AZIMinHAL  QUANIUM  NUMBER 

Using  the  operator  of  Equation  (8.53),  we  may  give  a rigorous  interpretation 
to  the  number  m^.  In  the  wavefunction  , the  ip  dependence  is  contained 

in  the  factor 

(8-55) 

Therefore,  this  is  an  eigenfunction  of  the  operator,  because 

(8.56) 

d(fi 

Hence,  such  a state  can  be  said-to  possess  a definite  value  for  the  z component  of 
angular  momentum. 

These  values  must  be  quantized.  Since  the  probability  density  ^ ^ must  be 

single-valued  in  space,  a reasonable  condition  on  is  that  it  has  the  same 

- ji 

n im  -(2tt)  , 

value  at  = 0 as  at  if  = zTT.  This  means  that  e = 1,  or  that  is  an 

integer,  which  could  be  positive  or  negative,,  or  zero.  This  argument  is  really  the 
same  as  that  used  in  disOJSSing  the  Bohr  model,  in  which  it  was  necessary  that  the 
wave  amplitude  fit  onto  itself  after  one  revolution  in  order  that  the  de  Broglie 
wave  not  interfere  destructively  with  itself.  Mathematically,  this  is  expressed  by 
the  periodicity  condition  [ip)  = + 27t),  which  can  be  satisfied  only 

If  is  an  integer,  is  called  the  azimuthal  quantum  number. 
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Thus,  the  z component  of  angular  momentum  has  the  possible  values 
where  is  a positive  or  negative  integer,  or  zero.  The  functions  given  in 
Table  8.3  have  z components  of  angular  momBntum,  varying  from  -(n  1 

to  -|-(n  1)^  for  a given  n.  These  are  zero  for  n =:  1;  zero  and  dzf]  for  n =:  2; 

and  zero,  and  for  n = 3.  No  solutions  exist  for  values  of  outside 

the  range  | < (n  - i)fi, 

It  is  also  possible  to  find  sums  of  the  wa vefunctions  i/^n^m^such  that  Lj,  or 
yield  an  integer  times  h.  For  instance,  the  reader  may  verify,  using  Table  8.3  and 
Equation  (8.54),  that: 

1/^310  = — + \^31,+l) 

V2 

a nd 

’A31,±1  = “ lAsi.+l)  ± 1^310  (8.57) 

2 V 2 

are  eigenfunctions  of  L,.  However,  except  when  'I  = 0,  for  any  single  wcive- 
function  x and  y components  do  not  have  such  definite  quantized 

va  lues. 
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Another  operator  exists  which  does  yield  Q definite  quantized  value;  this  is  the 
square  of  the  angular  momentum,  The  meaning  of  the 

square  of  is,  for  instance,  just  the  differential  operator  applied  twice: 
LH'  = i-xlhlA),  and  is  the  sum  of  three  such  terms.  In  Appendix  1 it  is  shown 
that: 


I.V 


/A  1 \ , 

tan  0^6  sin' 0 01,57 


(8.58) 


It  is  interesting  to  note  that  this  same  combination  of  operators  occurs  in  the 
kinetic  energy  operator  in  Equation  (8.34).  Thus,  the  kinetic  energy  operator  c:an 
be  written  in  terms  of  as  follows: 

2m  2mr^ 

The  contribution  to  kinetic  energy  arising  from  the  term  makes  sense;  in 
classical  mechanics,  an  object  of  moment  of  inertia  / and  angular  momentum  L 
has  a kinetic  energy  \?/2l,  due  to  rotation.  In  this  case,  the  moment  of  inertia 
of  the  electron  is  mr^,  and  the  total  kinetic  energy  can  thus  be  written  as  the 
sum  of  a contribution  due  to  radlCll  motion  and  a contribution  due  to  rotational 
motion.  Since  the  only  angular  dependence  in  the  Schrodinger  equation.  Equa- 
tion (8.34),  is  in  the  term,  and  the  wavefunction  is  the  product  of  a port 
depending  only  on  r and  a pari  depending  only  on  the  angles,  the  energy 
eigenfunctions,  , must  also  be  eigenfunctions  of  i.^. 
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8.15  LEGENDRE  POLYNOMIALS 


We  next  consider  the  eigenfunctions  of  the  square  of  the  total  angular 
momentum,  in  the  special  case  in  which  the  z component  is  zero,  or  = 0. 
Then  there  is  no  dependence  on  y:’  and  the  operator  effectively  depends  only  on 
8: 


1 


tan  6 60 


(8.59) 


Let  us  look  for  wavefunctions  (cos  H),  finite  at  0 = 0 and  6 = IT,  such  that 

i^P^  = (constant)  x (8.60) 

The  function  P^  here  is  the  same  as  0-to(^)  hydrogen  = 0 functions, 

The  constant  on  the  right  of  this  equation  resulting  from  the  action  of 
is  the  eigenvalue,  or  a possible  value  of  the  square  of  the  total  angular 
momentum.  One  solution  is  Po(cos  0)  = 1,  a constant.  This  corresponds  to  a state 
of  total  angular  momentum  zero,  as  was  the  case  for  the  /{,  = 0 states  of  the 
hydrogen  atom  in  which  the  wavefunctions  did  not  depend  on  Q or  ^p.  fK  second 
solution  is  Pi(cOS  6)  = cos  8.  The  eigenvalue  for  his  function  is  found  by  letting 
act  on  it: 


d(cos  8) 

dO 


— sin 


(cos  0) 


-cos  0 


Then,  from  Equation  (8.59), 


cos  0 = T)  cos  0 + 


sin  6 

ton  0 


= cos 


(8.61) 


(88.62) 


In  general,  the  functions  P^  (cos  0)  are  polynomials  in  cos  called  Legenc/re 
polynomials,  in  which  only  even  or  only  odd  powers  of  cos  0 appear  for  a 
given  The  highest  power  of  cos  in  the  polynomial  is  (cos  The 

Legendre  polynomials  are  given  in  Table  8.4  for  = 0,  1^2, 3, 4,  along  with 
the  corresponding  eigenvalues.  The  general  equation  for  the  eigenvalues  is 

'U'l  0, 1,:?, .... 


TABLE  8.4  Some  Eigenfunctions  of  for  ==  0. 


Functioh 

Eigenvalue  of 

•t  = 0; 

Po  = 1 

0 = 1i’0(0  + 1) 

1 = 1: 

P , = cos  0 

= Ti’l(1+  1 ) 

II 

Pj  = ^ cos’  0 - ^ 

6^i’  = ft’2(2  + 1) 

II 

P}  = ^ cos’  0 - ^ cos  0 

= fi’3(3  + 1) 

II 

P4  = cos*  S — cos’  0 + i 

4 

20T*’  = fi’4(4  + 1) 
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Note  that  the  total  angular  momentum  squared  is  not  the  square  of  an  Integer 
times 

The  above  states  all  correspond  to  = 0.  For  states  In  which  is  not 
zero,  it  can  be  shown  that  has  the  same  eigenvalues 

Since  the  square  of  the  z component  of  a vector  can  never  be  greater  than 
the  square  of  the  vector,  I)-  Hence,  the  maximum  value 

of  the  magnitude  of  must  be  | . It  it  were  assumed  that  the  maxi- 
mum value  of  I were  + 1,  inSead  of  , then  would  be 

["t ( “1“  ^ ^ 1 ]fi whic  h is  g reate r tha  n ^ -H  1 This  is  not  possible. 

Thus,  actuallythe  square  of  the  zcomponent,  i^^can  never  be  as  g re  at  as 
The  remaining  contributions  to  Orise  from  x and  y components  squared;  the 
individual  values  of  / and  i remain  unknown. 

/ y 

There  are  then  2 -H  1 possible  values  for  the  z component  of  the  angular 
momentum  for  a given  orbital  angular  momentum  quantum  number 

= 0 , ±fi^  , . . , 

By  letting  and  act  on  the  various  functions  in  Table  8.3,  the  reader  may 

verify  the  properties  discussed  for  these  functions. 
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Detailed  analysis  of  the  complete  wavefunctions, 

inU  = (8.63) 


shows  that  the  total  energy  depends  only  on  the  principal  quantum  number  n: 


— 

" " (47T6oflnf '■  " 


1,2,3,.. 


(8.64) 


The  energy  does  not  depend  on  or  m,,  as  it  does  (incorrectly)  in  the  Bohr 
model.  In  order  to  satisfy  the  condition  that  the  wavefunction  goes  to  zero  as  r 
goes  to  infinity,  it  can  be  shown  to  be  necessary  that  be  less  than  n.  Thus, 


= l,2,...,n  1 


(8.65) 


The  three  quantum  numbers: 
n — principal  quantum  number;  n=  1.  2,  3,... 

^ orbital  angular  momentum  quantum  number;  K = 0,1/2,.  . . .n  1 
m^--  azimuthal  quantum  number;  ^ 

give  a complete  description  of  the  possible  states  of  a point  electron  moving  in 
the  Coulomb  field  of  a massive  nucleus,  neglecting  the  intrinsic  angular  mo- 
mentum of  the  electron.  For  a given  n or  given  energy,  there  are  distinct 
angular  momentum  states,  so  we  say  the  energies  are  p^-fold  degenerate.  When 
relativistic  effects  and  the  spin  or  intrinsic  angular  momentum  of  the  electron  are 
taken  into  account,  the  energies  are  changed  slightly  and  the  degeneracy  is  less. 
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Also,  as  mentioned  at  ihestart  of  the  discussion,  the  reduced  mass,  )U  = 
+ m,),  should  be  used  in  the  various  equations  rather  than  the 
electron  mass,  to  incorporate  the  effect  of  motion  of  the  nucleus. 


8.17  ZEEMAN  EFFECT 

The  angular  momentum  (quantum  number  c:an  be  made  observable  in  one  way 
by  placing  the  atom  in  a magnetic  field.  A charged  particle  which  has  some 
angular  momentum  also  has  a magnetic  dipole  moment.  This  magnetic  moment 
interacts  with  the  field  and  causes  a slight  splitting  of  the  energy  levels  into 
additional  levels.  To  see  how  this  comes  about,  consider  a classical  negatively 
charged  electron,  going  around  in  a circle  of  radius  r with  speed  v,  as  depicted 
in  Figure  8.13.  The  angular  momentum  is  L = mvr.  If  the  electron  carries  the 


Figure  8.13.  A classical  point  charge  moving  in  a circular  orbit  with  angular  momentum 
L has  an  orbital  magnetic  moment  which  is  proportional  to  L. 

charge  --e,  then  the  current,  or  charge  per  second,  passing  a given  point  is  the 
charge  times  the  number  of  times  per  second  the  charge  goes  around.  The  num- 
ber of  revolutions  per  second  is  v/27rr,  so  the  current  is  — ev/2xr.  It  is  known 
that  a plane  current  / enclosing  area  A has  a magnetic  moment  /A.  Therefore, 
in  this  case,  the  magnetic  moment  is 

= - - — Trr''  ==  - - evr  (8.66) 

lirr  2 

This  can  be  expressed  in  terms  of  angular  momentum  L = mvr.  In  this  case, 

(8.67) 

2m 

This  equation  holds  as  a vector  equation  in  quantum  mechanics: 

fl„  = - -^L  (8.68) 

2m 

where  -e  and  m are  the  charge  and  mass  of  the  electron,  and  L is  the  angular 
momentum  operator. 

Now  when  a magnelic  field  B is  present,  there  is  an  energy  of  interaction 
between  the  field  and  the  dipole: 

f mag  ~ — 


(8.69) 
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if  the  z axis  is  chosen  in  the  direction  of  the  field.  But  (1x^)2  related  to  the  z 
component  of  angular  momentum:  hence,  in  terms  of  = —ihd/d(^, 

l-=mas  = (8.70) 

2m 

Further,  in  the  hydrogen  atom,  is  quantized  and  has  only  the  values 
Therefore,  the  energy  due  to  the  magnetic  field  interacting  with  the  magnetic 
moment  can  take  on  only  the  values: 


eh 

2m 


(8.71) 


The  constant  e1i/2m  is  called  the  Bohr  magnefon,  and  is  denoted  by  ^ = 
0.927  X 1 0“^^  joule/weber/m^. 

Now  let  us  return  to  the  Schrodinger  equation,  to  see  what  happens  to  fhe 
energy  levels.  The  total  energy  of  the  electron  will  be  comprised  of  kinetic 
energy,  plus  potential  energy  due  to  Coulomb  interaction,  plus  potential  energy 
due  to  magnetic  interaction  with  the  applied  field.  Hence,  the  Schrodlnger 
equation  would  be: 


Ei 


P__ 

2rn 


“K 


(8.72) 


Using  a wavefunction  / which  gives  the  ordinary  energy  levels  of 


hydtDgen,  it  is  seen  that  the  net  energy  will  just  be: 

^ ~ ^moa 


(8,73) 


So  the  magnetic  energy  is  an  adolitive  contribution,  provided  that  the  magnetic 
field  is  not  so  large  that  the  wavefunctions  are  changed  appreciably  by  the  field. 

Actually,  a large  magnetic  field  can  itself  cause  radical  changes  in  the  orbital 
motion  of  the  electron,  so  these  considerations  hold  only  if  B is  small  enough 
that  fmag"^Ep,  Let  us  estimate  the  magnitude  in  electron  volts  of  ^mag  ^ 
typical  field  of  6 = 1 .0  weber/m^  and  = 1.  This  will  be: 

c _ eh  „ _ (0.927  X 1 0“”)(  i .0) 

~ 2m'  ~ 1.6  X 10-’''j/eV 


= 5 . 


lO-'eV 


(8.74) 


So  this  contribution  is  very  small  compared  to  the  atomic  level  spacings,  which 
are  on  the  order  of  several  electron  volts. 


.18  SPUIUNG  OF  LEVELS  IN  A MAGNETIC  FIELD 

Let  us  consider  what  happens  to  an  atomic  energy  level  when  the  atom  is  placsd 
in  a magnetic  field.  For  example,  consider  an  fl  = 5,  = 2 level,  as  shown  on 

the  left  in  Figure  8.14.  In  the  abs6nce  of  a magnetic  field,  there  are  2 ^ + 1 = 5 
degenerate  states,,  described  by  = 0,  ±1,  ±2,  which  all  lie  together  and 
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Figure  8.14.  Splitting  of  a 5d  level  into  2/  t 1 = 5 components  in  on  externally 
applied  magnetic  field. 

appear  as  a single  level,  as  shown.  But  when  6 is  different  from  zero,  this  level 
will  be  replaced  by  a number  of  levels  of  energies,  ^ mag  * Since  Emag 

proportional  to  m,,  the  number  of  these  levels  will  be  equal  to  the  number  of 
values  of  for  a given  2 ^ + 1.  In  this  example  with  /{,  = 2,  the  five  levels 
are  shown  at  the  right  of  Figure  8.14.  In  a similor  way,  on  ^ = 1 level  would 
be  split  into  three  levels.  So  if  we  had  an  energy  level  diagram  looking  like  the 
left  side  of  Hgure  8.15,  Ql  zero  field,  it  would  look  like  the  right  side  of  the  figure 

B=0  B>0 


£=1  8=2  2*^ 


- 1 


Figure  8.15.  Energy  leve  diagram  showing  the  splittings  of  4p  and  5d  levels  in  an 
applied  magnetic  field. 

when  the  field  is  turned  on.  Thus,  in  place  of  Q transition  yielding  a photon  with 
a single  frequency,  a number  of  different  transitions  ate  possible. 

8.19  SELECHON  RUUES 

It  appears  at  first  that  in  Figure  8.15  there  are  5 x 3 or  15  possible  transitions. 
However,  not  all  transitions  have  the  same  probability.  From  the  theory  of 
transition  probabilities,  which  will  not  be  discussed  in  this  book,  it  is  found  that 


8.20  Normal  Semon  splitting 


only  transitions  for  which  the  chcinge  ^ =hl,  and  the  changes  Am^  = 

± 1 , 0 i n m ^have  sufficiently  high  probability  to  be  readily  observed.  This  is 
related  to  the  fact  that  the  solutions  of  Maxwell's  classical  electromagnetic 
equations  for  spherical  light  waves  are  eigenfunctions  of  the  operator  with 
possible  quantum  numbers/^=1  ^2,3,  ..  . , buta  solutionfor^  = Oisim- 
possible.  This  means  that  the  photon  itself  has  a minimum  angular  momentum 
corresponding  to  the  quantum  number  = 1.  Only  the  ^ = 1 case  occurs  with 
appreciable  probability  for  most  'transitions.  Since  the  photon  carries  off  one  unit 
of  angular  momentum,  the  angular  momentum  of  the  atom  must  change  by  one 
unit,  in  order  for  angular  momentum  to  be  conserved.  Therefore,  A ^ = il; 
and  Am,  = ± 1,0  for  the  atom.  We  shall  not  prove  these  rules  here,  but  only 
state  the  so-called 

Selection  rules:  — ±1 

Am,  = ±1  or  0 (8.75) 

Thus,  a transition  from  = 2 to  = 1 is  probable,  but  a transition  from 

= 2 to  = 0,  -•  1 has  negligible  probability. 

20  NORMAL  ZEEMAN  SPUIUNG 

The  selection  rules  are  satisfied  for  the  change  in  in  Figure  8.15,  = 2 to 

^ = 1.  Table  8.5  shows  the  values  of  for  the  various  lower  states  with  1 

for  the  allowed  transitions  corresponding  to  the  various  possible  values  of  in 

the  upper  state  with  /^  = 2.  Altogether,  there  ore  nine  allowed  transitions. 
Furthermore,  these  nine  transitions  give  rise  to  Only  three  rather  than  nine 


TABLE  8.5  Allowed  Transitions  for  o 5d  4p  Transition. 


Upper  state  J^=  2, 
value  of 

IwMffirstalte  ^ = 1 values  of 
fw  ©llowed  transitions 

2 

1 

1 

1,0 

0 

-1 

0,-1 

-2 

- 1 

spectral  lines,  because  the  spacings  between  the  splittings  are  equal.  The  trans- 
tions  are  indicated  in  Figure  8.16.  If  AEq  is  the  energy  difference  between  the 
levels  before  the  field  is  turned  on,  then  for  the  Am,  = 0 transition,  the  energy 
difference  after  the  field  is  turned  on  is  still: 

M = M,  (8.76) 

For  the  Am  = ± I transitions,  the  energy  difference  with  the  field  on  is: 
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Am,=  — 1 Am  =0  Am  = + l 

ip  <p 

Figure  8.16.  Allowed  transitions  for  5d  —>  4p  lines  which  ore  split  into  components 
by  a magnetic  field. 

Thus  a line  will  be  split  into  three  lines;  the  magnitude  of  the  splitting  is  propor- 
tional to  the  magnetic  field.  This  phenomenon  is  observed  in  some  lines  of  calcium 
and  mercury,  and  is  called  the  normal  Zeeman  effect.  Usually,  however,  various 
elements  show  splittings  with  different  magnitudes,  and  also  with  more  or  fewer 
than  the  three  lines  predicted  here.  This  is  called  the  anomalous  Zeeman  efteci, 
and  is  due  to  electron  spin. 

8.21  ELEC  TRO  N SPIN 

In  explaining  the  anomalous  Zeeman  effect  and  other  effects  to  be  discussed 
later,  it  is  necessary  to  consider  the  possibility  that  the  electron  can  have  an 
internal  property.  The  electron  is  charged,  and  if  it  has  internal  angular  momen- 
tum or  intrinsic  spin,  it  mcy  also  have  an  intrinsic  magnetic  dipole  moment.  This 
dipole  moment  could  then  interact  with  magnetic  fields  which  ate  present,  either 
externally  applied  fields  Of  atomic  fields,  and  contribute  to  the  energy  of  the 
system.  The  observation  of  such  energies  would  give  evidence  of  the  existence  of 
internal  angular  momentum. 

Let  us  call  this  intrinsic  angular  momentum  spin,  and  denote  the  corresponding 
operator  by  S.  The  eigenvolues  of  should  be  t)^s(s  + 1),  just  as  for  the 
orbital  angular  momentum,  where  s is  a spin  quantum  number.  We  would  expect, 
then,  that  the  magnetic  moment  would  be  proportional  to  S,  and  that  if  this 
magnetic  moment  is  placed  in  a magnetic  field,  it  can  contribute  to  the  energy. 
If  is  the  z component  of  the  spin,  then  the  number  of  different  values  O'f 
should  be  2s  -i-  1.  This  implies  that  there  would  also  be  2s  -i-  1 magnetic  energy 
terms,  or  that  a level  would  split  into  2s  -i-  1 levels  in  a magnetic  field. 


8.22  SPIN-ORBIT  INTERACTION 

Now  so  far  as  the  electron  in  an  atom  is  concerned,  it  is  always  in  a type  of 
internal  magnetic  field  which  leads  to  o splitting  of  energy  levels,  called  fine 
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structure  splitting.  To  understand  this,  consider  the  Bohr  model  of  the  atom, 
where  the  electron  moves  in  an  orbit  through  the  electric  field  produced  by  the 
nucleus.  If  the  electron  has  velocity  v small  compared  to  c,  and  moves  in  an 
electric  field  E,  we  know  from  electricity  theory  that  in  the  instantaneous  rest 
frame  of  the  electron  there  is  a magnetic  field  of  B = — v x E/c^.  Then  there 
is  an  interaction  energy  between  the  electron's  magnetic  moment  /ii„  and  this 
magnetic  field  given  by  — *B.  If  E is  pointing  radially  outward,  as  is  approxi- 
mately the  case  in  atoms,  it  is  of  the  form  E = tf  (r),,  and  therefore. 


B = [r  X (mv)] 


!iti^ 

mc^ 


(8.78) 


Since  is  proportional  to  the  spin  S,  the  energy  is  proportional  to  S * L;  this  is 
called  spin-orbit  interaction.  In  place  of  one  level,  there  will  then  ordinarily  be 
2s  -I-  1 levels  due  to  this  splitting.  In  the  /(  = 0 states  there  is  no  such  splitting. 
This  is  because  with  no  orbital  angular  momentum  there  is  no  component  of 
velocity  perpendicular  to  E in  the  Bohr  picture.  Thus  there  would  be  no  B in  the 
electron's  rest  frame  with  which  to  interact.  So  if  the  upper  level  is  split  into 
2s  -I-  1 leve Is  a nd  there  a re  transitions  to  a lower  = 0 level  which  is  not  split, 

one  would  expect  to  see  2s  -i-  1 spectral  lines  due  to  the  splitting. 

In  hydrogen,  there  is  such  a splitting;  the  magnitude  of  the  splitting  can  be 
calculated  theoretically  and  has  been  observed  with  special  instruments.  The 
splittings  are  much  too  small  to  be  observed  with  a simple  diffraction  grating  or 
prism  spectrometer. 

In  the  alkali  metals  which  consist  of  an  electron  orbiting  a core  of  other 
electrons  bound  tightly  to  the  nucleus,  the  splittings  are  much  larger.  The  obser- 
vations show  that  the  lines  consist  of  very  closely  spaced  pairs  of  lines.  For  ex- 
ample, in  sodium  vapor  the  bright  yellow  color  comes  from  a pair  of  yellow  lines 
at  5895.92  Angstroms  and  5889.95  Angstroms.  The  fact  that  there  is  a pair  of 
lines  or  a doublet  shows  that  2s  -H  1 should  be  equal  to  2,  and  therefore  the 
spin  quantum  number  is 

1 

S = “ (8.79) 

2 


.23  HALF-INTEGRAL  SPINS 

If  the  spin  quantum  number  is  s ==  , then  the  magnitude  of  the  square  of  the 

angular  momentum  of  the  electron  should  be  s(s  + ])h^  = % In  discussing 
orbital  angular  momentum,  we  found  that  the  z component  of  angular  momen- 
tum, was  always  integral.  This  resulted  from  the  condition  that  the  wavefunc- 
tion  be  single-valued,  so  that  it  is  the  same  for  <f  zz  0 and  (p  = 2x.  If  we  had 
said  that  the  function  becomes  its  negative  when  y"  changes  by  27T,  the  prob- 
ability density,  which  depends  on  the  square  of  the  wavefunction,  would  still  be 
single  valued.  This  would  have  led  to  half-integral  quantum  numbers.  While  this 
is  not  the  case  for  orbital  wavefunctions,  half-integral  spins  do  occur  for  intrinsic 
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angular  momenta  of  certann  particles,  and  the  spin  wavefunctions  do  change  lintO 
their  negatives  upon  rotation  by  27r. 

For  a half-integral  spin,  the  maximum  magnitude  of  is  still  the  total  angular 
momentum  quantum  number,  s.  Also,  neighboring  spin  states  are  separated  in 
the  2 component  of  angular  momentum  by  Jjt.  Thus,  for  a spin  system,  the 

possible  values  of  are  Vi  For  the  electron,  with  5 = 1/2, 

the  possible  values  of  are  — I/2  ft  (spin  down)  and  V2~h  (spin  up).  Particles  have 
been  observed  with  various  integral  and  half-integral  spins.  The  more  funda- 
mental particles  such  as  electrons,  protons,  neutrons  and  muons,  have  intrinsic 
angular  momenta  corresponding  to  V2  Other  fundamental  particles  such  as 

photons  and  some  mesons  have  angular  momenta  corresponding  to  0 or  ft. 

8.24  STTERN-G ERLACH  EXPERIMENT 

An  experiment  was  performed  by  0.  Stern  and  W.  Gerlach  in  1921,  which 
demonstrated  directly  theft  S = V2  for  the  electron.  They  passed  a beam  of  silver 
atoms  through  a strong  inhomogeneous  magnetic  field.  Such  a field  exerts  a 
force  on  a magnetic  dipole  which  depends  on  the  orientation  of  the  dipole  rela- 
tive to  the  field.  Silver  contains  47  electrons,  an  odd  number.  Inside  the  atom  the 
electrons  tend  to  pair  off  JiQ  that  their  magnetic  moments  cancel  in  pairs,  except 

for  one  left-over  electron,  with  $ = Y2  and  a magnetic  moment,  . If  the 

direction  of  the  field  B is  1'aken  to  define  the  z axis,  the  potential  energy  of  the 
electron  in  the  magnetic  field  is: 

^mag  ~ Mm  * B — *“  Mmz  ' ^2  (8.80) 

The  magnetic  field  is  constructed  so  that  6^  varies  as  a function  of  z;  thus  the 
potential  energy  varies  with  z,  and  there  will  be  a z component  of  force: 

F = ' (8.81) 

oz  dz 

on  the  electron  and  hence  on  the  atom.  Because  the  magnetic  moment  is  propor- 
tional to  S,  it  can  take  on  only  2s  -H  1 orientations,  giving  2s  -i-  1 possible  dis- 
tinct forces  on  the  particles  in  the  beam.  This  would  split  the  beam  into  2s  1 
beams.  When  the  experiment  was  performed,  the  experimenters  found  the  beam 
to  be  split  into  two.  Hence  again,  2s  -H  1 = 2,  so  that  5 = ^2. 

8.25  SUMS  OF  ANGULAR  MOMENTA 

In  general,  when  treating  (angular  momenta  in  quantum  mechanics,  there  are  the 
two  types,  integral  and  half-integral.  If  a system  consists  of  parts  which  have 
various  angular  momenta,  such  as  several  particles  each  of  which  has  intrinsic 
and  orbital  angular  momenta,  the  vector  sum  of  the  various  angular  momenta 
gives  the  total  angular  momentum.  This  total  is  ordinarily  denoted  by  J.  Thus, 
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foro  single  particle  with  spin  operatorSand  orbital  angular  momentum 
operator,  L, 

J = L + S (8.8’2) 

Combinations  of  spin  and  orbital  wa vefunctions  may  be  found  that  yield  eig©n- 
functions  of  the  total  angular  momentum  operator  squared,  and  of  the  z 
component  of  the  total  angular  momentum,  . Thus,,  acting  on  these  functions 
the  operators  yields: 

id  + (8-83) 

J,  ->■  frijt  (8.84) 

Here  j is  the  total  angular  momentum  quantum  number  and  m,  is  the  z Com- 
ponent quantum  number.  There  are  2/  + 1 possible  values  of  m,: 

= ~i<  -i  + 1,  ■ • • , +J  (8-85) 

The  f and  m,  may  either  be  integral  or  half-integral,  diepending  on  the  individual 
angular  momenta  which  combine  to  give  the  total. 

le  ANOMALOUS  ZEEMAN  EFFECT 

Let  us  now  return  to  the  discussion  of  the  anomalous  Zeeman  effect,  where  OD 
atomic  electron  in  an  external  magnetic  field  shows  splittings  different  from  those 
based  on  orbital  angular  momentum  alone.  This  anomalous  effect  arises  pri- 
marily because  the  relationship  between  spin  and  magnetic  moment  is  different 
from  that  for  orbital  angular  momentum.  In  the  orbital  case  [Equation  (8.68)], 

M,n=-^-L  (8.86) 

2 m 

However,  for  the  electron  spin,  it  has  been  found  that: 

5 (8.87) 

m 

These  equations  differ  by  a factor  of  two.  This  factor  of  two  is  predicted  by  a 
relativistic  wave  equation  which  was  discovered  by  Dirac  in  1933. 

When  treating  the  splitting  of  spectral  lines  in  a magnetic  field  , we  must  con- 
sider the  total  angular  momentum  of  an  electron  J =-  L -i-  S.  Then  the  sta tes  of 
the  electron  aie  described  by  quantum  numbers  j and  m,.  If  the  relation  between 
magnetic  moment  and  angular  momentum  were  the  same  for  the  spin  and  orbital 
parts,  the  splittings  would  be  given  in  terms  of  m,,  just  as  in  the  normal  Zeeman 
case  they  are  given  in  terms  of  m,.  One  would  then  always  see  the  normal  case. 
However,  because  of  the  difference  in  the  magnetic  moment  relations,  the  mag- 
netic moments  of  the  resulting  states  of  definite  j and  m,  are  somewhat  compli- 
cated. This  gives  rise  to  various  kinds  of  splitting  of  the  spectral  lines  in  a mag- 
netic field.  By  carrying  out  the  analysis  in  detail  using  these  ideas,  one  may 
explain  the  anomalous  feeman  effect  completely. 
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The  idea  of  angular  momentum  is  important  in  quantum  mechanics  for  the 
same  reason  it  was  important  in  Newtonian  mechanics;  it  is  conserved  relative  to 
a point  if  the  potential  energy  does  not  leod  to  a torque  about  that  point.  The 
conservation  of  angular  momentum  has  been  observed  in  an  enormous  number 
of  different  experiments. 


8.27  RIGID  DIATOMIC  ROTATOR 

In  classical  mechanics  a rigid  symmetric  top  rotating  freely  about  an  axis  of 
symmetry  through  the  center  of  mass  has  the  kinetic  energy  L^/2/,  where  I is  the 
moment  of  inertia  about  the  rotation  axis,  and  is  the  square  of  the  angular 

momentum  vector.  Certain  quantum  systems  hove  0 kinetic  energy  operator  of 
the  same  form,  where  L'  is  the  angular  momentum  operator  given  in  Equation 
(8.58).  An  example  of  sjch  a system  is  a linear  diatomic  molecule  such  as  H2,  n, 
Of  , io  which  the  atoms  themselves  are  treated  as  point  masses,  separated 

by  a fixed  distance.  If  we  imagine  a coordinate  system  placed  at  the  molecule’s 
center  of  mass,  then  the  position  of  the  line  of  centers  connecting  the  two  atoms 
may  be  completely  specified  by  the  angles  |9  and  yr  defining  the  direction  of  the 
line  of  centers.  Equation  (8.58)  then  gives  the  operator  corresponding  to  the 
square  of  the  total  angular  momentum.  The  moment  of  inertia  is  / = fir^ , where 
/X  is  the  reduced  mass  of  the  molecule  and  T the  fixed  atomic  separation  distance. 

If  there  were  a third  particle  in  the  molecule  not  on  the  line  of  centers,  an  addi- 
tional angle  would  be  needed  to  specify  completely  the  orientation  of  the  mole- 
cule, and  there  would  be  additional  contributions  to  the  angular  momentum  and 

to  the  energy. 

If  we  consider  only  linear  diatomic  molecules,  the  Schrbdinger  equation  for  the 
stationary  states  will  take  the  form: 

= ~ (8.88) 

Hence,  eigenstates  of  ore  also  energy  eigenstates.  We  have  already  seen  that 

the  possible  eigenvalues  of  are  of  the  form  + 1);  in  the  COSe  of  the 

rigid  rotor  it  is  customary  to  introduce  the  symbol  J for  the  quantum  number 
instead  of  Thus, 

L'>A{0,(^)=  (8.89) 

where  J is  a nonnegative  integer.  The  energies  due  to  rotation  of  the  diatomic 
molecule  are  then: 

Ej  = (8.90) 

21 

An  energy  level  diagram  for  these  rotational  energy  levels  is  given  in  Figure  8.17. 

Transitions  between  these  rotational  states  are  governed  by  the  selection  rule 
AJ  = ±1,  analogous  to  the  selection  rule  on  i for  atomic  transitions.  Thus,  in  a 
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Figure  8.17.  Energy  level  diagram  for  the  rigid  rotator,  Ej  = f^J(J  + l)/2/.  The 
allowed  transitions  are  governed  by  the  selection  rule  = zbl. 


transition  from  a rotational  state  characterized  by  the  quantum  number  J + 1, 
down  to  the  next  lowerlevelj,  if  the  atomic  elect  ro  ns  do  not  a Iso  change  their 
state,  a photon  of  frequency  will  be  emitted,  with: 

f)l>  = E, 

= ^[(J  + 1)(J  + 2)  - JU  + 1)] 

^2 

= y (J  + 1 ) (8-91) 


The  resulting  rotational  spectrum  will  therefore  consist  of  lines  equally  spaced, 
separated  in  frequency  by  Ap  = 'fi/27r/.  Measurements  on  these  spectra  thus 
yield  information  on  the  moment  of  inertia  and  hence  on  the  interatomic  spacing. 

To  estimate  the  frequency  region  in  which  these  lines  will  be  seen,  consider  a 
nitrogen  molecule  N2  with  reduced  moss  7 atomic  mass  units,  and  interatomic 
spacing  ^ 2 AngSroms.  The  wavelengths  will  be  comparable  to 


27tc/  _ 2-Kcixr^ 
t ~ fi 


(8.92) 


or  a few  centimeters,  in  the  microwave  region.  The  energy  for  J = 0 is  E = 
fiV/  2 X lO-*  eV,  ora  bout  10*“  times  smaller  than  typical  atomic  electron 
energies. 

Actually,  diatomic  molecules  are  not  rigidly  bound  together  at  a fixed  separa- 
tion distance,  but  can  vibrate  slightly  back  and  forth  along  their  line  of  centers. 
This  vibration  is  a quantum  mechanical  simple  harmonic  oscillation,  and  the 
vibrational  energies  are  quantized  as  well.  In  Chapter  7 it  was  seen  that  the 
e n e rg  ie s a re  + V2  ),  whe re  n is  a positive  integer  and  (jC  is  propor- 

tional  to  the  square  root  of  the  effective  spring  constant.  In  most  diatomic 
molecules,  the  interatomic  spacings  stay  quite  close  to  their  equilibrium  or  over- 
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age  values,  which  means  the  spring  constant  is  rather  large;  usually,  the  SpOicings 
between  vibrational  levels  are  roughly  100  times  the  rotational  level  spacings,  or 
around  0.01  eV;  hence  the  molecular  vibrational  spectra  lie  in  the  far  infrared. 
These  vibrational  and  rotational  energy  levels  give  rise  to  band  spectra,  con- 
sisting of  lines  spaced  so  closely  together  that  the  spectrum  appears  to  be  prac- 
tically continuous.  These  bands  result  from  the  molecules'  changing  from  one 
vibrational  state  to  another,  while  at  the  same  time  mony  different  rotational 
transitions  occur.  Thus,  near  one  vibrational  line  could  be  grouped  many  lines 
corresponding  to  many  possible  different  initial  and  final  rotational  levels,  which 
are  relatively  close  togetlier  in  frequency. 


summary 
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SPECTRUM  OF  HYDROGEN 


The  wavelengths  of  the  observed  lines  In  the  spectrum  of  hydrogen  are  given  by 
the  Balmer  formuia: 


1^ 

A 


n,  = 1,2,3,.  . . 

ri2  = n,  +1,0]  + 2,  . . 


where  the  Rydberg  constant  has  the  experimental  value: 

Rh  = 10,967,758.1  m' 


The  spectrum  of  the  hydrogen  atom  can  be  interpreted  in  terms  of  an  energy 
level  diagram  where  the  discrete  energies  are: 


tf 


n = 1,2,3,... 


BOHR  THEORY  OF  THE  HYDROGEN  ATOM 

Bohr  postulated  that  th^  stationary  states  within  the  hydrogen  atom  could  be 
characterized  by  a quantized  va  lue  of  the  orbital  angular  momentum.  This 

can  also  be  understood  qualitatively  by  assuming  that  an  integral  number  of 
wavelengths  of  the  de  Broglie  electron  waves  must  fit  into  a circular  orbit.  Thus, 
the  tangential  component  of  momentum  is  given  by: 

m V r = = 1,2,3,... 

where  r is  the  radius  of  the  orbit  and  v is  the  speed.  In  addition,  the  centripetal 
force  necessary  to  bind  the  electron  in  the  circular  orbit  is  that  due  to  the 
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Coulomb  attraction  between  election  and  nucleus^  or 


r 4irtQr^ 

For  hydrogen,  the  total  kinetic  plus  potential  energy  of  the  election  is  then: 

-R  ^hc 


E = 


where 


me 


2h  \47T(:o^C 


1.09738  X lO'm-' 


While  this  formula  agrees  well  with  the  observed  levels,  it  is  conceptually  in- 
correct, because  the  exact  theory  shows  that  the  energy  depends  on  the  radial 
quantum  number,  n,  and  not  at  all  on  m,. 

When  the  motion  of  the  nucleus  of  mass  M is  taken  into  account  as  well,  the 
energy  levels  are  given  by: 


E = 


m„ 


where 


and  where 


Rh 


1 


1 + m/M  2hc  \4iT€of> 


1 + m / M 


is  called  the  reduced  mass. 


SCHRODINGER  EQUATION  FOR  HYDROGEN  ATOM 

In  terms  of  momentum  operators,  the  Schrodinger  equation  for  the  hydrogen 
atom  of  an  infinite-mass  nucleus  is: 


: — , 

2m  47reor 


2m 


1 


-f 


df  \ dr  ) sin  6 86 


5 

sin  0 — 

86 


sin^  6 8 <p^ 


4x€or 


Ihis  was  obtained  by  calculating  in  spherical  polar  coordinatBS  in  Appendix  1. 
The  solution  to  the  Schrodinger  equation  for  the  ground  state  is: 

f ( 

W = const  X e X h — -L.  I 

^ WeXf 
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In  general,  the  solutions  are  of  the  form: 

where  Rnj^(^)  ^ function  only  of  r,  (19)  isO  function  only  of  6,  and 

is  a function  only  of  (p.  The  energies  depend  only  on  the  principal  quantum 

number  n and  are  given  by  = -R  bc/f)^. 

ANGULAR  MOMENTUM 

The  orbital  angular  momentum  operator  L = r x p can  be  calculated  in  terms 
of  spherical  polar  coordinates  when  the  momentum  operator  is  known  In  terms  of 
those  coordinates.  The  z component  of  orbital  angular  momentum  is: 

; 

ond  the  wavefunctions, 

with  ,...0  — l/'t^are  eigenfu notions  of  with  eigenvalues 

The  total  angular  momentum  operator  is  given  by: 


.V.  . nH' 

^ ^ sin  o — -- 

s\n  9 dd\  dd 


,2,  _ -V.. 

smdde\^de] 

and  the  wavefunctions  (v^)are  eigenfunctions  of  with  the  possible 

eigenvalues  + 1)/  where  ^ = 0.  1,  2,.  . .n  — 1.  Thus  the  stationary 

states  of  the  hydrogen  atom,  corresponding  to  the  wovefunc tio ns  J 8,  <p), 

are  described  by  three  quantum  numbers.  The  principal  quantum  number  n de- 
termines the  energy.  The  orbital  angular  momentum  number  ^ is  a positive 
integer  <n  — 1,  and  the  azimuthal  quantum  number  is  an  integer  such  that: 


- i < < + /t 


NORMAL  ZEEMAN  EFFEiCT 


An  electiDn  of  orbital  angular  momentum  L has  Q magnetic  dipole  moment: 

e . 

-a;'- 

and  interacts  with  an  external  magnetic  fieid  B along  the  z axis  with  the  energies: 

E B 1 -I-  Or, 

E = = — t,  = — = m^pB 

2m  2m 


where  the  Bohr  magneton  P 


0.9  2 7 X 10  ’^  \/w/m  ^ 
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This  additional  energy  causes  a splitting  of  a level  corresponding  to  some  volue 
of  ^ into  2 + 1 levels,  and  tronsitions  between  levels  occur  restricted  by  the 

selection  rules  = ±1,0.  In  the  normal  Zeeman  effect,  only 

orbital  angular  momentum  is  important,  and  spectral  lines  are  split  into  three 
components. 


ELECTRON  SPIN 


Electrons  possess  internal  angular  momentum,  or  spin,  S,  c ho ra c te rized  by  a 
quantum  numbers  = V2  such  that: 

S^\p  = h^s{s  + l)iA  = - 

4 

The  intrinsic  magnetic  moment  of  the  electron  is  given  by: 


Ms  = 


e 


S 


m 


The  total  angular  momentum  of  an  electron  is  then  J = L + S,  and  the  electron 
states  are  described  by  quantum  numbers  j and  m,,  where  j is  half  an  odd 
integer.  The  eigenvalues  of  total  angular  momenturri  are: 

= fi'K)  + 1)’/' 

The  z component  of  total  angular  momentum  has  the  eigenvalues: 


RIGID  ROTATOR 


A diatomic  molecule  has  rototioncil  energy  levels  given  by: 

J.l 


where  / is  the  moment  of  inertia  of  the  molecule  about  the  center  of  mass. 


problems 


1.  Estimate  the  ratio  of  the  gravitational  attraction  at  a given  distance  between  the 
electron  and  proton  in  hydrogen,  to  the  Coulomb  attraction. 

Answer:  47reoGmM/e^  ~ 4 x 10 

2.  The  energy  of  the  electron  in  the  hydrogen  atom  is  p^/2m  e^/47TCor.  As- 

sume this  is  a one  dimensional  problem  with  ApAr  > A,  and  find  the  radius  r cor- 
responding to  the  minimum  possible  energy,  by  toking  p^ 
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r Ar,  and  minimizinci  the  resulting  expression  for  energy.  Compare  with  the  first 
Bohr  radius 

Answer:  47TfQ'fi^/me^  = 5.28  x 10^^'  meters. 

3.  Show  that  the  wavefunction  r/-3oo  Table  8.2  is  a solution  of  the  Schrodinger 
equation  for  the  hydrogen  atom,  and  find  the  corresponding  energy. 

Answer:  E3 

4.  Calculate  the  shortest  and  longest  possible  wovelengths  of  lines  in  the  Balmer  series 
of  hydrogen. 

Answer:  3647  Angstroms  6563  Angstroms 

5.  Doubly  ianized  lithium  has  three  protons  in  its  nucleus  and  ^ spectrum  very  similar 

to  that  of  hydrogen.  Calculate  the  energy  of  the  lowest  state  in  eV,  and  the  wave- 
length of  the  spectral  line  arising  from  an  n = 2 to  n = 1 transition  in  this  ion. 

Answer:  E = — 122.7  eV;  A = 135  Angstroms. 

6.  Calculate  the  reduced  mass  of  five  times  ionized  carbon,:  the  mass  of  the  neutral 
carbon  atom  is  12.000  cimu  = 19.929  x lO’^^kg.  Calculate  the  effective  Rydberg 
constant  for  this  ^^em.  'The  experimentally  observed  value  is  10,973,228.6  rn~V 

7.  Verify  the  correctness  of  -he  expression  for  the  x component  of  the  angular  momentum 
operator  in  Equation  (8.22). 

8.  Verify  that  the  functions  in  Equation  (8.23)  are  eigenfunctions  of  Lg  with  the  indicated 
eigenva  lues. 

9.  Find  the  wavelength  of  a photon  emitted  when  the  ‘electron  in  a hydrogen  atom 
makes  a transition  fr^m  then  = 3 state  to  the  n = 1 state. 

Answer:  1026  Angstroms 

10.  A photon  is  given  off  by  hydrogen  in  the  trahsition  n :::  3 to  n = 1-  The  work  func- 
tion for  silver  is  4.73  eV,  What  is  the  ma>dmum  kinetic  energy  an  electron  can  have 
if  knocked  out  of  silver  by  this  photon? 

Answer:  7.36  eV. 

11.  For  two  particles  of  mosses  m and  M and  positions  T2  and  rj,  the  Schrodinger 
equation  is: 


2m\dxl  5/2  5z2/ 


2M  5yf 


^ = Ei 


Let  r = f2  — f]  and  r,  = {mr2  + Mr,  )/[M  + ni),  the  center  of  mass  position 
vector.  If  k is  a constant  vector  and  V depends  only  an  the  relative  vector  r,  show 

Ik ' r 

that  a solution  for  is  ol  the  form  \j/  = f (r)e  S where  fli)  satisfies  the  equation: 


2fi\dx^  dy^ 


dz' 


f + Vf 


2(A1  + m ) 


f 


with  the  reduced  mass,  u = + m).  What  is  the  physical  interpretation  of 

this  form? 

12.  The  positron  is  a particle  identical  in  mass,  m,  to  the  electron  with  charge  equal  and 
opposite  to  that  of  an  e ectron.  The  electron  and  positron  can  form  a hydrogen-like 
combination  called  positronium.  Using  the  result  in  the  previous  problem,  find  an 
expression  for  the  enegy  levels  of  positronium. 

Answer:  E = - me^/(47reo)^^^n^ 

13.  The  electric  field  an  electron  in  a hydrogen  atom  sees  is  . Using  B = 

— V X E/c^  and  the  fact  that  the  magnetic  moment  of  an  electron  is  = —e/m  S, 
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show  that  the  spin-orbit  coupling  energy  is  (e^/47r€om^c^)S*L/r^.  (Actually,  this  is 
a factor  of  2 too  large,  due  to  relativistic  effects  associated  with  the  rotating  rest 
frame  of  the  electron).  Using  the  orders  of  magnitude:  S ii,  r Bohr 

radius,  show  that  the  spin-orbit  splitting  is  comparable  to  the  hydrogen  atom 
energy  times  cx^,  where  (x  = e^MTTfo'fic  = 1/137  is  the  fine  structure  constant. 
Since  the  hydrogen  atom  energy  is  on  the  order  of  --  10  eV,  what  is  the  order  of 
magnitude  of  the  spin-orbit  or  fine-structure  splitting? 

Answer:  IQ'^eV.  

14.  The  relativistic  kinetic  energy  is  T = \/ p ? -\-  For  pc  « mc^  this 

is  T ^ ('/2  p^//n)(l  — 14  p^/m^c^).  The  first  term  is  of  the  order  of  the  hydrogen 
atom  energy  when  it  is  used  for  the  kinetic  energy  part  of  the  hydrogen  atom 
Schrddinger  equation.  Use  this  ta  show  that  the  next  term  is  of  order  times  the 
hydrogen  atom  energy,  where  q;  = e^/4irtQiic  ^ is  the  fine  structure  constant. 
From  the  results  in  the  previous  problem,  thiris  also  the  order  of  magnitude  of  the 


spin-orbit  coupling  energy. 

15.  Write  the  Schrodinger  equation  for  a free  particle  in  spherical  coordinates.  Show 


that  two  solutions  are: 


where  k is  a constant.  What  is  the  energy  in  terms  of  k? 

16.  For  a particle  in  a spherical  box  of  radius  Tq,  what  are  the  conditions  on  the  k's  in 

and  \j/^  of  the  previous  problem?  Which  of  the  two  solutions  could  give  the  wave- 
function  for  a hemispherical  box? 

n 7T 

Answer:  sin  = o or  k = _ for 

tan  (fcro)  = kfQ  for  i//,;  . 

17.  The  operator,  L‘\s  given  in  Equation  (8.24).  Assume  that  there  exist  eigenfunctions 

of  the  form  \p  =:  a,  cos"  0.  Substitute  into  the  equation  \p  = X\j/,  By  using  the 

n 

condition  that  the  coefficient  of  a given  power  of  cos  0 on  the  left  side  of  this  equa- 
tion must  equal  that  on  the  right,  find  a relationship  between  Determine 

the  values  of  A such  that  the  series  is  actually  a polynomial,  i.e.  that  a,  = 0 for 
some  n.  Assume  that  Oq  = 1 and  Oi  = 0,  or  Oq  = 0 and  - 1. 

Answer:  A = 'C- ( 't  + 1 ) with  i = 1 , 2,  3 , . . . . 

18.  Verify  that  the  following  are  eigenfunctions  of  the  operator,  - 


'Po  = 1:  = cos  8;  \(/2  = -■  COS^  8 - - ; \p3  ^ ~ COS^  8 ^ - COS 


The  volume  element  in  spherical  coordinates  is:  r^df  sin  0 dSd^.  Find  what  constant 
each  wavefunction  must  be  multiplied  by  to  make: 


f\,  f 

^0  do 


i/'l  sin  0 dQ  = 


252  IHydiogen  otDin  and  angular  momentum 


19.  Verify  that  the  angular  functions  in  i/'3n  , , ^^322  °f  Table  8.2  ate  eigenfunctions 

of  L^. 

2tt  An  ang  ular  momentum  eigenfunction  for  the  rigid  rotator  is  given  by  sin  f)  x 
(5  cos^  6 What  atB  the  eignvolues  of  and  U? 

Answer: 

2L  The  three  {-  = 0 waveiunctions  for  the  hydrogen  atom  in  Table  8.2  are: 

1^100  ” const.  X e ; 1^200  " const,  x e 

hoo  = const.  X 7) 

The  volume  element  in  spherical  coordinates  is  r^dr  sin  S dO  d<p.  Find  by  what 
constant  each  wavefunction  must  be  multiplied  so  that: 

f ^r^dr  = 1 

Jo 

2Z  Find  the  expectation  value  of  r for  the  ground  state,  = const,  x e~~''  with 

y = me^/47reoft^>  of  tho  hydrogen  atom.  Compare  with  the  Bohr  radius,  a = 
0.53  X 10~'°  meters 

Answer  (r)  = — — - (-|a 
^ ^ (27)  V) 

23.  Find  the  expectation  value  of  the  potential  energy,  —e^/{4TT€Qr),  ond  the  kinetic 

energy, 

1 d\\ 

2m\sr^^  7 dr  ,2^/  ^2  sn  (f  k r\in^  Dd>p^) 

for  the  state,  r/',oo  = 'const)e~^'  with  7 = me^/47t €0^1^-  Compare  the  two  results. 
Answer  (V)  = -2{T)  = -27.2  eW. 

2A.  Calculate  the  frequency  shifts  in  sec  ^ for  a line  exhibiting  the  normal  Vernon  effect 
when  the  applied  magnetic  field  is  1.72  w/m^. 

Answer  2.4  x lO’^/sec. 

25.  Calculate  the  maximum  component  of  the  spin  magnetic  moment  of  the  electron 
along  the  direction  of  an  applied  magnetic  field. 

Answer  0.92  7 x joule/(weber/m^). 

26b  Show  that  for  wavefunctions  that  are  eigenfunctions  of  and  where 

J = L + S, 

<L-J>  = ^ [/(,•  + 1)  + I (,  I + 1)  - s(s  + 

27.  Suppose  two  particles  of  orbital  ongular  momentum  quantum  numbers  , = 2 and 
-{.2=3  combine  to  form  a single  ^stem.  Then  the  total  angular  momentum  quantum 
number  can  hove  the  values  / = 5,  4,  3,  2,  or  1 with  a maximum  and  a minimum 
value,  ju^  as  if  we  added  two  vectors  vectorially  of  lengths  2 and  3.  Show  that  the 
total  number  of  possible  states  when  the  particles  are  specified  by  the  combination 
of  ■{,  m^^and  {-2 / 2 ^ ^ ' 

28  The  experimentally  observed  frequency  spacing  between  two  successive  rotational 
lines  observed  in  the  spectrum  of  the  HCI  molecule  is  6.3502  x 10^^  sec~\  Using 
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this  information,  calculate  the  distance  between  the  hydrogen  atom  and  the  chlorine 
atom  which  make  up  the  diatomic  molecule. 

Answer:  1.803  Angstroms. 


9 Pauli  exclusion 
principle  and  the 
periodic  table 


We  have  seen  how  the  hydrogen  atom,  and  hydrogen-like  atoms,  may  be  pic- 
tured as  very  small,  positively  charged  nuclei  sjrrounded  by  "clouds”  of  negative 
electricity  due  to  the  electron.  In  fact,  a similar  picture  is  valid  for  more  compli- 
cated atoms  containing  many  electrons  In  the  hydrogen  atom  the  charge  cloud 
is  around  an  Angstrom  in  diameter  and  the  energy  differences  involved  when 
the  electron  changes  its  Sate  are  a few  electron  volts.  Similarly,  in  many-electron 
atoms,  from  experimental  studies  of  spectra,  chemical  reactions,  formation  of 
crySals  etc.,  it  can  be  CC'ncluded  that  the  charge  clouds  are  of  the  order  of  a few 
Angstroms  in  size,  and  that  energy  changes  are  also  of  the  order  of  a few  elec- 
tron volts.  For  example,  when  a sodium  atom  and  a chlorine  atom  combine  to 
fo  rm  NaCI,  the  total  energy  given  up  per  molecule  formed  is  4.24  eV  and  the 
NaCI  distance  is  2.36  Angstroms. 

When  two  atoms  are  brought  close  together,  the  electrenic  charge  clouds  will 
begin  to  overlap,  and  ii  is  to  be  expected  that  the  features  of  the  interaction 
between  atoms  will  be  largely  determined  by  the  structure  of  the  electronic  cloud, 
or  in  other  words,  by  the  states  of  the  electrons  in  the  atoms  Some  atoms  tend  to 
give  up  an  electron  and  form  positive  ions,  such  as  the  alkali  metals  sodium, 
potassium,  rubidium,  cesium,  Some  atoms  tend  to  attract  an  extra  electron  and 
form  negative  ions,  such  as  the  halogens,  fluorine  and  iodine.  Others  are  chem- 
ically nearly  inert,  such  as  helium  and  neon.  Because  of  the  great  variety  of 
chemical  behavior  we  would  not  expect  the  electronic  states  of  all  atoms  to  be 
similar,  but  important  dil^erences  must  exist  among  them. 

In  studying  the  mathematical  solution  of  the  hydrogen  atom  problem  by 
means  of  Schrbdinger^S  equation,  it  has  been  seen  how  the  various  states  of  the 
electron  can  be  labeled  by  a set  of  quantum  numbers.  The  spectrum  of  light 
emitted  by  hydrogen  can  then  be  underwood  by  saying  that  the  electron  makes 
a transition  from  one  state  to  another,  emitting  a photon  in  order  to  conserve 
energy.  Although  in  more  complicated  atoms  the  energy  levels  do  not  have  the 
same  numerical  values  qs  in  hydrogen,  still  the  state's  may  be  lobelGCl 
same  set,  or  a very  similar  set,  of  quantum  numbers  as  are  used  for  hydrogen. 
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In  addition  lo  the  fact  that  other  nuclei  have  larger  charges  than  does  the  proton 
in  hydrogen,  the  complications  due  to  electron-electron  interactions  shift  the 
energy  levels  around  somewhat. 

From  a study  of  the  spectrum  of  an  atom,  it  is  possible  to  determine  the  various 
energy  levels  and  their  quantum  rumbers.  It  is  observed  experimentally  that  in 
the  spectra  of  atoms  having  two  or  more  electrons,  certain  lines  are  missing.  For 
example,  in  lithium  there  are  no  transitions  from  n r:  2 states  to  n = 1 states. 

In  explaining  these  and  related  phenomena,  Pauli  proposed  the  exclusion  princi- 
ple. Loosely  stated,  this  principle  says  that  no  two  electrons  in  an  atom  can  exist 
in  the  same  quantum  Sate.  This  remarkably  simple  principle  can  also  be  used  to 
explain  the  Structure  of  the  periodic  table  of  the  elements  and  the  chemical  be- 
havior  of  the  atoms  of  each  element.  Let  us  begin  by  reviewing  the  nomenclature 
used  in  describing  atomic  energy  levels. 

.1  DESIGNATION  OF  ATOMIC  STATES 

In  solving  the  Schrodlnger  equation  for  the  isolated  hydrogen  atom,  it  was  found 
that  the  wa vefunctions  were  labeled  by  the  quantum  numbers:  n,  , and  fTi^, 
and  spin  quantum  numbers.  The  energies  were  degenerate  and  depended  only 
on  the  principal  quantum  number,  n.  While  in  the  previous  chapter  with  sub- 
script was  used  to  avoid  confusion  with  the  symbol  m for  mass,  no  such  confusion 
should  occur  in  this  chapter.  Therefore,  we  will  from  here  on  use  m for  the  azi- 
muthal quantum  number,  as  is  usual  in  physics  The  second  quantum  number  ^ is 
called  the  orbital  angular  momentum  quantum  number.  It  can  have  the  possible 
values  = 0,  1,  2,.  . . . (n  — 1).  Thus  for  a given  value  of  n,  there  are  n valu6S 
of  If  a state  is  described  by  a value  for  the  orbital  angular  momentum 
quantum  number,  then  the  square  of  the  orbital  angular  momentum  is  = 
1). 

The  va  rio  us  ^ sta  tes  a re  a Iso  denoted  by  letters . States  for  which  '^=0  ore 
also  referredl  to  as  s states;  = 'I  are  p states.  In  various  applications,  these 
letters  may  be  either  capital  or  small.  The  designation  is  given  in  Table  9.1. 


TABLE  9.1  Alphabetic  designations  of  states  for  different 
orbital  angular  momentum  quantum  numbers  'I . 


^ value 

alphabetical  designoHon 

0 

S 

1 

P 

2 

d 

3 

f 

4 

9 

Ihe  rest  in 

alphabetical  onter. 

An  = 5 state  would  be  an  h state.  All  s states  have  zero  orbital  angular 
momentum,  and  the  wa  vefunctions  depend  only  on  r.  So  the  probability  den- 
I ^noo  I ^ spherical  symmetry.  If  n = 3,  the  states  s,  p,  d are  possible 
corresponding  to  the  values,  0,1,  2.  States  are  sometimes  designated  by  writ- 
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ing  an  integer  and  then  a letter:  3p,  Is,  2p,  etc.  The  integer  refers  to  the  value 
of  n and  the  letter  refers  to  the  value  of  't.  Thus  a 4p  state  has  n = 4,  ^ = 1. 
If  n =5,  the  possible  states  are  5s,  5p,  5d,  5f,  5g.  In  the  hydrogen  atom,  all 
these  n = 5 states  are  approximately  degenerate  and  have  the  same  energy. 

9.2  NUMBER  OF  STATES  in  AN  n SHELL 

The  azimuthal  quantum  number  m can  have  poative  or  negative  integral  values 
or  zetD.  Snce  mt)  is  the  z component  of  orbital  angular  momentum,  the  maximum 
magnitude  of  m is  equal  to  Thus,  m can  vary  in  integral  steps  from  a minimum 
value  of  — to  q maximum  value  of  This  gives  2-t  + 1 values  of  m for  a 
given  't.  Thus,  for  example,  for  a 5p  State  there  ate  three  possible  m values,  and 
for  a 3d  state  there  are  five.  If  there  are  2-t  1 values  of  m for  a given  and 

n values  of  = 0,  1,.  . . n — 1)  for  a given  n,  then  for  a given  n the  total 

number  N„  of  states  of  the  electron  in  a hydrogen  atom  is  equal  to: 

n - 1 

N„  = Z (2-e  + 1)  (9.1) 

The  arithmetic  series  formula  gives  us: 


so  the  number  N„  in  te  rms  of  n is  N„  = 2[n(n  l)/2]  + n = n^.  This  means 

that  in  hydrogen  the  energy  degeneracy  is  n^.  These  states  are  different  be- 
cause the  dependence  oF  on  {r,  changes  as  ^ and  m change,  i.e.  as 

the  angular  momentum  changes. 

The  specification  of  electronic  states  in  terms  of  n,  ■{,.  and  m is  not  quite  com- 
plete, because  in  addition  to  these  quantum  numbers  the  electron  has  internal 
quantum  numbers,  i.e.  spin  angular  momentum  numbers,  with  values  s = 
and  rrij  = + Vz  . The  number  s is  the  total  spin  angular  momentum  quantum 
number;  and  the  z component  of  spin  angular  momentum  has  eigenvalues  of 
m^h.  Thus,  including  the  effect  of  spin,  to  completely  specify  the  state  of  an  elec- 
tron we  need  five  quantum  numbers,  n,  , m,  s,  Dij.  However,  for  an  electron,  s 

is  always  equal  to  Vi  So  if  we  keep  this  fact  in  mind,  we  only  need  to  use  the 
four  quantum  numbers  n,  m and  m,.  Since  for  a given  n,  and  m,  there  are 
two  possible  values  of  m^,  the  degeneracy  of  the  electron  in  the  hydrogen  atom 
is  actually  not  n^,  but  2/)^.  Also,  in  addition  to  the  spatial  coordinate  r describ- 
ing position  of  an  electron,  there  is  another  coordinate  describing  spin,  so  in 
general  an  electronic  wavefunction  will  be  a function  of  the  form  S) 

where  S is  a spin  cooidinatB. 

9.3  INDISTINGUISH ABILITY  OF  PART1CL£S 

The  above  considerations  are  valid  when  we  have  one  electron  in  a state  in  a 
hydrogen-like  atom.  If  we  have  a many-electron  atom,  then  the  energy  levels  will 
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in  general  be  shifted,  so  that  they  may  depend  on  ^ as  well  as  n.  This  is  because 
the  outer  electron  wavefunctions  penetrate  the  cloud  of  inner  electrons  to  differ- 
ent extents  depending  on  , leading  to  different  ‘average  potential  energies. 
Also,  since  total  angular  momentum  (L  + S)  is  quantized,  it  may  be  more  useful 
in  some  cases  to  label  states  by  total  angular  momentum  quantum  numbers  j,  m,, 
rather  than  "t  and  m.  We  shall  not  need  to  do  this  here,  however. 

Consider  Qn  atom,  such  as  helium,  which  has  two  electrons.  The  wavefunction 
will  then  depend  on  two  sets  of  variables:  T},  Si  for  one  electron  and  f2,  S2  fof 
the  other.  So  the  wavefunction  could  be  written  . Si  ; T2,  S2),  where  the 

labels  before  the  semicolon  refer  I0  the  values  of  the  coordinates  of  electron  1 
and  the  labels  after  the  semicolon  refer  to  values  of  the  coordinates  of  electron  2. 
Suppose  the  coordinates  of  the  electrons  are  interchanged:  that  is,  the  electron  2 
is  given  coordinates  f],  Si,  and  electron  1 is  given  coordinates  T2,  S2.  fhe  result- 
ing wavefunction  will  be  S2 ; ^ Si).  It  is  of  importance  to  consider  this  hy- 

pothetical "exchange"  of  electrons,  because  it  has  been  found  that  electrons  are 
indistinguishable  from  each  other.  In  classical  mechanics  it  was  assumed  that  all 
pa  rtic  les-even  identical  pa  rtic  les--c  o uid  be  given  labels  to  distinguish  one  from 
another.  In  quantum  mechanical  ^Sems  of  identical  particles,  this  is  not  possible. 
If 


c/p  12  = ’/'('•i,  Si;  rj,  S2)  MdV,c/V2  (9.3) 

is  the  probability  of  finding  electron  1 in  dV\  = c/.x  i dy  i dz  i and  electron  2 in 
dV2  = dx2d/2dz2 / then  since  the  particlesare  indistinguishable,  this  must 
be  the  same  as  the  probability  of  finding  electron  2 in  dVi  and  electron  1 in  dV2i 
which  electron  we  call  1 and  which  we  call  2 should  make  no  difference.  But  the 
probability  of  finding  electron  2 in  dV,  and  electron  1 in  dV2  is 

dp2i  = 'A(*2.  S2;  T) , Si ) ^dV2dV],  (9  4) 

Indistiriguishability  of  particles  requires  that  the  two  probabilities  in  Equa- 
tions  (9.3)  and  (9.4)  be  equal.  Thus,  , S i ; T2 , IS2 ) ^dV,c/V2=  ’/'(r2,S2) 

r,,Si)  1 ^dV'2dV'i,or; 

I S,;  t2,  S;i)  M = I i/'(r2,  S2;  rw  Si)  I ^ (9.5) 


When  the  magnitudes  of  two  numbers  are  equal,  the  numbers  themselves  must 
be  equal,  except  possibly  for  a phase  factor,  since  e*^  | = 1-  Thus,  the 

moS  general  conclusion  which  can  be  drawn  from  equation  (9.5)  is  that: 

'A(f2,  S2;  r,,  Si)  = e"*’;/'(r,,  Si ; r2,S2)  (9.6) 


where  e is  some  unknown  phase  factor. 

The  phase  factor  is  actually  a constant,  independent  of  coordinates.  While  a 
completely  rigorous  demonstration  of  this  fact  is  rather  difficult,  the  constancy  of 
can  be  seen  to  be  quite  reasonable,  by  considering!  the  expectation  value  of  a 
quantity  such  as  the  x component  of  momentum;  this  involves  an  integral  of  the 
fo  rm: 


(P.)  = Si;  f2. 


“ J-+  -^)\^('-wSi;r2,S2)dVidV2  (9.7) 

t OX]  / 0x2/ 
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which  mu^  remain  unchanged  if  the  particles  ore  interchanged: 


(p«)  = />A*(r2,  $2 ; ri , S 


O' 


^ jL  + 5 

i dx\  i dx  2^ 


e \p{t2,  Sj;  ri , S,  )c/V'2c/Vi 


(9.8) 


Hence  the  operator  e {pi  + P2  must  be  equivalent  to  the  operator 

*op  *op 

pi  + P2  More  generally,  for  any  differential  operator  Oop  representing  a 

' *op  ' ^op  ^ 

physical  quantity, 


e 


Oope'*  = 0„p 


(9.9) 


which  can  be  true  for  all  differential  operators  only  if  is  a constant. 

After  exchanging  two  particles,  the  new  wavefunction  is  equal  to  the  old,  mul- 
tiplied by  e”.  If  we  carry  out  a second  exchange  of  the  same  two  particles,  the 
some  thing  will  happen,  j;o  in  addition  to  Equation  (9.6),  we  hove: 

i/'(ri , Si ; t2,  S2)  = e''*'i/-{r2,  S2;  r, , Si ) (9.10) 


Substituting  Equation  (9.10)  into  Equation  (9,6),  we  conclude  that  \^(f2/  S2; 
fi , Si ) = e^'*^l^(r2,  S2;  *'i  / S]  ),  and  therefore  = 1-  If  = 1,  then  there 

are  two  possibilities  for  the  phase  factor  e'  . They  are  e'  = 4-1  or  -1.  Thus 
we  have  two  possibilities  upon  exchanging  identical  particles: 

i/'(r2,  S2;  ri , Si ) = (±l)i//(ri  ,Si ; rj,  S2)  O-H) 


Exchanging  two  particle!;  has  the  effect  of  either  leoving  the  wavefunction  un- 
changed or  changing  it  into  its  negative.  Wavefunctions  which  hove  the  property 
S2;  n,  S|)  = +iA(ri,  Si;  t2,  S2)  ore  said  to  be  symmetric  under  particle 
exchange.  When  $2;  Si)=  — l/^(ri,  Si;T2,  S2)  so  that  the  minus  sign 

applies,  the  wovefunc tio ns  ore  said  to  be  anfisymrnetric  under  exchange.  Both 
of  these  possibilities  ore  found  in  nature.  Experimentally,  the  +1  arises  when 
dealing  with  identical  particles  of  integral  spin,  called  bosons,  The  minus  sign 
arises  when  exchanging  particles  of  half-integral  spin,  called  fermions.  Since  an 
electron  has  spin  V2  and  it  is  a fermion,  upon  interchanging  two  electrons  the 
wovefunction  will  be  multiplied  by  — 1 . 


9.4  PAULI  EXCLUSION  PRINCIPLE 

Suppose  we  ask  whether  two  electrons  con  hove  equal  r and  S,  that  is,  con  we 
have  fi.  Si  = f2,  S2  = r,  S?  Since  the  wovefunctions  describing  electrons  ore 
antisymmetric,  we  start  with  a wavefunction  ip(f,  S;  r,  S),  then  after  exchanging 
two  electrons,  we  find  i//(r,  S;  r,  S)  = —^(r,  S;  r»  S).  It  tollov^s  that  the  probabil- 
ity of  finding  two  electrons  at  the  same  place  with  the  same  spin  must  be  zero. 

Suppose  we  assumed  that  two  electrons  con  each  be  described  by  quantum 
numbers  ,with  ni^imi/Tlsiforelectron  1 and  n2'62m2nis2forelectron  2; 

and  suppose  we  tried  to  write  an  overall  wavefunction  as  a product  of  single- 
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particle  hydrogen-like  wavefunctions: 

V/(r,,S,;r2,$2)  = O-iz) 

We  would  find  that  this  simple  product  function  is  not  antisymmetric,  and  hence 
does  not  satisfy  the  condition  of  indistinguishability  of  particles,  Equation  (9.5). 
We  can,  however,  construct  a wavefunction  describing  a state  of  the  same  energy 

by  taking  a linear  combination: 

i/'(r,S,;  r2S2)  = — (ri,  S,  S2) 

V2 

f S2)l/^n2'{,2m2mj2{^l  ' 

Upon  interchoinge  of  the  coordinates  ri,  Si  and  T2,  S2,  the  above  function  is 
easily  seen  to  be  antisymmetric. 

So  a linear  combination  of  single-particle  product  wavefunctions  with  opposite 

signs  for  the  two  terms  gives  us  a correctly  "antisymmetrized"  overall  wavefunc- 
tion. The  factor  l/V'^2  is  for  correct  normalization.  The  first  term  could  be  inter- 
preted by  saying  that  electron  1 is  in  state  fli  1 and  electron  2 is  in 

state  ri2  while  the  seconci  term  could  be  interpreted  by  saying  that 

electron  2 is  in  state  fl  1 ^ 1 m 1 fTlji  and  elect ron  1 is  in  state  H2>^2m2ms2-Thus, 
because  of  the  indistinguishability  of  elections  and  the  related  fact  that  the  wave- 

function  must  be  antisymmetric,  the  two  electrons  are  both  partially  in  the  states 

^ 1 1 ^ 1 ^sl  Ond  ^2  ^2^2^s2 • Suppose  that  both  states  were  identical,  however 

f7i  =n2,-ti=  '^2/^1=  m2  and  m5i=  mj2*Then,  from  an  inspection  of  the 
antisymmetric  wavefunction  in  Equation  (9.13),  it  is  immediately  seen  that  \p  = 0 
-an  impossibility. 

Although  we  have  been  discussing  the  situation  for  electrons  in  an  atom,  a 
similar  situation  holds  no  matter  what  system  is  being  considered.  Thus,  for  two 
electrons  in  a one  dimensional  box,  the  individual  single-particle  wavefunctions 
are  described  by  values  of  = HTlfi,  and  apart  from  spin  the  wavefunctions 
a re  ^p„{x)=  Vl/L  sin  (n7r//.)x.  With  spin,  the  wavefunctions  would  be  denoted 
by  (x,  S).  Then,  if  two  noninteracting  particles  were  in  the  box  with  wav©” 

functions  ^n2fnj2,  could  Write  the  antisymmetric  wavefunction  as: 

1 S 1 ; X 2 ^2  ) “ ~ (-^1  > ^ 1 ) 'Afi2mj2  (^2  y '^2  ) 

\/2 

- >An,;..,(X2,S2)l/'„j...^j(Xl,  S,  )]  (9.14) 

Then  in  this  cOSe  also,  if  the  two  states  are  the  same:  Hi  = H2/  mji  = m,2,  we 
find : 

^^(x, , S'l ; X2,  S2)  = 0 (9.15) 

Thus,  it  is  impossible  for  the  two  electrons  to  be  in  the  same  single-particle  Sate. 
This  leads  to  the  Satement  of  the  Pauli  exclusion  principle  for  Sates  in  which  the 
electron  wave  function  is  approximately  an  antisymmetric  linear  combination  of 
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products  of  single-particle  wavefunctions.  No  two  electrons  in  an  atom  can  exist 
in  the  same  quantum  state.  In  other  words,  if  the  wavefunction  is  to  be  nOD- 
vanishing,  the  two  elections  mu^  be  in  different  quantum  states  This  means  that 
in  an  atom  at  lea^  one  of  the  quantum  numbers  n,  m,  for  the  two  electrons 
must  be  different. 

9.5  EXCLUSION  PRINCIPLE  AND  ATOMIC  ELECTRON  STATES 

The  above  discussion  of  the  exclusion  principle  applies  to  any  two  electrons  in  a 
system  no  matter  how  many  there  are,  except  that  v/hen  there  are  more  than  two 
electrons,  the  overall  'A’Qvef unction  depends  on  more  variables.  In  an  atom, 
where  the  four  quantum  numbers,  n,  ^ , m,  nijare  used  to  describe  the  electron 
states,  then  every  single-particle  wave  function  will  have  a set  D'Cm/Tls  which  is 
different  from  that  of  every  other  single-particle  wave  function.  Since  there  is  a 
tendency  for  isolated  systems  in  nature  to  seek  the  lowest  possible  energy  state, 
we  would  expect  that  the  electrons  in  an  atom  would  arrange  themselves  so  that 
the  overall  atomic  energy  will  be  a minimum.  Thus,  in  a hydrogen  atom,  for 
example,  the  single  electron  would  ordinarily  be  found  in  a state  of  n =1.  This 
is  the  case  unless  the  atom  is  put  in  contact  with  matter,  such  as  in  a gas  dis- 
charge, where  the  electron  can  be  excited  to  higher  states.  We  shall  discuss  here 
only  atoms  as  normally  found  in  nature-in  their  ground  state,  or  state  of  lowest 
energy. 

For  hydrogen,  since  the  ground  state  (also  called  normal  state)  is  a state  of 
n = 1,  the  orbital  angular  momentum  quantum  number  ^ and  the  magnetic 
quantum  number  m must  both  equal  zero.  However,  to  a very  good  approxima- 
tion, the  energy  does  not  depend  on  the  spin,  which  means  that  the  energy  does 
not  depend  on  the  quantum  number  m,.  The  quantum  number  has  the  possible 
values  zbV2  ; so  in  hydrogen  there  are  actually  twO  possible  states  of  lowest  en- 
ergy, labeled  by  n = i,  ^ = o,  m = o,  and  n = 1,  /^  = 0,  m = 0, 

nij  = — Vi  . We  shall  represent  states  of  by  an  arrow  pointing  up:  | , 

and  rrij  = — V2  by  an  cirrow  pointing  down:  j . The  ground  state  of  hydrogen 
could  be  represented  in  an  energy  level  diagram,  Figure  9.1,  in  two  ways  corre" 

i=Q  ?=l  ^ = 0 8 = 1 

m = -10-M  ni=-l0-|-l 


or 


n=  1 


Figure  9.1.  Diagram  indicating  the  lower  levels  of  the  electron  in  a hydrogen  atom. 
Presence  of  on  orrOW  up  cr  an  arrow  down,  represents  on  electron  occupying  that  state 
with  nij  = + V'2  or  nij  = - V2  , respectively. 


spending  to  the  two  spin  orientations.  In  these  diagrams,  the  presence  of  the 
arrow  indicates  which  level  the  electron  occupies. 

Now  consider  helium,  which  has  two  electrons  If  we  assume  that  the  hydrogen 
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quantum  numbers  can  be  used  approximately,  the  state  of  lowe^  energy  would 
be  that  state  for  which  both  electrons  had  n = 1.  Then  = 0,  ,rn  = 0;  ^ to 
satisfy  the  exclusion  principle,  if  one  electron  has  nij  = -\-V7  (spin  up),  the  other 
electron  must  have  m,  = — ]/2  (spin  down).  This  state  is  illustrated  in  the  energiy 
level  diagram  of  Figure  9.2.  Having  two  electrons  in  the  n = 1 state,  with  spin 


fi  = 0 


n — 


2 


n—  1 

Figure  9.2.  Illustration  at  helium  ground  state. 

up  and  spin  down,  completely  exhausts  all  the  possibilities  for  different  sets  O'f 
quantum  numibers  with  n = 1.  We  then  say  that  the  n = 1 shell  is  filled,  or 
closed. 

In  lithium,  which  has  three  electrons,  the  lowest  energy  state  is  one  in  which 
the  n = 1 shell  is  filled  and  the  third  electron  goes  into  a state  of  next  lowest 

energy,  which  is  an  n = 2 state.  Since  helium  has  two  electrons  in  a closed  n = 1 

shell,  and  lithium  has  one  more  electron  outside  a closed  shell,  we  would  expect 
the  chemical  properties  of  lithium  tO  be  quite  different  from  those  of  helium. 
Because  the  n = 2 electron  is  less  tightly  bound  than  n = 1 electrons,  it  takes 
less  energy  to  remove  the  n = 2 electron  than  the  n = 1 electron.  So  it  should 
be  relatively  easy  to  add  enough  energy  to  the  Li  atom  to  remove  the  electron  in 
the  n = 2 state.  The  remaining  atom  would  then  be  an  ion  with  a net  positive 

charge.  In  chemistry,  it  is  known  that  U forms  positive  ions  and  tends  to  give  up 

one  electron  in  chemical  reactions;  it  has  a valence  of  + 1.  After  one  electron  is 
removed  from  Li,  the  ground  state  of  the  remaining  ion  has  two  electrons  in  the 
n = 1 state.  This  is  similar  to  helium.  Since  the  n = 1 electrons  are  very  tightly 
bound,  it  should  be  much  more  difficult  to  remove  an  electron  in  He,  and  in  fact 
helium  is  one  of  the  gases  which  are  known  as  inert  goses.  Likewise,  it  is  difficult 
to  remove  another  electron  from  the  Li  ion.  The  possible  energy  level  diagrams 
for  lithium,  which  has  three  electrons,  are  shown  in  Figure  9.3,  with  the  third 

JK  = 0 

^ ^ — 


n=  1 


Figure  9.3.  Lithium  ground  state. 
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electron  In  a 2s  state.  It  does  not  matter  whether  the  third  electron  is  drawn  j or 
[ since  here  we  are  neglecting  magnetic  interactions  In  such  an  approximation, 
2s  states  with  spin  up  or  spin  down  are  degenerate. 

In  the  next  most  complicated  atom,  beryllium,  there  are  four  electrons.  The 
2p  levels  lie  slightly  above  the  2s  levels,  so  the  ground  state  has  two  electrons  in 
I5  states,  two  in  2s  states,  and  none  in  2p  states.  The  energy  level  diagram  for 
beryllium  in  the  ground  state  is  shown  in  Figuro  9.4. 

s states  p states 

c=o 


n = 


2 


ii 

n = 1 1 

Figure  9.4.  Beryllium  ground  state. 

9.6  El£CTRON  CONFIGURATIONS 

The  electronic  configuration  of  atoms  in  their  ground  state  is  sometimes  indicated 
symbolically  as  follows:  hydrogen:  Is;  helium:  Is^;  lithium:  1 s^2s ; b e ry  I liu  m : 

ls^2s^.  Thus  a sequence  of  symbols  of  the  form  is  written,  where  the  first 

symbol  n is  an  integer  clenotiriQ  the  value  of  the  principal  quantum  number,  the 
second  symbol  Is  c letter  representing  the  value  of  orbital  angular  momentum 
quantum  number  a rd  the  third  symbol  is  a superscript  equal  to  the  number 
of  electrons  in  the  state.  Thus,  in  beryllium,  means  that  in  the  Is  state 

thero  are  two  electrons  The  symbol  2s^  means  that  there  are  two  electrons  in  the 
n = 2,  { = 0 state. 

The  next  element  is  boron,  with  five  electrons.  In  the  ground  state  of  this  atom, 
there  will  be  two  electrons  in  the  Is  states,  two  in  the  2s  states,  and  one  left  over 
which  has  to  go  into  the  ne>d  higher  energy  state,  which  is  a 2p  State.  Thus,  the 
ground  state  of  the  entire  atom  would  be  represented  by  1s^2s^2pV  The  state 
2p  is  a state  of  orbital  cingular  momentum  quantum  number  't  = 1,  so  the  mag- 
netic quantum  number  m can  have  the  three  values  dz  1 or  0.  For  each  of  these 
values  of  m,  there  are  two  different  possible  fDj  values.  So  the  total  number  of 
different  2p  states  is  six.  An  atom  in  which  the  2p  Sate  is  completely  filled  would 
be  represented  by  the  symbols:  ls^2s^2p*.  This  would  be  an  atom  having  a total 
of  ten  electrons.  For  an  atom  with  10  electrons,  the  n = 2 shell  is  completely 
closed,  and  closed  shells  tend  to  be  exceptionally  Sable  configurations  in  nature. 
J uS  as  the  atom  with  n = 1 shell  closed  (helium)  is  an  inert  gas,  so  the  atom  with 
the  n = 2 shell  closed  (neon)  is  chemically  inert. 

The  atom  with  nine  electrons,  flourine,  has  the  configuration  Is  , with 

only  five  electrons  in  the  2p  subshell.  If  one  electron  were  added  to  a flourine 
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atom,  the  resjit  would  be  an  ion  with  a negative  choTQe,  and  the  extra  electron 
could  go  into  the  2p  state  to  form  a closed  shell.  So  floutine  in  chemical  reactions 
should  accept  one  electron  and  have  0 valence  of  — :| . 

The  atom  with  11  electrons,  sodium,  is  chemically  very  similar  to  lithium;  it  has 
a valence  of  +1  and  gives  up  OO'S  electron  in  chemical  reactions.  According  to 
the  exclusion  principle,  the  first  10  of  these  11  electrons  go  into  the  loweS  energy 
states  with  two  in  the  1$,  two  in  the  2s  and  six  in  the  2p  level.  The  eleventh  elec- 
tron goes  into  the  3s  level;  so  the  electronic  configuration  of  sodium  could  be 
written  as  ls^2s^2p^3sV  In  the  energy  level  diagram  of  Figure  9.5  the  sodium 

5-  P 


n = 3 • 
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Figure  9.5.  Sodium  atom  in  its  lowe^  state. 

atom  in  its  lowest  state  is  represented.  Sodium  has  one  extra  electron  outside  a 
closed  n = 3 shell.  Since  closed  shells  tend  to  form  exceptionally  stable  COD* 
figurations,  one  would  expect  sodium  to  form  positive  ions. 

K7  INERT  GASES 

The  next  level  after  the  3s  level  which  fills  up  with  electrons  as  we  go  higher  in  the 
periodic  table  is  the  3p  level.  It  takes  six  electrons  to  fill  the  3p  level  by  itself, 
and  two  electrons  to  fill  the  3s  level.  So  for  an  atom  with  the  configuration 
ls^2s^2p‘^3!;^3p^,  there  are  eighteen  electrons.  The  element  argon  has  18  elec- 
trons, and  is  an  inert  gas.  So  in  this  case,  an  inert  gas  is  formed  when  the  3p 
Subsholl  is  filled,  before  any  of  the  ten  3d  states  is  filled.  It  is  found  experimentally 
that  every  time  a p level  is  completely  filled  up,  an  inert  gas  is  formed.  The  reason 
this  occurs  is  that  the  nd  levels  lie  so  much  higher  in  energy  in  many-electron 
atoms.  In  general,  because  of  the  (complicated  electron-electron  repulsive  forces, 
the  positions  of  the  energy  levels  are  very  difRcult  to  calculate,  but  their  sequence 
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can  be  determined  from  experiment.  Using  the  fact  that  higher  closed  p levels 
give  rise  to  inert  gases,  and  the  experimental  fact  that  the  general  order  in  which 
the  electron  subshells  are  filled  up  is  given  in  Table  ‘9.2,  we  can  predict  the  num- 
bers of  electrons  in  the  inert  gases: 


Helium 

2 

electrons 

Neon 

10 

electrons 

Argon 

18 

electrons 

Krypton 

36 

electrons 

Xenon 

54 

electrons 

Radon 

86 

electrons 

(Is^) 

(ls"2s’2p‘) 

(ls’2s’2p‘3s’3p‘) 

(ls’2s’2p*3s^3p‘4s^3c/'°4p‘) 

(ls^2s’2p‘3s^3p‘4s’3d'°4p‘5s’4c/''’5p‘) 

(ls^2s^2p‘3s’3p‘4s’3d'°4p‘5s^4c/'‘’5p‘ 

6s’4f'^5d'®6p‘) 


In  a closed  Is  shell,  there  are  two  electrons  whose  spins  point  in  opposite  direc- 
tions. The  total  angular  momentum  (L  + S)  of  this  closed  shell  is  equal  to  zero. 
Also,  the  contribution  to  the  total  magnetic  moment  of  the  electrons  in  a closed 
Is  shell  will  be  zero.  Similarly,  in  any  closed  subsholl  of  the  type  we  have  been 
considering,  the  total  number  of  electrons  is  even  and  there  are  just  as  many 
electrons  with  spin  up  as  with  spin  down;  so  the  contribution  to  total  intrinsic 
magnetic  moment  from  electrons  in  any  closed  subshsll  should  be  zero.  Also, 
since  all  positive  and  negative  m states  are  filled  for  each  i occurring,  the  orbital 
magnetic  moments  cancel.  So  the  electronic  magnetic  moments  of  all  the  intert 
gases  should  be  zero. 


TABLE  9.2 


Is 


“2A!  , < 
1 


3s — >3p  3d 

1/i. 


4s'-  4p  4d  ” 4f 


! 


‘t'/i:/!; 

5s  ^ Sp"  / ad 




,V 


L'^lpCdd  ' ' 
1/  ' 

■ > 


This  diagram  provides  an  easy  way  of  remembering  the 
order  in  which  the  levels  fill.  The  resulting  order  is: 


Is,  2s,  2p,  3s,  3p,  4s,  3d,  4p,  5s,  Ad,  5p,  6s,  Af,  5d,  dp,  7s,  6d 
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».8  HALOGENS 

Let  us  next  consider  the  gnDup  of  elements  which  need  one  more  electron  in  or0l6r 
to  fill  up  a p subshell;  these  have  one  fewer  electron  than  the  inert  gases.  Since 
the  inert  gases  have  10,  18,  36,  54  and  86  electrons,  the  elements  with  one  fewer 
electron  are  those  with  9,  17,  35,  53  and  85  electrons  These  elements  are  called 
halogens.  They  are  fluorine,  chlorine,  bromine,  iodine  and  astatine.  Hydrogen, 

which  has  one  less  electron  than  helium,  is  also  sometimes  classed  as  a halogen. 

Since  the  halogens,  in  order  to  complete  their  subshells,  need  one  electron,  they 
tend  to  form  ions  of  negative  charge  and  have  a valence  of  — 1 in  chemical 
reactions. 

>.9  ALKAU  METALS 

Consider  those  elements  which  have  one  extra  electron,  outside  0 closed  p sub- 
shell.  These  elements  are  called  olkoli  metals.  Hydrogen,  which  just  has  one  elec- 

tron. is  also  usually  classed  QS  on  olkoli.  Apart  from  hydrogen,  the  alkalis  have 
the  following  numbers  of  electrons:  3,  11,  19,  37,  55,  87.  The  corresponding 
names  of  the  alkali  metals  are:  lithium,  sodium,  potassium,  rubidium,  cesium 
and  francium.  These  elements  tend  to  have  valence  + 1 since  the  extra  electron 
outside  the  dosed  subshell  has  a relatively  low  binding  energy  and  is  easily 
removed.  Also,  the  electrons  in  lower  subshells  tend  to  screen  out  the  nuclear 
charge,  so  that  the  spectra  of  the  alkali  metals  are  very  similar  to  that  of  hydro- 

gen. Figures  9.6  and  9.7  are  the  energy  level  diagrams  for  outermost  electrons 
of  lithium  and  sodium,  which  illustrate  their  similarity  fo  that  of  hydrogen. 
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9.10  PERIODIC  TABLE  OF  EILEMENTS 

In  Table  9.3  the  periodic  table  of  the  elements  is  shown,,  with  elements  of  similar 
chemical  properties  arranged  in  columns.  The  alkali  metals  are  put  in  the  first 
column,  the  inert  gases  |r  the  last  column;  number  of  electrons  (atomic  number) 
increases  to  the  right.  In  the  second  column  are  the  mietals  beryllium,  magnesium, 
calcium,  strontium,  barium  and  radium.  These  elements  have  two  electrons  out- 
side a closed  p subshell.  They  should  usually  have  a valence  of  +2.  The  elements 
oxygen  and  sulphur  oCCUr  in  the  third  column  from  the  right  and  need  two  elec- 
trons to  form  a closed  shell,  leading  to  a valance  of  —2.  It  is  seen  from  Table  9.3 
that,  starting  with  scandium,  which  has  an  atomic  number  Z = 21,  the  ten  3d 
states  are  beginning  to  fill  up,  after  the  4s  states.  The  corresponding  ten  elements 
are  called  transition  elerri6nts;  their  chemical  properties  are  largely  determined 
by  their  two  outer  4s  electrons,  but  the  inner  incomplete  3d  subshell  gives  rise 
to  some  nonZ6rO  magnetic  moments  of  the  atoms.  Thus,  many  of  the  transition 
elements  have  interesting  magnetic  properties.  Iron,  one  of  the  most  magnetiza- 
ble of  all  substances,  lies  near  the  middle  of  the  transition  group  at  Z = 26.  In 
this  group,  elements  24  (Cr)  and  29  (Cu)  have  only  one  4s  electron. 

In  the  heavier  atoms,  particularly  in  the  rare  earth  group  Z = 57  to  Z = 70, 
the  order  in  which  electrons  go  into  the  various  states  is  somewhat  irregular.  The 
actual  order  in  which  the  states  are  filled  up  is  given  in  detail  in  Table  9.4;  num- 
bers barred  there  are  no^  known  precisely.  In  these  elements  the  outermost  elec- 
trons are  6s  electrons.  The  chemical  behavior  of  these  elements  is  largely  deter- 
mined by  the  outermost  electrons,  and  so  all  these  elements  are  chemically  very 
simila  r. 

Since  it  is  total  angular  momentum  rather  than  orbital  or  spin  angular  mo- 
mentum which  is  conserved  in  atomic  ^^ems,  the  energy  states  of  the  electrons 
should,  strictly  speaking,  be  labeled  by  values  of  the  total  angular  momentum 
quantum  number  j.  Since  the  spin  S can  be  either  parallel  to  L or  antiparallel  to 
L,  for  a single  electron,  either  j = ^ + ¥2  or  j = — V2  when  is  greater 

than  zero.  For  alkali  metals  in  the  ground  state  where  = 0,  the  total  angular 

momentum  quantum  number  is  j = ^ + V2  = ¥2  . For  the  first  exc  ited  sta te  of 

sodium  which  is  a 3P  state,  there  are  two  possibilities:  j = or  j = V2  . These 
states  are  usually  denoted  by  subscripts:  3P;j/2  and  3Pi/2.  These  two  states  are 
separated  slightly  in  energy  due  to  the  spin-orbit  interaction  which  was  discussed 
in  the  previous  chapter.  When  the  spin  and  orbital  angular  momenta  are  parallel 

as  in  the  3P3/2  state,  the  spin-orbit  interaction  is  positive.  In  the  other  case,  it  is 
negative;  hence  the  3Py2  state  lies  slightly  above  the  3Pi/2  state  in  energy.  The 
3P3/2  — * 3Si/2  and  3P]/2 — * 3Si/2  transitions  thus  give  rise  to  two  closely  spaced 
yellow  lines. 

When  more  than  two  electrons  are  present,  the  rules  for  adding  angular 
momenta  become  quite  complicated.  The  possible  values  of  the  total  angular 
momentum  quantum  number  may  be  obtained  by  considering  all  the  possible 
ways  in  which  spin  ¥2  and  orbital  angular  momentum  can  be  added  or  sub- 
tracted from  each  other  to  give  integral  or  odd  half-integral  j.  For  example,  if 
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1 

H 

3 4 


Li 

Be 

1 1 

1 A 

N a 

M g 

19 

2 0 

K 

Ca 

3 7 

38 

Rb 

Sr 

5 5 

56 

5 7 

58 

59 

6 0 

61 

62 

63 

64 

65 

6 6 

Cs 

Ba 

La 

Ce 

Pr 

Nd 

Pm 

Sm 

Eu 

Gd 

Tb 

Dy 

8 7 

88 

09 

9 0 

91 

92 

93 

94 

95 

9 6 

9 7 

9 8 

Fr 

Ra 

Ac 

Th 

Pa 

u 

Np 

Pu 

Am 

Cm 

Bk 

Cl 

21 

22 

23 

24 

25 

2 6 

2 7 

Sc 

Ti 

V 

Cr 

Mn 

Fe 

Co 

3 9 

4 0 

41 

4 2 

4 3 

44 

45 

Y 

Zr 

ML 

ino 

T- 
1 b 

Ru 

Rh 

6 7 

68 

6 9 

70 

71 

72 

73 

74 

75 

76 

77 

Ho 

Er 

Tm 

Yb 

Lu 

Hf 

Ta 

W 

Re 

Os 

Ir 

9 9 

100 

101 

102 

103 

104 

105 

106 

Es 

Fm 

Md 

No 

2 


He 

5 

6 

7 

8 

9 

10 

B 

c 

N 

0 

F 

Ne 

13 

14 

15 

16 

17 

18 

Al 

Si 

P 

s 

Cl 

Ar 

28 

2 9 

3 0 

31 

32 

33 

3 4 

35 

36 

Ni 

Cu 

Zn 

Ga 

Ge 

As 

Se 

Br 

Kr 

4 6 

4 7 

4 8 

49 

5 0 

51 

52 

53 

54 

Pd 

Ag 

Cd 

in 

Sn 

Sb 

ie 

' 

Xe 

78 

79 

80 

81 

82 

83 

84 

85 

86 

Pt 

Au 

Hg 

TI 

Pb 

Bi 

Po 

At 

Em 

O 
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TABLE  9.4  Electron  Configurations  the  Elements 


Element  ^ 

Subshell 

1 s 

2s  2p 

3s 

3p 

3d 

4s 

4p 

4d 

4f 

5s  5p  5d  Sf 

1. 

H 

1 

2. 

He 

2 

3. 

Li 

2 

1 

4. 

Be 

2 

2 

5. 

B 

2 

2 1 

6. 

C 

2 

2 2 

7. 

N 

2 

2 3 

a. 

0 

2 

2 4 

9. 

F 

2 

2 5 

10. 

Ne 

2 

2 6 

IL 

Na 

1 

12. 

Mg 

Vieonconfig- 

2 

13. 

Al 

nation-  10 

2 

1 

14. 

Si 

ilectrons 

2 

2 

15. 

P 

2 

3 

16. 

S 

2 

4 

17. 

Cl 

2 

5 

18. 

Ar 

2 

6 

19. 

K 

0 

1 

2a 

Ca 

\rgon  Config- 

0 

2 

2L 

SC 

nation-  18 

1 

2 

22. 

Ti 

ilectrons 

2 

2 

23. 

V 

3 

2 

24. 

Cr 

5 

1 

25. 

M n 

5 

2 

26. 

Fe 

6 

2 

27. 

Co 

7 

2 

28. 

Ni 

8 

2 

29. 

Cu 

10 

1 

3a 

Zn 

10 

2 

3L 

Ga 

10 

2 

1 

32. 

Ge 

10 

2 

2 

33. 

As 

10 

2 

3 

34. 

Se 

10 

2 

4 

35. 

Br 

10 

2 

5 

36. 

Kr 

10 

2 

6 

37. 

Rb 

0 

■1 

1 

3a 

Sr 

(rypton  Configuration  — 

0 

0 

2 

39. 

Y 

16 

electrons 

1 

0 

2 

4a 

Zr 

2 

0 

2 

41. 

Nb 

4 

0 

1 

4Z 

Mo 

5 

0 

1 

43. 

Tc 

5 

0 

2 

44. 

Ru 

7 

0 

1 

45. 

Rh 

8 

0 

1 

46. 

Pd 

10 

0 

0 
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Element 

4s  4p  4d 

4f 

5s 

5p 

5d 

6s 

6p 

47. 

Ag 

0 

1 

48. 

Cd 

Palladium  con- 

0 

2 

49. 

In 

figuration  — 

0 

2 

1 

50. 

Sn 

46  electrons 

0 

2 

2 

51. 

Sb 

0 

2 

3 

52. 

Te 

0 

2 

4 

53. 

1 

0 

2 

5 

54. 

Xe 

0 

2 

6 

55. 

cs 

0 

2 

6 

0 

1 

56. 

Ba 

0 

2 

6 

0 

2 

57. 

La 

0 

2 

6 

1 

2 

58. 

Ce 

1* 

2 

6 

1’ 

2* 

59. 

Pr 

2” 

2 

6 

1 

2* 

60. 

Nd 

3* 

2 

6 

1 

2* 

61. 

Pm 

4* 

2 

6 

r 

2* 

62. 

Sm 

6 

2 

6 

0 

2 

63. 

Eu 

7 

2 

6 

0 

2 

64. 

Gd 

7 

2 

6 

1 

2 

65. 

Tb 

a* 

2 

6 

1 

2* 

66. 

Dy 

9* 

2 

6 

r 

2* 

67. 

Ho 

10* 

2 

6 

r 

2* 

68. 

Er 

11* 

2 

6 

r 

2* 

69. 

Tm 

13 

2 

6 

0 

2 

70. 

Yb 

14 

2 

6 

0 

2 

71. 

Lu 

1 

2 

72. 

Hf 

2 

2 

73. 

Ta 

Shells  1 S to  5P 

3 

2 

74. 

w 

filled — 68  electrons 

4 

2 

75. 

Re 

5 

2 

76. 

Os 

6 

2 

77. 

Ir 

7 

2 

78. 

Pt 

9 

1 

79. 

Au 

10 

1 

80. 

Hg 

10 

2 

al . 

Tl 

10 

2 

1 

82. 

Pb 

10 

2 

2 

83. 

Bi 

10 

2 

3 

84. 

PO 

10 

2 

4 

85. 

At 

10 

2 

5 

86. 

Em 

10 

2 

6 

87. 

Fr 

10 

2 

6 

88. 

Ra 

10 

2 

6 

89. 

Ac 

10 

2 

6 

90. 

Th 

10 

2 

6 

91. 

Pa 

10 

2 

6 

92. 

U 

10 

2 

6 

'(Numbers  starred  OT6  uncertain.) 
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for  two  n = 1 electrons,  = "(/2  =0-  the  total  spin  S = S)  + S2  can  be 

added  to  give  two  possible  values;  these  are  jh  = (V2  + V2  jf)  = 'h  and  ft)  = 
(V2  — y2  = 0.  However,  because  of  the  exclusion  principle,  only  one  of  these 

values  will  occur.  It  is  j = 0.  Thus,  the  ground  state  of  the  helium  atom  should  be 
a j = 0 state. 

9.11  X RAYS 

When  we  studied  the  quantum  nature  of  light  in  Chapter  5,  the  continuous  x-ray 

spectrum  was  discussed.  This  spectrum  is  produced  by  the  deceleration  of  high 
energy  electrons.  The  frequency  distribution  depends  on  the  probability  distri- 
bution of  electron  decelerations  and  on  the  probability  distribution  of  frequencies 

for  a given  charged  particle  deceleration.  The  maximum  x-ray  frequency  ob- 
tained is  given  by  the  Duane-Hunt  law:  where  E is  the  electron  kinetic 

energy.  In  addition  to  thiil  continuous  spectrum,  there  are  often  sharp  peaks  at 
certain  energies  In  this  section  we  will  discuss  the  discrete  part  of  the  spectrum. 

Discreteness  of  photon  energies  ordinarily  means  that  a particle  makes  a 
transition  from  one  discrete  energy  level  to  another,  giving  off  a photon. 

The  obvious  levels  to  consider  here  are  the  lower  levels  of  the  bound  electrons 
in  the  atoms.  These  are  shown  in  the  energy  level  diagram  of  Figure  9.8.  The 


1 1 

1 

' 1 

Ka 


Figure  9.8.  Series  of  x-ray  lines  result  from  transitions  to  unoccupied  states  in  the  inner 
shells. 

upper  levels  do  not  differ  by  enough  energy  to  give  the  'observed  x-rBy  energies 
Ordinarily,  photons  corresponding  to  electrons  going  from  one  electron  shell  to 
another  are  not  observed  in  ma  ny-electron  atoms  because  the  lower  shells  are 
already  filled;  and  because  of  the  exclusion  principle,  other  electrons  cannot  go 
into  them.  However,  if  hic|h-energy  electrons  are  shot  into  a metal,  such  transi- 
tions do  occur  because  the  electrons  knock  other  electrons  out  of  the  inner  shells 
so  that  outer  shell  electrons  can  make  transitions  to  the  unoccupied  holes.  The 
innermost  shell  with  n = 1 is  called  the  K shell;  the  next  with  n = 2 is  called  the 
L shell;  then  the  M,  N,  0..  . . shells  follow.  There  are  two  electrons  in  a closed  K 
shell  corresponding  to  n ==  1,  ^ = 0,  and  eight  in  a closed  L shell  with  n = 2, 
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/(,  = 0,  or  1.  If  a K electron  is  knocked  out  by  the  electron  beam,  electrons 
in  shells  L,  hA,  N,.  con  make  transitions  to  the  hole  left  behind,  likewise, 
M,  N.  0,.  shells  have  electrons  which  could  make  transitions  downward  to  a 
hole  in  the  i shell.  Thus,  a series  of  x-ray  lines  is  observed  when  a K electron  is 
knocked  out.  These  are  called  K,,  Ky  ■ ■ ■ > corresponding  to  transitions  from 
the  I,  M,  N,  shells  down  to  the  K shell.  Similarly,  an  L electron  knocked  out 
gives  I,,  • • • lines,  etc.  The  energies  of  the  x rays  can  be  estlmioted  by  (as- 

suming that  the  electrons  in  the  various  shells  have  energies  given  by  an  equation 
similar  to  that  for  hydrogen,  Equation  (8.47).  However,  if  Ze  is  the  charge  of  the 
nucleus,  the  effective  nuclear  charge  acting  on  on  electron  is  less  than  ^ because 
of  screening  due  to  the  presence  of  negative  charge  in  the  same  and  inner  shells. 
The  precise  amount  of  screening  is  difficult  to  estimate;  practically  all  of  the  elec- 
trons in  shells  inside  a given  shell  are  effective  in  screening  out  a portion  of  the 
nuclear  charge.  Also,  some  portion  of  the  electrons  in  a given  shell  are  effective  in 
screening  out  the  nuclear  charge  for  other  electrons  in  the  same  shell.  The  follow- 
ing simple  model  works  well  for  the  calculation  of  series  wavelengths:  For  an 
L electron  with  one  electron  knocked  out  of  the  K shell,  the  remaining  electron  in 
the  K shell  SCreSflS  out  one  of  the  protons.  Hence,  an  estimate  of  its  energy 
would  be: 


_1(Z  ~ 1)^meV2  _ 

(47r£o1i)'  2' 


(9.16) 


The  energy,  after  falling  to  the  K shell,  is  very  roughly: 


Ek 


1(Z  - 1)^meV2  _ 

(47T£ofi)'  1' 


(9.17) 


These  estimates  of  inner  shell  electron  energies  are  fairly  good  for  large  Z,  be- 
cause the  nuclear  potential  is  large  compared  to  that  of  electrons  in  the  inner 
shells  The  energy  of  the  Ka  x-ray  line  is  then  approximately: 


E = E,  - E, 


( z -]fn-Ay2]  i\ 
(47r£o1i)^  \l'  27 


(9.18) 


The  Lyman  alpha  line  in  the  hydrogen  spectrum,  .^which  arises  from  a similar 
transition,  has  a wavelength  of  A.j  = 1216  angstroms.  The  wavelength  of  the 
K„  line  in  terms  of  / and  A„  should  then  be: 


Arc, 


(Z  1)^ 


(9.19) 


For  example,  for  Molybdenum,  /.  = 42.  The  Ka  wavelength  of  Molybdenum 
should  then  be  approximately  0.72  angstroms.  The  observed  wavelength  is  0.71 
angstroms. 

In  1913  Moseley  was  the  first  to  recognize  from  experimental  data  that  x-ray 
lines  depended  on  Z in  a simple  fashion.  He  found  that  the  expression  X = 
Xq/(Z  y)"'  agreed  with  experiment  very  well,  where  Xq  y are  constants 

depending  on  what  line  is  observed.  This  is  called  Xlose/ey^S  law.  Moseley  found 
experimentally  that  Xq  = 1276  angstroms,  and  y = 1.13  for  Ka  lines. 
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It  is  found  experimentally  that  the  line  actually  consists  of  two  closely 
spaced  lines  rather  than  one,  due  to  energy  splitting  in  the  L shell.  There  are 
several  causes  of  energy  splitting  in  the  L shell.  One  is  due  to  the  fact  that  the 
S electrons  in  the  L shell  have  larger  wave  functions  near  the  nucleus,  as  com- 
paied  to  the  wave  function  for  the  P electrons.  Thus,  due  to  Coulomb  forces^  the 
S electrons  will  be  more  Hghtly  bound.  This  gives  an  energy  splitting  between  S 
and  P subshells.  Also,  the  six  P electrons  in  the  L shell  are  split  into  two  levels. 
This  is  due  to  relativistic  effects  and  spin-oriiit  splitting.  The  spin  can  be  up  or 
down,  giving  j = 1^2  and  j = states  with  different  energies  due  to  these 
effects.  Only  two  closely  spaced  lines  are  seen  rather  than  three,  because  the 
selection  rule  = =i=l  prevents  transitions  from  the  S states  in  the  L shell  to 

the  K shell,  which  has  only  S states. 

The  thiee  L shell  levels  COn  be  seen  in  experiments  when  x rays  aie  absoibed  in 
materials.  A continuous  K-ray  spectrum,  when  absoriied,  has  sudden  jumps  in 
absoiption  at  fiequencies  wheie  the  eneigy  is  Just  sufficiont  to  knock  an  electron 


Hguie  9.9.  Mass  absoiption  coefficient  for  lead  showing  1^  L and  M absorption  edges. 

in  a particular  shell  state,  out  of  the  atom.  Three  such  absorption  edges  aie  seen 
for  the  L shell.  One  woiid  be  seen  for  the  K shell  and  five  for  the  M shell.  This 
behavior  is  seen  in  Figure  9.9  in  lead. 
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.12  ORTHO-  AND  PARAHYDROGEN 

The  nuclei  of  hydrogen  are  protons  which,  like  electrons,  also  are  found  to  have 
spin  '/2  , a nd  are  indistinguishable  particles.  Hence,  when  a hydrogen  molecule 
is  formed,  we  have  the  intrinsic  spin  angular  momentum  of  the  nuclei,  which  muS 
be  added  to  the  angular  momenta  of  the  rest  of  the  system  to  give  the  totol  If 
we  assume  the  two  electrons  go  into  their  ground  state  in  the  molecule,  with 
opposite  spin  and  zero  orbital  angular  momentum,  then  the  total  angular  mo- 
mentum of  the  molecule  is  due  to  the  protons.  Consider  the  angular  momenta  of 
the  nuclear  spins  by  themselves.  The  total  angular  momentum  of  the  two  nu- 
clear spins  can  be  either  =1^2  +1^2  =1  or  1^2  ^ V2  = 0.  The  = 1 

case  occurs  if  the  spins  are  parallel,  and  = 0 occurs  if  the  spins  are  anti- 
parallel. If/ri  = 1,  the  nuclear  magnetic  quantum  number  m,  can  have  the  three 
values±l,0.  Thereisonlyone  =0  state.  The  total  number  of  d ifferent  spin 
states  is  four.  Ordinarily,  the  hydrogen  molecule  is  formed  in  a chemical  reaction 
in  which  nuclear  spins  do  not  play  any  significant  role.  Hence,  these  four  states  all 
occur  with  equal  probability.  Then  the  states  = 1 should  occur  three  times  as 
often  as  the  = 0 states  in  nature  The  = 1 state  is  called  orthohydrogen,  and 

the  = 0 state  is  called  parahydrogen.  It  is  found  that  orthohydrogen  is  three 
times  as  plentiful  in  nature  as  parahydrogen,  as  predicted.  In  the  case  of  the 
= 1 states,  the  spins  are  parallel,  and  the  spin  part  of  the  wavefunction  is 
^mmetric  under  proton  exchange.  Thus  the  space  part  of  the  wavefunction  must 
be  ontisymiTietric.  Likewise  for  parahydrogen,  the  spin  is  antisymmetric  and  the 
space  part  symmetric.  This  leads  to  the  fact  that  the  rotational  quantum  numbers, 
due  to  end-over-end  tumbling  of  the  molecule,  must  be  even  for  parahydrogen 
and  odd  for  orthohydrogen.  Because  of  the  different  possible  rotational  states, 
quite  differsint  specific  heats  are  observed  at  low  temperature  for  the  two  kinds 
of  hydrogen  molecule.  Since  the  owest  orbital  angular  momentum  quantum 
number  for  orthohydrogen  is  1,  while  it  is  0 for  poirahydrogen,,  parahydrogen 
has  a lower  possible  kinetic  energy  of  rotation,  and  thus  a lower  energy  ground 
state.  When  hydrogen  molecules  ore  formed  on  a platinum  catalyst  at  very  low 
temperatures,  they  form  at  the  lowest  energy,  and  almost  pure  parahydrogen 
re  suits. 


summary 


EXCHANGE  OF  IDENTICAL  RARHClfS 

When  two  identical  particles  are  exchanged,  no  measurement  can  tell  the  differ- 
ence. Thus,  the  magnitude  of  the  wavefunction  must  be  unchanged  and  the  wove" 

i<p 

function  can  at  most  be  multiplied  by  a phase  factor,  e . Another  exchange  of 
the  same  two  parliclss  returns  to  the  original  state,  so  = 1 or  = rb  1- 

For  e***"  = — 1,  we  say  that  the  wavefunction  is  antisymmetric  under  exchange 
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of  two  particles;  experimentally,  this  is  found  to  be  true  for  half-integral  spin 
particles,  fermions.  For  integral  spin  particles,  boSOns,  the  wave  function  is  sym- 
metric  under  exc  ha  nge  with  e =+  1. 

PAULI  EXCLUSION  PRIIMCIPLE 

If  the  Schrbdinger  equation  is  satisfied  by  a product  of  single-particle  wave- 
functions,  an  antisymmetric  wavefunction  under  exchange  can  be  generated  by 
starting  with  such  a product.  If  particles  are  exchanged  in  this  product  wave- 
function  two  at  a time,  and  the  function  is  multiplied  by  minus  one  at  each  ex- 
change, eve ntua  lly  a II  pO  JSible  permutations  of  particles  a mong  the  single  parti- 
cle products  are  obtained  with  a -i-  or  — sign  in  front  of  the  function.  The  anti- 
symmetric function  is  the  sum  of  these.  This  sum  is  zero  if  any  two  of  the  single 
particle  functions  are  the  same.  This  results  in  the  Pauli  exclusion  principle:  No 
two  identical  fermions  can  exist  in  the  same  single-particle  state. 

ATOMIC  E1EC7RON  CONHGURAHONS 

The  hydrogen  quantum  numbers  n,  't^mand  mjCan  approximately  be  used  to 
describe  electronic  states  in  atoms  In  the  absence  of  magnetic  fields,  these  Sates 
ate  closely  degenerate  in  m and  mj.  Fora  given  there  are  2^  1 values  of 

m,  and  has  two  possible  values.  There  are  fl  values  of  ^ for  a given  n.  This 
leads  to  2n^  states  for  a given  n.  The  electronic  energies  for  atoms  other  than 
hydrogen  depend  appreciably  on  n and  'C  . Thus  energy  shells  are  specified  by 
where  N gives  the  number  of  electrons  in  a shell.  By  the  Pauli  exclusion 
principle,  the  maximum  number  of  electrons  in  a shell  is  equal  to  the  number  of 
Sates  in  the  shell.  The  electrons  go  to  the  loweS  energy  configuration,  so  that  in 
the  ground  state,  the  lower  energy  inner  shells  become  filled,  generally  leaving 
only  the  last  few  electrons  in  unfilled  shells.  When  the  number  of  electrons  com- 
pletely fills  the  P states  in  the  lowest  energy  shells,,  an  inert  gas  results.  These 
gases  are  very  inactive  chemically.  If  there  are  one  or  two  electrons  outside  a 
closed  shell,  such  as  in  sodium  or  calcium,  these  electrons  are  easily  lost,  and  the 
atom  has  a valence  of  1 or  2.  If  a shell  is  filled  except  for  1 or  2 electrons,  such 
as  in  fluorine  or  oxygen,  the  atom  acquires  these  electrons  readily  and  has  a 
va  lenc  e of  lor  -2. 

X RAYS 

In  addition  to  the  continuous  spectrum  of  x rays  due  to  accelerated  electrons, 
there  are  ordinarily  sharp  x-ray  lines.  Such  a line  results  when  an  electron  is 
knocked  out  of  a low-lying  shell  in  the  atom  and  another  electron  falls  into  the 
resulting  empty  state,  erritting  a photon  in  the  process.  The  inner  shells  are  de- 
noted by  K,  I,  M,  . , corresponding  to  n = 1,  2,  3,.  . . . X-ray  spectra  are 
lQb6l6cl  by  the  shell  into  which  the  electron  falls.  The  x-ray  energy  may  be  esti- 
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mated  by  using  the  fact  that  the  shsll  energies  are  approximately  hydrogen-like: 

_ 2 (Z  - p^me* 

2 (47rto?i)^n^ 

with  Z the  number  of  proton  in  th0  nucleus  and  p the  total  number  of  electrons 
in  shells  of  smaller  n.  Differences  in  these  energies  give  approximately  the  ob- 
served x-ray  energies. 


ORTHO-  AND  PARAHYDROGEN 

An  example  where  the  exclusion  principle  affects  a moleCule  occurs  in  the  hydro- 
gen molecule  H2,  where  the  two  protons  are  fermions.  If  the  spins  are  parallel, 
S = 1 and  nij  = --  1,  0,  +1  with  the  spin  function  symmetric,  and  thus  the  rest 
of  the  wave  function  is  antisymmetric,  under  exchange.  For  s = 0,  mj  = 0,  and 
the  opposite  ^mmetries  hold.  Because  rotational  states  have  definite  symmetries, 
this  feads  to  different  possible  rotational  states  for  the  two  kinds  of  hydrogen, 
and  thus  to  different  energies  and  specific  heats. 


problems 

1.  Suppose  that  three  noninteracting  identical  electrons  of  spin  V2  and  mass  m were 
siiding  Oil  a circular  wire  of  radius  Q.  What  is  the  iowest  possibie  isnergy  consistent 
with  the  Pauli  exc  lusion  principie? 

Answer:  4'fi^/ma^ 

2.  The  p a rtic le-in-a  i-box  wa  vefunc tio ns  for  a single  particle  are:  = V 2/t  sin  {mrx/L). 

If  two  noninterocting  spinless  bosons  (integral  spin)  WCre  placed  in  the  box,  in  states 
H]and  n2,vvhat  would  the  overciH  sy  m m e tri  c wavefunction  be?  If  a third  particle 
we  re  placed  in  fhcbox  in  state  03, what  would  the  wovefunction  be? 

Answer:  = — [iZ-n,  (x,  )i/'„2(j<2)  + 4'n\  (*2 (x i )|; 

V2 

'P  ==  — b.iV'nl  (X|  )|/'„2(X2)1/'„3(X3)  + lAnl  (X2)'/'„2(X1  ll/'nslXs) 

V6 

+ in]  (^3)'/'n2  (><2)'/'„3(^l  ) + three  more  terms] 

3.  Using  the  two-particle  wavefunction  of  the  previous  problem,  show  that  the  wave- 

function  does  f^ot  vanish  if  the  particles  are  in  the  same  state,  so  that  both  particles 
can  have  the  same  quantum  numbers.  lfn]=l,/72  = 3,  calculate  the  expectatiiDn 
value  of  the  energy  of  the  system. 

Answer:  E = Ei  + E3. 

4.  The  four  possible  combinations  of  spin  wave  functions  for  two  electrons  are;  I ] i 2/ 

li2/  l2ll»  i ' OrrOWSindicate  nij  and  the  subscript  indicates  the 

particle.  Show  that  the  symmetric  and  ontisymmetric  functions  under  exchange  are: 

I 1 I 2 . (Ili2+  U.l),  I1I2;  1 I 2 “ 1 2 i 1 ) 

VT  V2 
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What  are  the  total  z components  of  angular  momentum  for  these  symmetrized  and 
antisymmetrized  spin  functions? 

5.  For  two  electrons  or  protons,  the  square  of  the  total  spin  angular  momentum  is:  S = 

(Si  + S2)^  = Si  + $2  4 2Si  - S2,  w h e re  Si‘S2=  Si,S2,  t SiyS2y  + S]gS2z- 

Now  S]  I 1 = (V?  )(V2  + , , S]z  I ] = ] ],  where  J ^ is  defined  in  the 

previous  problem.  Likewise,  it  can  be  shown  that  it  is  possible  to  choose  Sly 

so  that  Six  I 1 = Mz  A 1 1 / Si*  i 1 = V?  1 1 , Sly  1 1 = f M?  1i  1 1 , Sly  1 1 = 

where  = — 1.  Similcir  equations  hold  for  S2  - Show  that  the  symmetric  states  of  the 
previous  problem  correspond  to  S=1  orS^=(l)(l  + l)fi  ,and  the  antisymmet- 
ric st  ate  corresponds  tC'S  = 0.  This  fact  WOS  used  indiSCUSsingortho  - and  poro- 
hydrogen. 

6.  Imagine  two  electrons  attached  to  the  ends  of  0 rigid  rod,  the  system  having  a mo- 
ment of  inertia  / about  the  center  of  mOSS.  The  kinetic  energies  of  this  system  QS  it 

spins  end-over-end  are  (J  + where  J is  the  rotational  angular  momentum 

quantum  number,  Spo'lal  exchange  of  the  two  electrons  is  equivalent  to  inversion  of 
the  system  through  the  center  of  moss.  Using  the  fact  that  the  spatial  wa vefu nc tio ns 
]p J are  changed  by  Q factor  {-  1)’  upon  inversion,  show  that  if  the  spins  are  parallel 

J mu  St  be  odd. 

7.  Using  the  electronic  COlfigurOtion  of  aluminum  (Z  = 13),  how  would  you  explain  the 
formation  of  the  aluminum  oxide  molecule,  AI2O3? 

9.  Discuss  why  the  valence  of  carbon  can  be  either  + 4 or  - 4. 

9,  Suppose  the  electron  were  spinless.  What  would  the  ground  state  configuration  of 
"carbon"  be?  What  would  the  C spectrum  be  like?  Why? 

Answer:  IS^,  hydrogen-like. 

10.  If  a series  of  spectral  Ines  corresponds  to  a set  of  allowed  transitions  with  the  same 

final  state,  but  with  initial  states  all  of  the  some  ^ and  differing  n,  which  spectral 

series  of  the  Li  and  Na  spectra  have  the  same  short-wavelength  series  limit? 

11.  If  by  some  process,  onci  IS  electron  is  knocked  out  of  the  sodium  atom,  discuss,  using 
the  Pouli  exclusion  principle,  the  various  transitions  which  could  occur  afterwards. 

12.  Show  that  the  total  angular  momentum  of  Qclosed  p subshell  is  zero. 

13.  A certain  atom  of  valence  +3  in  the  ground  state  has  its  outer  electron  in  the  4p 

State.  Name  the  element. 

Answer:  g a iiium. 

14.  Write  down  the  quantum  numbers  for  each  ol"  the  three  outermost  electrons  of  alumi- 
num in  itsground  state,  which  is  a state  ofS”V2(Z  = 13)  What  quantum  numbers 

and  fTlj  would  you  expect  for  the  lowest-lying  exc ited -sta te  of  aluminum,  neglect- 
ing magnetic  interactions? 


Answer:  (i) 

n 

= 3,  ^ 

t = 0,  nij 

= + ’/2  : 

(2) 

n 

= 3, 

= 0,  m. 

= -y2  ; 

(3) 

n 

= 3, 

■(/  = 1.  m. 

= 

Exc  ite  d 

state. 

n = 4, 

= 0,  ; = 

15.  What  should  be  the  chemical  properties  and  valences  of  the  transuranic  elements, 
z = 9 1 to  1 02? 

16.  When  a helium  atom  s singly  ionized  and  an  electron  is  subsequently  captured,  it 
may  have  either  the  SOmc  or  opposite  spin  aS  the  electron  that  stayed  on  the  atom. 
There  is  Q slightly  different  electron-electron  interaction  for  the  electrons,  depending 
on  whether  their  spins  are  parallel  or  a ntipa  ra ilel.  Thia  is  because  of  the  different 
symmetries  of  the  SpCtiol  parts  of  the  wa  vefunc  tio  ns  resulting  from  the  exclusion 
principle.  Assuming  that  when  the  captured  electron  goes  from  one  state  ta  another 
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^ Continuum 


3s  -■  " 3p  — — 3 d 

==  2p 

2s-- 


1 5 


there  is  negligible  probability  that  Its  spin  flips,  whot  differences  in  the  spectra  of 
helium  atoms  with  different  captured  electron  spins  would  you  expect? 

17.  Write  the  electronic  configuration  for  rubidium  (Z  = 37)  in  terms  of  an  energy  level 

diagram  with  arrows. 

18.  Carbon  has  six  electrons.  Show  that  the  electronic  configuration  of  its  ground  state  is 

1 2«  2o  2 

Is  2s  2p  , 

19.  What  are  the  possible  total  angular  momentum  quantum  numbers  j of  the  3p  states 

of  sodium? 

Answer:  V?  . 

20.  From  the  result  of  Problem  18,  show  that  the  possible  values  of  the  total  spin  s of  the 
ground  state  of  carbon  are  0,  1 and  the  possible  values  of  total  orbital  quantum 
number are  2,  1,  0.  Thus,  show  that  if  the  exclusion  principle  is  ignored  for  these 
angular  momenta,  the  total  angular  momentum  quantum  number  j can  be  given  the 
value  3 in  one  way,  2 in  three  ways,  1 in  four  ways,  and  0 in  two  ways. 

21.  For  two  electrons,  the  s = 1 states  are  symmetric  under  particle  exchange,  and  the 

S = 0 state  is  antisymmetric.  Also,  if  they  are  both  in  p states,  the  = 2,  0 stotes 
are  symmetric  and  the  ^ = 1 states  are  antisymmetric.  Use  these  facts  to  show  that 
some  of  the  ways  of  getting  j's  for  carbon  in  the  previous  problem  are  not  possible 
because  of  the  exclusion  principle.  In  particular,  show  that  the  only  possible  states 
ore  s = 1;  = 1,  / = 0,  1,  2 or  S = 0;  -{  = 2,  0;  j = 2,  0.  The  actual  ground 

sta  te o fc  a rb o n iss  = 1,  = = 0. 

22.  In  nitrogen,  with  three  outer  electrons  in  p states,  it  is  found  experimentally  that  the 

ground  state  corresponds  to  a total  spin  quantum  number  of  s = Vi/  snd  total 
angular  momentum  quantum  number  of  / - three  p electrons,  the  total 

angular  momentum  quantum  number  could  be  ^ = 3,  2,  1 or  0.  Show,  using  the 
exclusion  principle,  that  /^  = 0 is  the  only  possibility  here.  (Saying  that  | — 5 = 0 
is  not  sufficient.) 

23.  If  (')  represents  the  single-particle  function  for  the  particle  with  '{/=!, 

m = -1,0  or  1,  and  rbj  = , multiply  three  such  functions  together  to  form  on 

approximate  solution  of  the  Schrbdinger  equation  for  the  three  outer  electrons  of 
nitrogen  in  the  previous  problem.  Add  and  subtract  similar  functions  with  i's  inter- 
changed to  form  the  antisymmetric  function. 

Answer;  ['/'i,  1,1/2  (')  ’/'i.o,  1/2  (2)  '/'i,  -1,1/2  (3) 

V6 

“'/'M,  1/2  (2)  i/'i.o,  1/2  ( I ) ’/'I,  -1, 1/2  (3)  i/'i,  0, 1/2  (2)  1^1,  -1, 1/2  (1 ) 

three  other  terms]. 
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24.  From  the  results  of  Problems  4,  5 and  6,  show  that  the  energy  difference  between  the 
lowest  two  rotational  states  of  parahydrogen  is  the  energy  difference  for  the  two 

lowest  rotational  stoteji  of  o rtho hyd rog en.  Which  has  the  greatest  specific  heat  at  low 
temperature  s? 

25.  From  the  information  given  in  Problems  6 and  24  and  in  this  chapter,  what  is  the 
fraction  of  parahydrogen  at  equilibrium  when  the  temperature  is  very  low,  and  when 
it  is  very  high? 

Answer:  i . Va 

26.  Show  that  the  wavelength  of  the  Kq  line  from  0 heavy  element  of  atomic  number  Z 
is  approximately  1.220  X 10  /Z  meters. 

27.  Find  the  energy  in  eV  of  Q x-ray  photon  given  off  by  a lead  atom. 

Answer:  79,600  eV. 

28.  Show  that  the  fractional  change  in  mass  of  an  atom  emitting  Q line  is  approxi- 

mately  1.09  X 1 0”*Z  e re  A is  the  atomic  weight.  Evaluate  this  for  iroh 

and  uranium. 

29.  Find  the  minimum  ener^gy  of  electrons  in  a beam  hitting  tungsten  to  give  (a)  the  Kjj 
line;  (b)  the  line. 

Answer:  72,500  eV;  18,100  eV. 

30.  How  many  closely  spaced  lines  should  be  observed  in  the  x-ray  emission  line? 

Answer:  2. 

31.  Estimate  the  wavelength  of  the  Kfj  x-ray  line  for  Molybdenum  with  Z = 42.  The  ob- 
served value  is  0.63  angstroms. 

Answer:  o . 6 i Angstroms, 

32.  An  x-roy  tube  with  a S Iver  target  must  have  25.8  X 10  volts  applied  to  it  before 

the  Ka  x-ray  lines  of  silver  are  observed.  Calculate  the  approximate  energy  in  eV  of 
the  K absorption  edge  of  silver,  and  explain  qualitatively  why  it  is  different  from  the 
energy  of  the  line  as  calculated  from  Moseley’s  law. 

33.  The  bright  yellow  color  in  sodium  is  due  to  transitions  of  the  outermost  electron  from 
3P3/2  and  3Pi/2  states  down  to  the  2Si/2  state.  There,  lines  exhibit  an  anomalous 
Zeeman  effect,  because  the  energy  splittings  of  the  3P3/2  / 3P^/2  ^ 

ore  different  in  Q magnetic  field.  How  many  levels  does  each  of  the  3P3/2/  3P]/2  and 
3Si/2  split  in  Q magnetic  field?  Using  the  selection  rules,  how  many  lines  will 

be  seen  in  place  of  the  3P3/2  3Py2  >ine?  How  many  lines  will  be  seen  in  place 

o f t h e 3P]/2  3Si/2  ? 

Answer:  4,  2,2,6,  4. 


0 classical  statistical 
mechanics 


Many  of  the  physical  systems  which  we  study  are  large  enough  to  contain 
enormous  numbers  of  particles.  For  example,  a container  of  22.4  liters  of  helium 
at  0*^0  and  at  atmospheric  pressure  is  known  to  contain  6.023  x 10^^  atoms. 
This  gas,  in  addition  to  exerting  pressure  and  storing  energy,  may  also  conduct 
heat  from  one  point  to  another,  may  resist  shearing  motions  (like  molasses), 
may  sustain  sound  waves,  and  in  general  may  exhibit  a variety  of  interesting 
phenomena.  Other  many-particle  systems  such  as  solids,  liquids  and  plasmas 
may  show  similar  effects. 

Quite  a bit  is  known  about  the  microscopic  properties  of  atoms  in  a gas  such 
as  helium.  The  atomic  masses,  sizes  of  atoms,  interaction  forces  and  other 
properties  are  known  to  a reasonable  accuracy.  The  object  of  statistical  me- 
chanics is  to  use  information  about  individual  particles  in  constructing  a theory 
which  explains  all  the  observed  properties  of  a large  system  containing  a great 
number  of  particles. 

AccordinQ  to  Newtonian  mechanics,  to  dcscribc  motion  of  a particle, 
one  must  solve  the  equation  F = ma,  where  F is  the  total  force  on  a particle 
due  to  its  interactions  with  all  other  particles.  In  a system  of  10^^  particles, 
there  WOuld  be  10^^  such  equations,  and  the  solution  of  such  a system  of  equa- 
tions would  be  a practical  impossibility.  Furthermore,  even  if  the  solutions  were 
known,  they  would  not  be  very  useful,  since  the  properties  of  a system  which 
can  be  observed  macroscopicaliy  are  usually  very  few  in  number-say  on  the 
order  of  10  or  20.  One  would  then  need  to  know  how  to  reduce  the  information 
contained  in  these  10^^  solutions  to  about  20  numbers  which  could  then  be 
compared  with  experiment. 

Statistical  mechanics  supplies  the  rules  for  treating  many-particle  systems  in 
terms  of  a very  few  variables.  It  (accomplishes  this  by  describing  the  system  not 
in  terms  of  definite  positions  and  velocities  of  all  the  particles,  but  in  terms  of 
probabilities.  In  this  chapter  we  will  assume  that  the  particle  motions  are 
governed  by  Newtonian  mechanics.  In  the  following  chapter  the  effects  of  quan- 
tum mechanics  will  be  discussed. 
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10.1  PROBABIU7Y  DISTRIBUTION  IN  ENERGY  FOR  SYSIEMS  IN 
THERMAL  EQUILIBRIUM 

One  of  the  most  importont  parameters  used  to  describe  large  systems  is  tempera- 
ture. Ihis  concept  is  bosccl  the  observed  existence  of  slates  of  a system  called 
thermal  equilibrium  states.  If  two  systems  at  different  temperatures  are  placed  in 
contact  and  left  alone,  they  will  eventually  come  into  thermal  equilibrium  with 
each  other.  Their  temperatures  will  then  be  equal.  Two  systems  each  in  thermal 
equilibrium  with  a third  ^stem,  will  be  in  thermal  equilibrium  with  each  other. 

The  attainment  of  thermal  equilibrium  is  accomplished  by  the  exchange  of  heat 
energy  through  the  systems  contacting  walls.  Even  after  thermal  equilibrium  is 
established,  these  systems;,  as  long  as  they  are  in  contact,  could  still  continue 
exchanging  energy.  Then  the  amount  given  up  by  a system  is  balanced  on  the 
average  by  an  equal  amount  received.  At  a particular  instant,  however,  one 
system  might  have  more  energy  than  at  some  other  instant.  Thus,  for  a system 
in  thermal  equilibrium  at  a definite  temperature,  the  energy  does  not  have  a 
definite  value. 

If  we  place  a large  number  of  identical  systems  all  in  contact  and  allow  them 
to  come  into  thermal  equilibrium  with  each  other  (see  Figure  lO.I),  then  these 


Hgure  10.1.  Identical  systems  in  thermal  contact 

systems  will  have  various  energies  which  can  be  described  by  a probability 
distribution  or  density  P(E).  It  is  usually  assumed  that  this  is  the  same  as  the 
distribution  of  energies  of  one  particular  system  if  observed  repeatedly  at  dif- 
ferent times.  Although  the  energy  is  not  definite,  it  is  possible  to  find  a simple 
expression  for  the  probcibillty  P(E)  that  a particular  system  will  be  in  o state 
of  energy  E.  To  find  the  mathematical  form  of  this  function  P(E),  we  use  the 
assumption  that  the  ^sterns  aie  all  in  thermal  equilibrium,  at  equal  tempeiatuies. 
Except  for  their  thermal  contact  with  each  other,  the  systems  are  isolated,  so  they 
can  not  do  work  on  each  other,  have  chemical  reactions  with  each  other  or 
interact  in  any  other  way.  We  will  assume  that  the  tota I momentum  and  angular 
momentum  of  each  system  is  zero,  and  that  the  volume  and  number  of  particles  in 
each  system  remain  fixed.  The  only  independent  macroscopic  quantity  that  can 
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be  transferred  from  system  to  system  is  heat  energy,  and  hence  the  energy  may 
fluctuate  in  time  in  a particular  system. 

Thus  we  expect  the  probability  that  a system  is  found  in  a particular  possible 
state,  for  a given  volume  and  number  of  particles,  will  depend  on  the  energy  of 
the  state  of  the  system  and  also  on  the  quantity  which  the  systems  have  in 
common,  the  temperature. 

).2  IHE  BOLTZMANN  DISTRIBUTON 

Let  us  assume  that  systems  1 and  2 are  identical  in  all  respects  so  we  can  be  sure 
that  the  probability  functions  are  identical  for  the  two  systems  when  they  have 
the  same  temperature  T.  We  then  define  P(E,)— which  also  depends  on  J — 
to  be  the  probability  that  system  1 is  in  a particular  state  with  energy  E],  and 
simila  riy,  PiEz)  is  the  probability  of  occurrence  of  a particular  state  with  energy 
E2  in  system  2.  In  terms  of  these  probabilities,  we  osk:  What  is  the  probability 
that,  at  the  same  time  system  '1  is  in  a particular  state  of  energy  E),  system  2 
is  in  a particular  state  of  energy  E2?  The  net  probability  must  be  P(Ei)  P(E2), 
by  Equation  (2.1). 

Now.  if  we  wish,  we  can  think  of  systems  1 and  2 as  a single,  combined 
system.  The  probability  that  the  combined  system  is  in  the  given  state  of  energy 
E'  = El  + E2  should,  by  the  same  reasoning  as  that  used  above,  be  a function 
only  of  the  energy  E'  and  the  temperature  T.  Thus  the  probability  should  be  a 
function  of  the  form  P'{E,  + Ej).  'Therefore,  in  terms  of  P(£,)  and  P(£2), 
for  any  Ei  and  any  E2, 

P'(E,  4-  E,)  = P(£,)  £(£,)  (10.1) 

Here  P'  is  not  necessarily  the  same  function  of  energy  as  P,  because  the  combined 
system  is  not  identical  with  the  individual  systems  1 and  2.  What  this  equation 
tells  us  is  that  the  function  P(E)  must  be  such  that  the  product  P(E,}  P(E2) 
is  a function  of  Ei  + ^2- 

Equation  (10.1)  is  sufficient  to  completely  determine  the  dependence  of  P and 
P'  on  the  energy  variable  E.  It  was  obtained  by  assuming  that  the  occurrence 
of  the  possible  states  of  a system  in  thermal  equilibrium  with  many  other  systems 
was  described  by  a probability  f(E)  depending  on  the  energy  E and  the  tem- 
perature. The  probability  of  finding  the  combined  system  in  a particular  state 
of  energy  E|  + E2,  with  subsystem  1 in  its  particular  state  of  energy  E),  and 
sub^stem  2 in  its  particular  state  of  energy  E2,  must  be  equal  to  the  product  of 
the  individual  probabilities  for  these  states 

The  only  function  which  satisfies  an  equation  of  tlhe  form  of  Equation  (10.1) 
is  an  exponential: 

P(E)  =:P(0)e“^'  (10.2) 

where  P(0)  i$  the  value  of  f(E)  when  E = 0,  and  /J  is  a constant.  One  may 
verify  that  P(£)  = P (0)  is  a solution  to  Equation  (10.  1),  provided  that: 

P'(£,  + £2)  ==  P(0)^e'^‘^' 


(10.3) 
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The  quantities  P(0)  and  ^ are  constants  independent  of  £;  but  possibly  dependent 
on  the  common  temperattire,  volume  and  number  of  particles  in  the  system.  Since 
nothing  has  been  said  up  to  this  point  about  the  mechanics  the  particles  in  the 
systems  satisfy,  this  result  is  equally  valid  for  Newtonian  and  quantum  systems 
If  we  consider  an  ideal  gas  in  which  the  individual  particles  do  not  interact 
with  each  other,  but  where  we  allow  the  particles  to  interact  with  the  container 
walls,  then  we  can  consider  each  particle  as  a system  which  is,  on  the  average, 
in  thermal  equilibrium  with  the  walls.  The  probability  that  a particle  is  in  a 
particular  state  of  energy  E is  then  P(E)  = P(0)e-  Thus,  the  mathematical 
form  of  the  energy  distribution  function  is  determined.  However,  we  do  not  yet 
know  the  constants  P(0)  and  These  will  be  found  in  subsequent  sections, 
by  considering  the  ideal  gas,  a system  which  should  already  be  familiar  to  the 
reader.  In  following  sections  we  shall  discuss  in  more  detail  what  is  meant  by  a 
"particular  state"  of  a particle,  and  show  how  P(E)  is  used. 


10.3  PROOF  THAT  P(E)  IS  OF  EXPONENTIAL  FORM 


We  shall  now  give  a proof  that  only  an  exponential  function  can  satisfy  Equa- 
tion (10.1).  This  equation  must  be  valid  for  all  values  of  and  £2*  particular, 
if  E]  = 0 and  E2  = E,  we  obtain  for  any  E: 

P'(E)  = P(E)P(0)  (10.4) 

Substitution  of  E = Ei4'E2  back  into  Equation  (10.4)  allows  us  to  re w rite 
Equation  (10.1)  entirely  in  terms  of  P,  by  eliminating  P.  The  result  is: 

P(Ei  + t)  P(0)  = P(E,)  P(E2).  (10.5) 

Equation  (10.5)  is  valid  for  any  E^  and  E2,  and  may  be  used  to  obtain  a dif- 
ferential equation  for  P(E).  Put  E]  = E and  E2  = c/E,  where  dE  is  infinitesimally 
small.  Then  we  get: 

P{E  + dE)  = -^^P{E)P{dE)  (10.6) 

Subtracting  P(E)  from  both  sides  of  this  equation,  and  dividing  by  dE,  one  finds: 


P(E  + dE]  - P(E) 
dE 


m P(dl:)  - P(0) 
P(d)  [ dE 


dP(E)  _ P(E)  dP_{E  = 0) 
dE  ~ P(0)  ~dE 


Then,  dividing  both  sides  of  the  equation  by  P(E),  WB  get: 


dP(E)/dE  dP{E  =0)/dE 


(10.7) 


(10.8) 


P ( E ) 


pm  ■ 


(10.9) 
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The  lefthand  side  of  this  equation  is  evaluated  ot  any  E,  the  righthand  side 
is  evaluated  for  the  value  E = 0,  and  is  therefore  a constant.  Calling  fhe 
constant  for  convenience,  we  have: 


dP{E)/dE 

~P(E) 


(10.10) 


where  /3  is  a positive  constant  lindcpendent  of  E.  This  equation  can  be  im- 
mediately integrated  from  E = 0 to  E to  obtain: 


In  f(E)  In  P(0)  = -I3E 


(10.11) 


Here,  In  P(0)  is  the  constant  of  integration.  Solving  for  P(E),  we  find: 

P(E)  = P(0) 


(10.12) 


Thus,  the  probability  P(E)  is  an  exponential  function  of  energy.  Had  we  chosen 
the  opposite  sign  for  the  constant  f},  the  probability  would  not  be  normalizable. 


3.4  PHASE  SPACE 

The  Boltzmann  factor  e gives  the  relative  probability  of  finding  a system, 
which  is  in  thermal  equilibrium,  in  a given  state  having  energy  E.  The  factor  ^ 
depends  in  some  way  on  the  temperature,  which  we  must  determine.  We  are  par- 
ticularly interested  in  applying  this  result  to  a thermiodynamic  system  containing 
a great  many  particles,  such  as  a bottle  of  gas.  The  problem  is  to  find  some 
convenient  way  of  specifying  the  state  of  such  a complicated  system. 

To  illustrate  how  this  may  be  done,  imagine  a simple  model  of  a gas  in  which 

the  gas  particles  are  represented  by  marbles  of  mass  m which  can  roll  in  a long 
groove.  The  x axis  is  along  the  groove  and  the  marbles  all  stay  in  the  groove, 
so  only  the  x,-  coordinate,  and  not  // or  Zj  coordinates,  must  be  given  in  order 
to  specify  the  marble's  position.  To  completely  determine  the  state  of  one  of 
the  marbles  using  classical  mechanics,  one  mu^  at  the  same  time  give  the  momen- 
tum pi  = mXj  of  the  marble  as  well  as  its  position,  along  the  groove.  Then,  at 
the  same  time,  we  can  represent  the  state  of  the  marble  by  plotting  (x,-,p,-  ) on  a 
graph  as  in  Figure  10.2.  Of  course,  as  time  progresses,  the  point  representing 
the  state  of  the  particle  will  move  and  trace  out  some  trajectory,  which  may 
have  sharp  kinks  and  bends  in  it  due  to  collisions,  as  in  Figure  10.3.  If  we  have 
a large  number  of  marbles  in  the  groove,  then  we  CQII  represent  the  state  of  eclch 

marble  by  a different  point  on  the  versus  x graph,  as  in  Figure  10.4.  As  time 

progresses,  each  point  will  move  in  some  trajectory  OIH  the  p,  x graph.  If  we  hoive 
an  extremely  large  number  of  marbles,  then  there  will  be  an  extremely  dense 
cloud  of  points  in  p,,X  space,  as  in  Figure  10.5.  As  time  progresses,  the  cloud 
may  shift  around,  and  fluctuate  in  density.  If  the  position  of  each  point  in  the 
cloud  is  known,  then,  of  course,  the  state  of  the  (entire  system  of  marbles  is 
known.  However,  if  there  are  as  many  as  10”  particles  in  the  system,  as  is 
common  in  thermodynamic  systems,  then  there  will  be  so  many  points  that  tor 
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Figure  10.2.  Phase  space  far  a particle  Figure  10.3.  Motion  of  the  representative 
confined  to  move  in  the  x direction.  point  of  one  particle  in  phase  space  as 

time  passes. 


P,J fi  • 


Figure  10.4.  The  representative  points  of 
any  number  of  particles  car  be  plotted  in 
the  same  phase  space. 


Figure  10.5.  A cloud  of  representative 
points  in  phase  space,  for  a system  con- 
sisting of  a large  number  of  particles 


many  purposes,  only  the  average  density  of  the  cloud  would  be  needed.  This 
method  of  representing  the  state  of  a system  turns  out  to  be  very  useful,  and 
can  easily  be  applied  to  a more  realistic  gas  of  particles  which  move  not  only 
in  the  x,  but  in  the  x,  y and  z dimensions 

Let  us  consider  a container  of  volume  V,  holding  a gas  of  N particles.  We 
shall  assume  that  each  particle  has  a mass  m.  In  order  to  completely  specify 
the  state  or  condition  of  this  gas,  one  would  have  to  specify  the  position  r and 
momentum  p of  every  pcirticlo  at  some  initial  instant.  A very  convenient  way  to 
represent  such  information  is  to  introduce  a six  dimensional  space  called  phase 
space.  This  six  dimensional  space  has  three  axes  representing  the  spatial  coordi- 
nates f = (x,  z)  of  a particle,  and  three  axes  representing  the  momentum 
p = (Px/  Py/pz)  particle.  The  six  numbers,  (x,  y,  Z,  py,  pjj  are  then 

the  coordinates  of  a single  "point"  in  phase  space,  representing  the  state  of  one 
particle.  Although  it  is  difficult  to  visualize  a space  of  six  dimensions,  one  may 
think  of  all  these  coordinate  axes  as  being  orthogonal  (at  right  angles)  to  each 
other.  One  may  then  plot  the  position  r"  and  momentum  p’  of  a second  particle 
on  the  same  coordinate  axes,  giving  a second  point  in  phase  space  representing 
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the  coordinates  (r',  p')  of  the  second  particle,  and  so  on  for  all  N particles. 

Then  a system  of  N particles  would  correspond  to  a cloud  of  N points  in  six 
dimensional  phase  space. 

In  Figure  10.6  are  two  of  the  six  axes  in  phase  space.  Consider  the  points  of 
phase  space  which  lepresent  two  particles  with  positions  and  momenta,  given  by: 

X,  = 3,  y,  = 4,  z,  = 2;  p„  = 1,  p^,  = l,  p^,  = O; 

and 

Xj  = 0,  X2  = 1,  Z2  = 1 2 ; P2  = 0 

with  lengths  in  meters,  and  momenta  in  kilogram-meters  per  second.  These  points 
aie  plotted  as  an  example,  in  the  part  of  phase  SpQCC  shown  in  Hgure  10.6. 

y(m) 


— p__  (Kg-m/sec) 

Hguie  10.6.  Bcomple  of  representative  points  plotted  along  two  qx6S  in  phose  space. 

if  a particle  moves  with  constant  velocity  v,  the  point  in  phase  space  represent- 
ing it  moves  in  a straight  line,  because  r varies  linearly  with  time,  while  p re- 
mains constant.  For  a particle  moving  in  a circle  in  the  xy  plane  with  constant 
speed,  the  path  of  its  representative  point  in  the  X,  plane  would  be  elliptical 
in  shape. 

1.5  PHASE  SPACE  DISTRIBUTION  FUNCTIONS 

If  we  plot  the  N representative  points  of  a macroscopic  system  of  gas  particles 
in  phase  space,  as  is  illustrated  in  Figure  10.7,  there  will  be  so  many  of  these 
points  that  they  will  be  distributed  almost  continuously  throughout  phase  space. 
Then  we  can  define  a continuous  distribution  function  f (r,  p,  fj  equal  to  the 
density  of  points  in  phase  space.  That  is,  f (r,  p,  f)  is  the  number  of  points  per 
unit  volume  of  phase  space  at  the  position  (r,  p)  = (x,  y,  z,  Py,  p^)  at  the  time 

f.  In  a three  dimensional  space  (x,  y,z),  the  infinitesimal  volume  element  is 
dxdydz.  By  analogy,  in  a six  dimensional  space  (x^  Z,  p^  ^ py  ^ p^)  with  orthog- 
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Figure  10.7.  A macroscopic  system  of  N particles  is  represented  by  a cloud  of  N poinis 
in  six  dimensional  phase  space;  the  axes  are  assumed  to  be  mutually  orthogonal. 


onal  Cartesian  coordinates,  the  volume  element  can  be  assumed  to  be 
d xd  yd  zd  p , dp,  dp, 

So  if  the  element  of  volume  is  dxdydzdpxdpyCJpi , and  the  density  of  points  in 
phase  space  is  p,  t),  then  the  number  of  points,  dN,  in  the  volume  dxdydz  • 

dp^dpydp^  is  just: 


c/N  = f (r,  p,  f)  dxdydzdp^dpydpj 


(10.13) 


Thus,  f (r,  p,  f)  is  a distribution  function  in  phase  space,  whose  normalization  is: 

JdN+J'  dxj  dyj  dzj  dp,j'  dpyj'  dpJ(r,p,i)=N 


(10.14) 


-the  total  number  of  particles. 

In  writing  such  expressions,  we  regard  the  six  variables  x,  y,  z,  p,,  Py/pi 
all  as  independent  variables.  This  is  because  of  the  way  the  states  of  the  particles 
are  being  represented  on  orthogonal  axes  in  phase  space.  Although  it  is  true  that 
if  X were  known  as  a function  of  time,  p^  could  be  calculated  and  so  would 
depend  on  x,  in  phase  Sp3C6  the  positions  and  momenta  are  represented  at  one 
instant.  A particle  at  x at  some  infant  could  have  any  value  of  p^  at  that  same 
instant:  both  x and  must  be  given  at  the  same  instant  in  order  to  specify 
the  particle's  state. 

The  integral  J dN  has  been  broken  down  in  Equation  (10.14)  into  a six-fold 
multiple  integral  which  looks  complicated:  however,  the  idea  is  to  integrate  over 

the  variable  dN.  In  all  cases  which  we  shall  consider,,  the  multiple  integral  is 
just  a product  of  six  single,  independent  integrals,  which  are  performed  in  the 
ordinary  way. 
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The  quantity  l/N  f (r,  p,  t)  could  be  interpreted  as  a probability  distribution 
function,  since  its  normalization  would  be  unity.  Thus,  for  example,  the  quantity 

■i  f[x  = 6 m,  y = 0,  z = 0,  = 0,  = 2 kg-m/sec, 

N 

Pz  = ^ kg-m/sec,  t = i sec]  dxdydzdp^dpydp^ 

is  the  probability  of  finding  a particle  in  the  element  of  volume  dxdydzdp^dpydpj, 
surrounding  the  point  whose  x coordinate  is  6 m,  y coordinate  is  0,  Py  coordinate 
is  2 kg  m/sec,  etc.,  at  the  time  t = 1 sec. 

We  shall  henceforth  assume  that  a knowledge  of  the  continuous  distribution 
function  f,  or  of  the  probability  density  f/N,  specifies  the  state  of  the  macroscopic 
system. 

6 MAXWELL- BOLTZMANN  DISTRIBUTION 

Imagine  the  cloud  of  points  in  phase  space  for  a system  in  equilibrium.  The 
density  of  the  cloud  of  points  should  look  the  same  1 second  or  10  seconds 
later  on,  so  the  density  should  not  be  changing  significantly  in  time.  Thus,  if 
the  system  is  in  equilibrium,  we  could  expect  f to  be  a constant  in  time^. 
Mathematically,  this  could  be  expressed  by: 

af 

— = 0 (10.15) 

ot 

We  shall  henceforth  consider  only  the  equilibrium  situation;  then  f (r,  p,  tj  does 
not  depend  on  time,  and  we  can  denote  it  more  simply  by  f (r,  p).  Thus,  as  a 
whole,  the  cloud  of  points  in  phase  space  does  not  move.  This  does  not  mean 
that  every  point  in  phase  space  stays  fixed,  but  only  that  on  the  whole,  the 
number  of  points  dN  in  any  given  volume  element  remain  the  same.  For  example, 
consider  some  volume  element  of  phase  space,  denoted  by: 

d U = dxdydzdp^dpydp^  (10.16) 

If  some  of  the  particles  in  dQ  have  their  velocities  suddenly  changed  by  collisions 
or  other  effects,  so  that  their  representative  points  go  somewhere  else  in  phase 
space,  then  on  the  average  just  as  many  points  will  come  into  dQ  from  collisions 
and  other  effects  in  other  regions  of  phase  space.  We  conclude  that  although 
individual  points  may  move  about,  an  equilibrium  situation  is  represented  by  a 
cloud  of  points  in  phase  space  whose  density,  on  the  average,  remains  constant 

in  time,  and  that  the  quantity  l/N  f {r,  p)  dxdydzdp^dpydpj  's  the  probability  of 
finding  the  point  representing  a particle  inside  the  region  dQ  — dxdydz  » 

dp^dpydpi  in  phase  space. 

In  addition  to  r and  p,  the  function  f/N  could  depend  on  the  temperature. 
However,  in  Equation  (10.2)  it  was  seen  that  the  probability  of  finding  a particle 
in  a particular  state  of  energy  £ was  a function  of  energy  and  temperature, 
P(E)  = P(0)e-  Hence  f/N  and  P(E)  must  be  closely  related.  The  quantity 
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I/N  f (r,  p)dQ  is  the  probability  of  finding  a particle  in  a range  of  states 
dQ  = dxdydzdp^dpydpg.  On  the  other  hand,  f(E)  is  the  probability  of  finding 
the  particle  in  one  particular  state.  Therefore,  we  need  to  know  how  many  states 
there  are  in  the  phase  space  region  c/0.  There  is  no  way  to  calculate  this 
“number  of  states"  using  classical  mechanics;  there  ii$,  however,  no  reason  to 
think  there  are  mote  or  fewer  slates  inside  a volume  dQ  centered  at  (0,0,0, 0,0,0) 
than  for  a c/0  centered  at  any  other  point;  hence  the  question  is  answered  by 
introducing  the  following  postulate:  The  possible  states  are  uniformly  distributed 
in  phase  space.  Thus,  the  number  of  states  in  the  phase  space  region  is  taken 
to  be  pdQ,  where  p some  constant  called  the  density  of  states.  Then  the 
number  of  states  in  the  volume  element  c/0  is  just  equal  to  pdQ,  and  P(£)pc/0 
is  the  probability  of  finding  a particle  in  c/0.  This  is  precisely  the  same  quantity 
as  I/N  fc/0;  so,  in  term!;  of  P(E), 

f(r,p)  = pP(E)  (10.17) 

and  in  terms  of  p and  E, 


^(r-P) 


^ NP(0)  p ^ X 

constants  important 

independent  factor 

of  E 


Maxwell- Boltzmann  ) 
distribution 


(10.18) 


We  have  thus  obtained  the  general  solution  for  the  distribution  function 
f (r,  p)  at  equilibrium.  The  combination  of  factors  NP(0)  p is  Just  a normalization 
constant  which  can  be  determined  for  any  particular  physical  system.  We  shall 
see  how  this  is  done  for  the  ideal  gas  in  Section  10.8.  The  most  important  de- 
pendence on  the  energy  is  in  the  exponent  This  distribution  is  called  the  Maxwell- 
Boltzmonn  distribution,  and  is  the  basic  result  of  this  chapter.  In  deriving  this,  we 
have  made  use  of  the  so-called  fundamental  postulate  of  statistical  mechanics, 
which  states  that  the  possible  states  of  a particle  are  uniformly  distributed  in 
phase  space  with  a density  of  ^tes  p,  which  is  a con^nt;  this  constant  cannot 
be  calculated  using  Newtonian  mechanics,  but  can  be  determined  using  wave 
mechanics.  (In  Chapter  11  this  wiil  be  shown  to  be  p =:  1 //)^,  where  h is  Planck^S 
constant.) 

10.7  EVALUATION  OF 

In  Equation  (10.18),  the  constants  ^ unknown.  To  evaluate  (3  we 

shall  make  use  of  a result  found  in  discussions  of  the  kinetic  theory  of  the  ideal 
gas^  namely  that  if  there  are  no  internal  energies  within  the  particles  of  the  gas, 
the  average  energy  per  particle  is  equal  to: 

(E) 


(10.19) 
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Here,  kg  is  Boltzmann's  constant,  1.38  x 10  joules/degree  Kelvin,  and  T is 
the  absolute,  or  Kelvin  temperature  (centigrade  temperature  plus  273.2  K).  The 
procedure  is  simply  to  calculate  the  average  value  of  E,  (E),  using  the  distribu" 
tion  function  we  have  just  derived  in  Equation  (10.18).  Equating  this  to  Ic^T, 
we  will  then  determine  the  constant 

For  a distribution  function  f which  depends  only  on  one  variable  x,  we  saw  in 
Chapter  2 that  the  expectation  value  of  some  quantity  g (x)  is  (g)  = /gfdx/  Jfdx, 
where  the  integral  goes  over  the  entire  range  of  values  of  the  variable.  In  our 
case,  the  distribution  function  depends  on  r and  p,  and  the  integral  will  go  over 
the  entire  range  of  values  of  r and  p,  that  is,  over  the  entirety  of  six  dimensional 
phase  space.  For  example,  we  would  indicate  the  integral  of  f (r,  p),  which  is  the 
distribution  function  itself,  over  all  of  phase  space  by: 


= JJJJJJ  f (r,  p)  dxdydzdp.dpydp. 


(10.20) 


We  shall  only  consider  cases  in  which  such  multiple  integrals  break  up  into 
products  of  six  or  fewer  one  dimensional  integrals.  It  will  then  only  be  necessary 
to  find  the  values  of  single  integrals,  and  multiply  them  together  to  get  the  rasult. 
To  evaluate  the  expectation  value  of  E,  we  shall  take  the  case  in  which  the  kinetic 
energy  of  one  particle  is  E = mv^,  and  there  is  no  potential  energy.  Then, 
since  p = mv  and  thus  E = ^2  P expectation  value  of  E is 

_ NP(0)  p JfJfJf(p^/2m)  exp  (-  % iSp'^/m)  dxdydzdp,dp,dp,  (io21) 
NP(0)  P ffffff  exp  ( - V2  Pp^/m)  dxdydzdp.dpydp. 


There  is  no  x,  y or  z dependence  in  either  numerator  or  denominator,  so  if  V is 
the  volume  of  the  container,  the  x-y-z  integrals  give: 

JJJdxdydz  = V 

Substituting  this  result  into  the  expression  for  (E)  in  Equation  (10.21),  it  is  easily 
seen  that  V cancels  out  between  numerator  and  denominator.  Furthermore, 
NP(0)  p cancels  since  it  appears  as  a factor  in  both  numerator  and  dsPOminOitor. 
This  always  happens  when  expectation  values  of  single-particle  properties  are 
being  calculated;  hence,  if  we  are  only  interested  in  calculating  expectation 
values,  we  do  not  need  to  know  the  values  of  N,  P(0)  and  p. 

Thus,  after  Canceling  such  common  factors,  (E)  reduces  to  an  expression  in- 
volving only  integrals  over  py  and  p^: 

(E>  = jy  V2  pV'"  exp  (-  V;  ^pVm)  dp,cfp,dp, 

III  exp  (-  V2  /?p7m)  dpxc/p,c/p. 


Let  us  first  evaluate  the  denominator.  To  separate  this  denominator  into  three 
single  integrals,  we  note  that 


exp 


exp 


(10.23) 
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Ihen  the  use  of  integral:,  given  in  Table  10.1  leads  to  the  result 
exp  1 ldp,dpydp. 


£ 


£ 


exp 


■L 

£ 


exp 


exp 


m 

-%  0Py 


dp. 


. r (-'/2^pi 


dp. 


du  = 


(10.24) 


V\fe  shall  refer  to  this  result  several  times  later. 


TABLE  10.1  Some  Definite  Integra 


^-ax  I I 

e dx  = — 

J,  a 


/CC 

xe  "*’  dx  = — 

2o 

f dx  = - ’ 

d-  2a 

n ^ .L 


£ 


dx  = 


2 V 


/■ 

^0l 


/■ 


2 -ox^  I 1 

X e ax  - - 


X e-ax' 


dx  = ^ , A 


=dx=I5 


We  next  need  to  evaluate  the  numerator.  Ihe  integral  we  need  is: 


Numera  tor 


Numerator 


2 2 . 

»/  + pz 

ifjf 


dp^dpydp^  (10.25) 


2 2 2 2 

Again  substitute  p = + py  + p^  in  the  two  places  in  this  equation. 


exp 


X (Px  + pI 


-^0{pU  pU  pI) 


pi)  dp, dp, dp. 


(10.26) 


Then  we  have  the  sum  of  three  integrals  to  evaluate,  with  integrands  propor- 

2 2 2 

tional,  respectively,  to  py  and  times  the  exponential.  Since  the  three 

integrals  are  identical  except  for  labeling  of  axes,  they  will  be  equal.  Hence, 

2 

taking  the  integral  with  integrand  proportional  to  p^  as  representative,  we  have: 

3 r 2 ^ j 

2^  j P'  \ m / ^P-‘^Py^P‘ 


Numerator, 
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Upon  separation  of  this  threefold  integral  into  the  product  of  three  single 
integrals,  the  py  and  integrals  are  the  same  as  the  p^  and  p^  integrals  in  the 
denominator,  and  may  be  performed  using  Table  10.1.  The  integral  then  reduces 
to: 

M 1-  3 27Vm  f 2 I MnOQ\ 

Numerator  = / p ,,  pxp  I 1 dp„  (10.28) 

2m  ^ ^ \ ^ / 


The  remaining  integral  over  p^^from  Table  10.1,  gives  a factor 
so  the  numerator  is: 


V2  \/jr(2m//3)^'^^ 


Numerator  = ^ ^ 


(10.2’3) 


Taking  the  ratio  of  the  results  for  numerator  and  denominator  obtained  in 
Equations  (10.24)  and  (10. 29)^  we  find  that 

(e)  =-0  (10.30) 

For  the  ideal  gas,  however,  <£>  i:j  given  by  Equation  (10.19)  as  (E)  = 3kJ/2, 
and  therefore. 

/3  = — (10.3'D 

ksT 

Thus,  by  calculating  the  average  energy  per  particle  using  a Maxwell-Boltzmann 
distribution  function,  and  requiring  the  result  to  be  the  same  as  for  an  ideal 
gas,  /3  is  determined.  This  result  is  important  and  should  be  remembered. 
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For  completeness,  we  will  find  NP{0)p,  the  normalization  constant  for  the  ideal 
gas  system.  This  constant  varies  from  one  system  to  another,  and  probably  should 
not  be  memorized  for  any  one  system.  The  constant  may  be  found  if  the  number 
of  particles  N in  the  volume  V is  known;  that  is,  the  integral  of  fdQ  over  all 
phase  space  must  equal  N.  For  the  Maxwell-Boltzmann  distribution  function, 
describing  a gas  of  free  particles,  the  normalization  for  a system  with  N particles 
in  a volume  V is: 


NP(0)  p exp  I - 


■V2l3p- 


dxdydzdpydpydpi 


(10.341) 


Equation  (10.24)  with  ^ - l/Zcgr  leads  to: 

NP(0)p  = ^ {2TrmkJ)-^'^  (io.33:) 


Therefore,  at  equilibrium  for  an  ideal  monatomic  gas, 

f (r>  P)  = exp  (---^ 


(10.34) 
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As  mentioned  previoujply,  the  factor  e"^^  in  the  distribution  function  is  called 
the  Boltzmann  factor.  In  this  factor,  = ]/kgT.  The  most  important  feature  of 
the  function  f(r,  p)  is  that  it  is  proportional  to  e The  constants  NP(0)p 
in  front  of  the  exponenticil  are  for  purposes  of  normolizotion,  and  almost  always 
cancel  out  in  calculating  <expec1ation  values. 

Thus,  in  Equation  (10.34),  we  have  completely  determined  the  distribution 
function  f (r,  p)  for  an  ideal  monatomic  gas  of  particles  in  thermal  equilibrium 
with  the  container  wails.  Here  each  particle  is  considered  to  be  a system  with 
energy  E = Vs 

10.9  MAXWELL-BOLTZMANN  DISlRIBimON  INCLUDING 
POTENTIAL  ENERGY 

Now  consider  a slightly  more  complicated  situation,  in  which  there  may  be  some 
potential  energy  pre$6nN  Suppose,  as  in  Figure  10.8,  that  the  box  containing 
the  gas  consi^  of  two  r€gions.  In  the  lower  legion,  region  I,  there  is  no  potential 


Figure  10.8. 
energy. 
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F^rticles  in  Cl  container  which  has  two  di^nct  regions  of  different  potential 


energy,  but  in  the  upper  region,  of  equal  volume,  there  is  Q constant  potential 
energy  Vq  > 0.  There  is  a tendency  for  particles  to  seek  the  condition  of  lowest 
potential  energy,  so  it  \i  natural  to  ask  whether  all  or  most  of  the  particles  of 
the  system  are  in  the  portion  of  the  box  of  zero  potentiai  energy.  If  the  particles 
in  the  box  are  in  thenral  equilibrium  at  temperature  7,  the  value  of  ^ is  still 
^ Since  f (r,  p)  dxdydzdpj^dpydpj.  is  the  number  of  particles  in  the 

volume  element  dxdydzdp^dpydpz,  the  total  number  of  particles  in  the  volume 
element  dxdydzdp^dpydp^  in  region  I is: 


N 


-If If  If 


NP(0)  p exp 


■ Vi  /3p‘ 


dxdydzdp^dpydp^  (10.35) 


where  the  integrals  over  x,  y and  z go  only  over  region  !•  The  distribution 
function  in  region  II  depends  on  the  energy  E = Vq  -h  p^/m.  Therefore,  the 
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number  of  particles  in  this  region  is: 


N, 


ffffff 
J J J J J ^ 


NP(0)  p e X p 


dxdydzdp.dpydp. 


(10.36) 


where  the  integrals  of  dxdydz  go  only  over  region  II. 

The  ratio  N2/N,  may  be  easily  evaluated,  since  Vq  is  a constant.  The  volumes 
are  taken  to  be  equal,  and  the  integrals  of  exp  (—  /3p^/m)  dp^dpydp2  are  the 

same  for  both  regions;  so  these  cancel  in  the  ratio  N2/N].  Therefore, 

(10.37) 

N,  = 

Thus,  the  ratio  of  the  numbers  N2/N,  is  just  the  Boltzmann  factor,  e with 

the  energy  difference  Vq  between  the  two  regions  appearing  in  the  exponent. 

p/e  A t 7 = 3 0 0 K (with  kg  = 1 . 3 8 X joules/K),  if  Vq  = joule,  what 

is  the  ratio  of  the  number  of  particles  in  the  region  of  higher  potential  energy 
to  the  number  in  the  region  of  lower  potential  energy? 

ion  N2/N,  = e = e V(i-38xio  2.4xioi^  an  ex- 

tremely small  number.  Hence  most  of  the  particles  will  be  in  the  lower  potential 
energy  region.  If  there  are  on  the  order  of  10^^  porticles^  there  is  negligible 
probability  that  even  one  of  them  is  in  the  higher  potential  energy  region. 

In  general,  if  ^Vq  » 1,  or  Vq  » kgT,  most  of  the  particles  would  be  in 
the  lower  part  of  the  box.  When  kgT  becomes  large  enough  that  kgT  and  Vq  are 
comparable,  there  would  be  enough  thermal  energy  available  so  that  collisions 
could  knock  an  appreciable  fraction  of  particles  up  into  region  II.  This  would 
occur  at  a temperature  given  approximately  by: 

ksT  ^ Vo 

or,  if  Vq  = 1 0~^joule,  T = Vo/icfi7  ^ 7 x 10^^  K-  Room  temperature,  about 
293  K,  corresponds  to  an  energy  of  J = 4.04  x 10“  j = 0.0252  eV,  or  about 
y^Q  of  an  electron  volt.  Energy  differences  of  this  order  of  magnitude  occur 
in  some  molecular  spectra  and  other  atomic  systems 


10  GAS  IN  A GRAVITATIONAL  FliELD 

Consider  next  a column  of  air  at  temperature  300  K.  This  is  nearly  an  ideal 

3 

gas  If  the  density  at  sea  level  is  n^,  particles  per  m , what  would  be  the  density 
at  height  h above  sea  level?  The  number  of  particles  in  a given  volume  element 
of  phase  space  is  ptDportional  to  the  Boltzmann  factor  times  the  volume  element 
of  phase  space.  If  we  are  interested  only  in  number  of  particles  in  a given 
volume  of  ordinary  space  regardless  of  momentum,  we  sum  over  the  momentum 
part  of  phase  space.  Therefore,  we  take  the  ratio  of  dxdydz f c/p^tc/pyc/p^e 
for  two  equal  volumes  dxdydz,  separated  by  a height  h.  The  potential  energy  of 
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a particle  of  mass  m height  h is  mgh,  and  therefore  the  ratio  of  number 
of  particles  in  a unit  volume  at  height  h,  to  the  number  at  sea  level,  is: 


n(0) 


I dp  Jp, dp,  exp  \-^[(V7  p^m)  + mg/i]| 

M ■ e ^ ® (10.38 

jdpydpydp,  exp  [-I3{V7  p^/m)] 


example  If  the  mass  of  0 molecule  of  air,  on  the  average,  is  m = 5 x 10  kg,  at  what 
height  does  the  density  of  the  column  reduce  to  half  its  sea  level  value  for 
7 = 300  K throughout  the  column? 


so/ufion  n (/i)/n  (0) 
for  h, 


1/2 


Taking  natural  logarithms  of  both  sides  and  solving 


In  2 
mg 


(1.38x  10^^^1(300) 

' (0.693) 

(5  X 10  “)(9.8) 


- 5.86  X meters 


or  5.86  kilometers. 

10.11  DISCRETE  ENERGIES 

In  quantum  mechanics  it  has  been  shown  that  in  many  cases  energies  are 
quantized;  that  is,  they  take  on  only  discrete  values,,  rather  than  continuous 
values  such  as  the  classical  kinetic  energy  E = V?.  mv^  does.  There  are  some 
systems  whose  particles  can,  in  effect,  have  only  two  possible  energies;  let  us 
denote  these  energiesby  E^  and  E_,with  E^  > E_.An  example  of  such  a 
system  is  a set  of  ptDton  spins  placed  in  a magnetic  field.  The  number  of  such 
systems  in  the  energy  state  Ej^  is  proportional  to  the  Boltzmann  factor.  If  C is 
the  normalizotion  constant,  then: 

N+  = (10.39) 

and  the  number  N_  in  the  energy  state  E is 

N_  = (10.40) 

Thus,  N+/N_  = \ 

If  there  are  a large  number  of  possible  discrete  energies  E,,  then  the  distribu- 
tion function  f (E,)  which  gives  the  number  of  particles  in  that  state  is  given 
by  the  Boltzmann  factor: 

f (E,)  = (10.41) 

where  C is  some  proportionality  constant.  The  normalization  constant  C would 
be  determined  by  requiring  that  the  system  had  a (certain  given  total  number  of 
particles  and  summing  over  all  ^ates  i: 

-HE,  ^ 


Zf(Ei)-  C^e 


N 


(10.42) 
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when  N is  the  total  number  of  particles.  Averages 
computed  by  the  formula: 


of  energy, 


(E), 


could  be 

(10.43) 


2 DISTRIBUHON  OF  IHE  MAGNITUDE  OF  MOMENTUM 


In  some  applications  it  is  necessary  to  know  the  number  F(p)  dp  of  particles 
with  momenta  of  magnitude  p in  the  range  dp,  regardless  of  position  or  of  the 
direction  of  momentum.  Ihe  number  of  particles  with  momenta  in  the  range 
dpgdpydp2/  regardless  of  position,,  may  be  obtained  by  integrating  f (r,  p)  . 
dpxC/pyC/p;  over  all  positions.  We  shall  denote  by  f(p)  the  resulting  momentum 
space  distribution  furKtion: 

f (P)  = JfJ  dxdydzf  (r,  p)  (io.44) 

Ihen,  since  the  volume  V = J dxdydz  arxi  f (r,  p)  is  independent  of  r for  an  ideal 
gas,  we  obtain  from  Equation  (10.34): 

f(p)  = N(2xmltgr)'^^^  exp  ^ (10.45) 

We  may  now  easily  rewrite  the  distribution  function  in  terms  of  the  magnitude 
of  momentum,  p = a/^,  becOUSe  here  the  distribution  function  f(p)  depends 
only  on  p and  not  on  the  direction  of  p.  The  distribution  of  particles  is  therefore 
spherically  symmetric  in  momentum  space. 

To  obtain  the  number  of  particles  of  momenta  in  the  range  of  magnitudes 
dp,  we  may  then  consider  a thin  spherical  shell,  of  radius  p and  hence  of  or6Q 
47Tp^,  in  momentum  space.  If  the  thickness  of  the  shell  is  dp,  then  the  volume 
in  momentum  space  enclosed  by  the  shell  is  47Tp^c/p.  Alternatively,  the  volume 
of  a sphere  of  radius  p is  47Tp^/3,  and  the  differential  volume  contained  between 
two  spheres  of  radii  p and  p + dp  will  be  ju^  the  differential: 


d 


dTTp^dp 


(10.46) 


Thus,  using  this  radial  coordinate  in  momentum  space,  the  volume  element 
becomes: 

dp^dpydp^  — ► Air  p^  dp  (10.47) 

We  then  want  to  look  for  a function  F(p)  such  that  l~(p)  dp  is  the  total  number 
of  particles  with  momenta  of  magnitode  p in  the  range  dp.  Thus,  we  would  set 

f (p)  dp,dpydpy  ->  f ip)  Avp^dp  = F{p)  dp  (io.4S) 


This  defines  a new  distribution  function  as  a function  only  of  the  variable  p. 
Solving  to  find  F(p)  as  a function  of  p,  we  get 


V7 13  p^ 

m 


F(p)  = 4xN(2xmfcj7)  exp 


(10.49) 
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The  mo^  probable  value  of  p is  the  value  for  which  F{p)  is  a maximum.  Upon 
using  the  condition  dF(p)/dp  = 0 to  determine  the  maximum,  we  get: 


0 


(10.50) 


l.e.,  the  most  probable  value  of  p is  \/2mk^T  = 1 .414  V'^fnfcsT.  Since  the  speed 
is  V = p/m,  the  moS  probable  speed  is  V7kJ/  m. 

The  averogfe  va  lue  of  p can  be  computed  using  F{p)  and  Table  10.1,  noting 
that  r F(P)dp  = N.  From  this  we  find  the  average  value  is: 


( P ) 


7,  f P>'{p)dp 

N *^0 


4Tr(2TrmkgTJ 


exp 


d p 


SkgTm 


= 1.595  Vnikg  J 


(10.51) 


Here  the  limits  range  from  0 to  cc , since  the  magnitude  of  momentum  can  never 
be  negative.  Comparison  of  (p)  with  the  most  probable  value  of  p is  interesting; 
this  is  a case  in  which  the  most  probable  value  and  the  expectation  value  ore 
almost  the  same  but  slightly  different,  both  still  being  positive.  On  the  other  haKd, 
calculation  of  both  the  most  probable  value  and  the  expectation  value  of  one 
component  of  momentum  such  as  p.,  would  show  that  both  are  zero;  this  will 
be  discussed  below. 

Figure  10.9  is  a graph  of  F(p)  as  a function  of  p. 


F(p) 


Figure  10.9.  Distribution  function  F(p)  for  the  magnitude  of  the  momentum. 

10.13  EXPERIMENTAL  VERIFICATION  OF  THE  MAXWELL  DISTRIBIHION 


Figure  10.10  shows  the  results  of  two  runs  of  an  experiment  by  R.  C.  Miller  and 
P.  Kusch,  performed  in  1955  to  check  the  validity  of  the  distribution  F(p),  derived 
in  Equation  (10.49).  In  this  experiment,  either  potassium  or  thallium  was  obtained 
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1.0 


'/V2 

Figure  10.10.  Experimental  verificcition  of  the  Maxwell-Boltzmann  distribution.  The 
experimental  points  wens  for  a gas  of  hot  thallium  atoms.  The  dotted  line  is  the  theoretical 
result  obtained  from  the  Maxwell-Boltzmann  distribution,  Equation  (10.18).  Both  curves 
were  multiplied  by  a foctor,  SO  that  the  maximum  is  at  20. 


in  gaseous  form  by  heating  the  metals  to  high  temperatures  in  a vacuum  oven. 
A very  narrow  slit  in  the  oven  allowed  atoms  to  escape  into  an  evacuated 
chamber  outside  the  oven.  Presumably,  the  momenta  of  the  particles  in  this 
beam  would  have  the  distribution  given  by  F(p).  To  measure  the  distribution,  it 
was  necessary  to  be  able  to  select  atoms  out  of  the  beam  having  speeds  within  a 
very  narrow  range.  To  do  this,  the  experimenters  Inserted  a cylinder  with  its  axis 
parallel  to  the  beam,  so  that  the  beam  hit  the  cylinder  just  inside  its  rim  and  was 
blocked.  A straight  slot  cut  in  the  edge  of  the  cylinder  parallel  to  its  axis  would 
then  let  the  beam  get  through.  However,  suppose  the  cylinder  were  rotating  a|  a 
constant  angular  speed.  Then,  for  an  atom  of  a given  speed  to  get  through,  the 
slot  should  not  be  straight  but  helical.  For  a given  angular  speed  and  helical 
slot,  only  particles  in  a narrow  range  of  speed  could  get  through.  By  cutting 
such  a slot  in  the  cylinder  and  rotating  the  cylinder  at  different  angular  speeds, 
it  was  possible  to  select  particles  of  the  desired  speed  out  of  the  beam.  The 
experimenters  then  measured  the  number  of  particles  per  second  that  W0T6 
transmitted  through  the  slot;  V6rsU!>  fhe  speed  of  the  particles. 

The  particular  experimental  setup  introduced  several  factors  that  slightly 
modified  the  form  of  the  theoretical  distribution  which  was  finally  compared  with 
the  experimental  results.  If  f is  the  distribution  function  for  velocities,  then  the 
number  of  particles  of  speed  v hitting  an  area  oriented  normal  to  the  direction 
of  V,  in  one  second,  is  vf.  Thus,  In  this  experiment,,  the  number  of  particles  of 
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speed  V hitting  the  end  of  the  slot  nearest  the  oven,  per  second,  should  be 
DroDortional  to: 


3 

V exp 


— Ill  V 


( 10.52) 


since  p = mv.  Also,  if  Vq  is  the  speed  that  is  just  right  for  particles  to  get  through 
the  slot  for  a given  angular  speed  of  the  cylinder,  then  the  probability  that 
particles  with  speeds  between  v and  v + dv  will  get  through  will  be  of  the 
form  A(v/Vq),  where  A{'//Vq)  is  a probability  density  depending  on  the  slot 
width,  and  is  sharply  peaked  about  the  value  v = v^o-  Then  the  number  of 
particles  per  second  that  get  through  the  dot  is  proportional  to: 


(10.53) 


Since  A is  very  sharply  peaked  about  v = Vq,  we  can  replace  v with  Vq  every- 
where In  the  integrand,  except  within  A.  Then,  letting  dv  = Voc/(v/vo),  we  have 
an  approximate  value  for  the  integral: 


Vo  sxp 


(10.54) 


The  integral  is  some  constant  independent  of  Vq.  The  experimenters  normalized 
both  their  experimental  results  and  the  theoretical  curve,  so  that  the  maximum 
was  equal  to  20.  The  theoretical  result  is  then: 

/mvoV  /-mvo\ 

Intensity  Cit  detector  = 36.9  exp (10.55) 

\2kjj  ^\2k,Tj 

The  maximum  occurs  at  v,]/2  \^kgT/m  = l.  In  figure  10.10,  the  theoretical  curve 
is  indicated  by  the  solid  curve.  The  experimental  results  were  for  thallium  vapor. 
Run  99  was  at  870  K and  run  97  was  at  944  K.  The  measured  peak  velocity  of 
the  curves  agreed  with  2 \/]cfiT/m,  within  the  experimental  error  of  about  1%. 
Similar  results  were  obtained  with  potassium  vapor  at  quite  different  tempera- 
tures. One  con  conclude  thot  to  within  the  experimental  error,  the  Maxwell- 
Boltzmann  distribution  agrees  with  experiment. 


10.14  DISTRIBUTION  OF  ON'E  COMPONENT  OF  MOMENTUM 


The  Maxwell-Boltzmann  distribution  can  be  expressed  in  several  other  useful 
ways.  For  example,  let  IJS  calculate  the  total  number  of  particles  with  x com- 
ponents of  momentum  in  the  range  dp,,  regardless  of  their  values  of  Py  and 
p2.  This  means  we  must  integrate  over  all  dp,  and  dp^.  The  required  number 
of  particles  is  denoted  by  f (px)  dp„  and  is  given  by 


dp. 


dpj(p]  = f(p,)dp. 


(10.56) 
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and  so 


f(p.)  = f f 


1 


2jrmkoT, 


3/2 


exp 


~{pl  + pI  + pl) 


2mkf>T 


(10.57) 


We  may  separate  the  integrals  into  two  single  integrals,  which  are  multiplied 
together.  Performing  these  integrals  over  Py  and  p2  using  Table  10.1,  we  get: 


f (p.)  = N(27rmicB  T)  exp 


m 


kj 


(10.58) 


In  this  case,  because  f (p,)  is  an  even  function  of  p^,  the  most  probable  value 
of  px  will  be  zero,  as  will  the  expectation  value,  (P«> 

If  we  had  performed  a similar  calculation  to  obtain  f (p,)  and  f (p^),  we 
would  have  found  that  similarly. 


(Px>  = (P")  = (Pz)  = 0 


(10.59) 


Also,  the  most  probable  values  of  Py  and  p,  would  be  zero.  Thus,  although 
(P,>  = (Py>  = <P,>  = 0,  (P>  > 0 because  p is  intrinsically  positive. 

Previously,  we  noted  that  when  [ is  a function  only  of  the  magnitude  of  p,  it  is 
useful  to  use  the  momentum  space  volume  element  in  spherical  coordinates, 
Airp^dp.  likewise,  because  the  Boltzmann  factor,  e depends  only  on  the 

energy  and  temperature,  it  is  often  useful  to  write  the  differential  volume  in 
momentum  space,  dp^c/p^c/p^,  in  terms  of  the  corresponding  infinitesimal  energy 
change  dE.  For  the  free  particles  we  have  been  discussing. 


E = 


2m 


(10.60) 


Since  for  a free  particle  E is  then  a function  only  of  p,  we  can  express  the  volume 
element  in  the  spherical  coordinates  of  momentum  space  in  terms  of  energy.  Now 
we  noted  before  that  the  volume  of  a sphere  of  radius  p is  47Tp^/3,  and  thus 
for  the  volume  of  a thin  spherical  shell: 


dp,dp,dp. 


4xp^dp 


(10.61) 


We  wish  to  express  p^dp  in  terms  of  the  corresponding  energy  E,  and  energy 
inc  rement  dE.  From  Equation  (10.60), 


p^  = 2mE  or  p = \1mE 
Then  differentiation  of  both  sides  yieids: 


d p = 1/^  dE 

1/  2f 


(10.612) 


(10.6’3) 


Thus, 


dp,dpydp,  xlirp^dp  = 4ir V^2ni^E dE 


(10.64) 
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We  may  now  define  an  energy  distribution  function  g(E)  by  equating  numbers 
of  particles  in  the  range  c'E  in  the  two  alternative  expressions: 

f(p)  dpi,dpydp,  —*■  N{2TrmksTy^^^  4tt  \/2m^E  dE  = giE)  dE  (i0.65) 

or  for  the  distribution  function  in  energy, 

g/f)  =:  const.  X VEe 

==  [N2x(x/tBT)'^/^]  X VFe-^^  (10.66) 

A graph  of  the  dependence  of  g(E)  on  energy  E is  given  in  Figure  10.1  1. 
It  has  a maximum  at  d^/dE  = 0,  or  at  E = kgTI2.  Note  that  the  graph  is 


g(E) 


Figure  10.1  1.  Graph  of  the  energy  distribution  function,  g{E)  pnDportional  to  \/Ee  . 


tangent  to  the  vertical  axis  at  small  E,  whereas  f(p)  was  tangent  to  the  hori- 
zontal axis  at  small  p.  From  equation  (10.19),  the  average  energy  per  particle 
is  % kj,  whereas  the  most  probable  value  of  energy,  V2  kgT,  is  considerably 
different  from  this. 

The  total  probability  that  Q particle  is  in  the  energy  range  between  E and 


E H-  dE  is  p(E)dE  = g(E)dE/N  or,  alternately, 

ltisp(E)dE  = 2irO/Trkjf^e-‘''VEdE. 


VEdE/  f 
Ja 


example  What  is  on  expression  giving  the  probability  of  a particle's  having  energy 
between  0 and  1 = kgT? 


p(E)dE  =J  e-' 

'^0 

The  integral  in  the  numerator  cannot  be  written  in  terms  of  a closed  farm 
involving  simple  functions.  It  may  be  expressed  in  terms  of  error  functions 
which  may  be  found  in  tables.  The  numerical  result  is  0.843. 


so/uf/on 


VEdE 


10.15  SIMPLE  HARMONIC  OSCILLATORS 

The  energy  dependence  of  the  distribution  function  in  phase  space,  f = (con- 
stant) x e was  derived  for  the  case  of  many  systems  in  thermal  equilibrium 
which  were  weakly  interacting  with  possible  heat  flow  between  them.  The  internal 
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structures  of  the  systems  were  irrevelant.  If  we  have  any  set  of  a large  number 
of  identical  systems,  and  the  energy  of  a system  takes  on  the  values  E,  then  the 
number  of  systems  in  the  set  with  energy  E is  proportional  to  e These  systems 
might  be  macroscopic.  Thus,  in  a cubic  mile  of  air,  we  might  assume  the  systems 
to  be  volumes  containing  a gallon  of  air  each.  Provided  the  assumption  of  weak 
interaction  holds,  other  systems  such  as  liquids  can  also  be  treated  in  the  some 
way. 

Suppose  we  had  Q box  containing  a large  number  of  particles,  each  of  which 
has  a mass  m and  is  bound  to  on  equilibrium  position  by  a spring-like  farce 
with  spring  constant  k.  At  high  temperatures,  such  a picture  might  be  used  to 
represent  the  behavior  of  a solid,  where  atoms  oscillate  in  three  dimensions 
about  their  equilibrium  positions  in  the  crystal  lattice.  We  shall  assume  the 
particles  to  be  only  very  weakly  interacting.  The  energy  of  a particle  is  that  of 
a three  dimensional  harmonic  oscillator 

^ ipl  ^ pI  * pf)  * - K(x^  * ^ z^) 

2m  2 

or 

zm  Z 


Here  x,  y and  z are  the  displacements  of  the  particle  in  the  x,  y,  z directions  from 
its  equilibrium  position.  The  number  of  particles  of  this  energy  is  then  propor- 
tional to 


e X 


P 


(10.68) 


The  number  of  particles  whose  positions  x,  y and  z are  in  the  range  dxdydz  and 
whose  momenta  py,  are  in  the  range  dp^dpydp^  is  then  proportional  to: 


exp 


dxdydzdp^dpydp^ 


(10.69) 


We  shall  use  this  distribution  function  to  calculate  the  average  energy,  (E). 
The  formula,  written  completely  out  for  this  average  is 

/g\  ^ IlJIff  {V'2  + Vi  Kr^)e^^^dxdydzdp,dpydp,  mq  70) 

JJfJJJ e dxdydzdp,dp,dp, 

with  all  integration  limits  from  — x to  + X.  There  are,  altogether,  six  separate 
terms  In  the  numerator  of  this  expression.  However,  there  are  only  two  types — 
integrals  involving  p^^  py,  or  p^  and  integrals  involving  X , y or  z foctors,  in 
the  integrand  multiplying  the  exponential.  All  three  of  the  integrals  of  a given 
type  are  equal,  by  symmetry.  Furthermore,  any  of  the  six-fold  integrals  reduce  to 
a product  of  six  single  integrals,  so  the  integrations  are  straightforward  with 
the  use  of  Table  10.1.  Let  us  calculate  this  average  term  by  term.  First,  in  the 
calculation  of  , all  factors  in  numerator  and  denominator  cancel  except 
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those  involving  in  the  inlegronds^  so 


; = 

/e  dp,  2 


Similarly,  by  symmetry, 


so  the  average  kinetic  eneigy  is 


(10.71) 


(10.72) 


(10.73) 


For  the  average  of  the  potential  energy,  by  symmetry,  it  is  clear  that  in  this 
case  also, 


(10.74) 


1/Cr^ 
2 


(10.75) 


Now  to  calculate  a typical  term  such  as  using  the  fact  that  all  factors 

in  numerator  and  denominator  cancel  except  those  involving  x,  we  find  that 


(1076) 


Thus  ^16  = % kgT  ,so  the  total  average  eneigy  per  particle  is 


<£> 


kj 


(10.77) 


Note  that  for  every  quadratic  term  in  the  energy,  either  of  the  form  V2  pl/m 
or  VlKz^fWe  find  a contribution  to  the  average  energy  per  particle  of  V7  T. 
This  result  is  referred  to  as  the  theorem  of  equipartition  of  energy.  If,  for 
example,  the  oscillators  were  restricted  to  move  in  only  one  dimension  so  that 
E = 1/2  p^/m  + V2  Kx^,  one  would  immediately  expect  that 

<£>  = 1 J (r,T  (10.78) 


For  the  three-dimensioral  oscillator,  the  average  energy  per  particle  is  then 
= 3kgT  and  the  specific  heat  per  particle  is  3/cg.  VVe  would  expect  this 
specific  heat  per  particle  in  solids  where  the  particles  oscillate  about  their 
equilibrium  positions.  Ihe  specific  heat  per  mole,  in  terms  of  the  gas  constont 
R = NQ/c^yvould  be  equal  to  3R  = 5.96  calories/ mole-degree  K.  This  behavior 
is  observed  in  solids  at  high  tamperatuies  wheie  it  is  called  the  Dulong-Petif  law. 
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At  low  temperatures,  quantum  effects  come  into  play  which  greatly  reduce  the 
specific  heat.  In  Table  10.2  the  specific  heat  and  molar  specific  heat  at  room 
temperature  is  given  for  several  common  metals  Note  that,  although  the  specific 
heats  are  quite  different,  the  molar  specific  heats  are  close  to  3R. 


TABLE  10.2  MC'lor  Specific  Heats  of  Some  Metals 


Metal 

Specific  Heat  in 

calories/gram 

-degree  K 

Molar  Specific  Heat 
in  calories/mole 
degree  K 
3R  = 5.96 
cal/mole-degree  K 

Aluminum 

0.21 

5.8 

Calcium 

0 .16 

6.4 

Copper 

0.092 

5.9 

Gold 

0.03  1 

6.2 

Iron 

0.11 

6.0 

lead 

0.03  1 

6.3 

Potassium 

0.18 

7.2 

Silver 

0.056 

6.0 

Tin 

0.054 

6.5 

Zinc 

0.093 

6.1 

16  DETAILED  BALANCE 

‘When  a system  of  noninteracting  particles  is  in  thermal  equilibrium,  the  OverQig© 
density  of  the  cloud  of  representative  points  in  phase  space  remains  constcint 
in  time.  Therefore,  if  we  consider  some  fixed  infinitesimal  region  c/fi  in  phoise 
space,  there  will  be  just  as  many  points  entering  this  region  as  there  are  particles 
leaving  it  on  the  average.  It  is  necessary  to  keep  in  mind  that  these  statements 
refer  only  to  time  averages,  for  at  any  one  instant  there  may  very  well  be  mor© 
or  fewer  points  in  dfi  than  the  average  number.  However,  if  a state  of  the 
system  were  to  develop  in  such  Oi  way  that  the  number  of  points  in  dQ  was 
consistently  greater  or  less  than  the  time-averaged  or  equilibrium  number,  the 
system  would  no  longer  be  in  a thermal  equilibrium  state. 

Now  suppose  we  consider  any  two  fixed  regions,  c/fi]  and  0/^2/  volumes 

of  equal  magnitudes,  dfi]  = phase  space.  If  at  equilibrium  the  average 

rate  at  which  points  in  c/fii  are  changing  to  is  equal  to  the  average  rote 

at  which  points  in  dfi2  a re  changing  to  c/0i,Onclif  this  equality  of  rates 
is  maintained  for  all  such  pairs  of  regions  in  phase  space,  then  the  average  num- 
ber of  points  in  each  region  would  remain  constant.  This  would  be  a sufficient — 
but  not  a necessary-condition  that  thermal  equilibrium  would  be  maintained. 
More  detailed  calculation  of  these  transition  rates  using  quantum  mechanics 
shows  in  fact  tha'  the  rates  of  transitions  between  ony  two  such  equal  regions 
in  phase  space  are  equal. 

We  shall  therefore  make  the  reasonable  assumption  that  this  is  the  case;  the 
assumption  may  be  stated  as  follows: 
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The  rote  of  transitions  between  any  two  equal  volume  elements  in  phase 
space  are  equal  at  thermal  equilibrium. 

This  statement  is  called  the  principle  of  detailed  balance.  It  does  not  mean 
that  the  rate  of  transition  from  c/S2j  to  dS2(  equals  the  rate  from  to  some 
other  element  dii^,  but  only  that  the  rates  from  dil,  to  and  back  from 

dil^to  di},,  are  equal.  This  is  illustrated  in  Figure  10.12. 


Figure  10.12  The  principle  of  detailed  balance  asserts  that  between  any  pair  of  regions 
in  phase  space  with  volumes  of  equal  magnitude,  the  number  of  particles  per  unit  time 
making  transitions  from  the  first  to  the  second  is  balanced,  on  the  overage,  by  on  equal 
number  making  transitions  bock  from  the  second  to  the  first  per  unit  time. 


Now  let  us  consider  a classical  Ideal  gas  in  which  the  interactions  between 
particles  may  be  neglected,  but  in  which  the  particles  may  interact  with  the 
container  walls  at  temperature  T.  We  define  Pi— 2 to  be  the  probability  that 
one  particle  in  dil]  makes  a transition  to  c/122/  time.  Similarly,  P^  .] 

is  the  probability  per  unil  time  for  a single  particle  to  make  a transition  from 
c/122to  c/12i,lfthere  a re,  on  the  average,  dn  iparticlesin  c/ 12 1,  then  lfhe 
number  of  particles  which  change  to  0/^2  POf"  onit  time  is  dh]p]  *2‘  Likewise, 
if  dn2  is  the  average  number  of  particles  in  dl22/  the  average  transition  rate 
to  dil]  \s  c/n2p2  — i*Tho  equation  expressing  the  principle  of  detailed  balance 
at  equilibrium  may  therefore  be  written: 

c/nipi— 2 = dh2P2  *1  (1O.79) 

If  the  energiesofparticlesin  c/12iand  c/122are  Eiand  E2/'"®spectively, 
for  a gas  at  temperature  T,  then  the  ratio  dh]/dn2  is  simply  equal  to  the  ratio 
of  the  Boltzmann  factor?..  Therefore,  because  the  volumes  dil]  and  c/122  were 
taken  to  be  equal  in  magnitude. 
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Therefore,  from  Equation  (10.79),  the  ratio  of  the  single-particle  transition  proba- 
bilities is: 


P7  -1 

PI-  + 2 


(10.81) 


This  important  result  for  the  ratio  of  transition  probabilities  is  generally  valid  at 
thermal  equilibrium  not  only  for  the  particles  of  a classical  ideal  gas,  but  also  for 
electrons,  photons  and  other  particles  having  quantum  properties.  We  shall  use 
Equation  (10.81)  to  derive  the  Fermi-Dirac  and  Bose-Einste in  distribution  functions 
in  the  following  chapter. 


17  TIME  REVERSIBILITY 

The  equations  of  classical  mechanics  possess  an  invariance  property  known  as 
time  reversibility.  For  example,  in  Newton's  equation  of  motion  F = ma  = 
m d^r/dt^,  if  the  sign  of  the  time  / is  reversed,  the  equation  of  motion  is 
unchanged.  The  velocity,  v = dr/df,  reverses  direction  when  the  sign  of  iF  is 
changed.  Thus,  classically,  if  t were  reversed  in  sign,  all  motions  would  simply 
reverse  exactly,  and  the  particles  would  retrace  their  previous  paths  Since  mag- 
netic forces  are  proportional  to  v x B,  all  magnetic  fields  would  have  to  be 
reversed  in  direction  under  this  time  reversal  in  order  to  have  the  particles 
retrace  their  paths.  This  would  in  fact  occur,  since  the  currents  and  spins  which 
are  the  sources  of  magnetic  fields  would  all  reverse  direction. 

Another  way  to  state  this  property  of  time  reversibility  is  that,  for  any  solu- 
tion of  the  equations  of  motion,  another  solution  exists  in  which  all  particles 
have  exactly  the  opposite  velocities,  so  that  they  all  execute  the  reverse  motions 

Likewise  in  quantum  mechanics,  the  change  of  probability  density  with  time 
would  exactly  reverse  if  the  sign  of  the  time  were  reversed,  and  there  exists  a 
motion  of  the  system  in  which  all  velocities  would  correspondingly  be  reversed. 
While  time  cannot  be  reversed  in  the  laboratory,  one  can  obtain  the  equivalent 
result  by  simply  reversing  all  velocities  and  hence  all  magnetic  fields.  Many 
experiments  have  shown  that  for  the  usual  forces,  this  principle  of  time  reversi- 
bility is  valid. 

On  the  other  hand,  macroscopic  systems  in  general  show  a type  of  behavior 
which  is  irreversible.  For  example,  a rock  dropped  into  a still  pool  of  water 
will  cause  a splash,  a succession  of  circular  outgoing  waves  and  turbulence  in 
the  water  as  the  rock  sinks  to  the  bottom;  and  after  some  time  a slight  inCr6GS0 
in  the  temperature,  or  heat  content,  of  the  water  will  occur.  Although  the 
reversed  motion-in  which  a rock  at  the  bottom  of  a still  pool  is  thrown  up  into 
somebody's  hand  by  turbulence  and  ingoing  waves  with  a resultant  cooling  of 
the  water-is  a possible  solution  of  the  equations  of  motion,  it  is  never  observed 
because  of  the  overwhelmingly  small  probability  of  its  occurrence.  Situations  of 
thermal  equilibrium  are,  however,  situations  of  relatively  high  probability. 

We  may  illustrate  this  by  considering  a container  of  an  ideal  gas  containing 
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N ;=  10^^  particles.  At  thermal  equilibrium,  the  particles  are  randomly  distrib- 
uted in  position  throughout  the  box.  An  example  of  o nonequilibrium  situation 
might  be  one  in  which  more  particles  were  in  the  letthand  half  of  the  box  than 
m the  righthand  half.  We  can  easily  calculate  the  probability  of  any  distribution 
of  particles  between  the  two  halves  of  the  box  using  the  analogy  that  the  proba- 
bility of  finding  one  particle  in,  say,  the  left  half  is  the  same  os  the  probability 
of  occurrence  of  a head  in  one  flip  of  a fair  coin.  The  probability  of  finding  n 
particles  in  the  left  half  of  the  box  is  therefore  given  by  the  binomial  probability 
distribution.  Equation  (2.13).  and  is 


N!  1 

n!(N  - n)!  2^" 


If  N =10  ^^,we  can  certainly  use  the  gaussian  approximation  for  given 

in  Equation  (2.53): 


PN(r)  = 


~{n  - N/2f 
. N/2 


Now  we  can  ask,  for  example,  what  is  the  relative  probability  of  finding  a 
ma c rose o p ic a lly  significant  excess  of,  say,  0.01%  of  the  particles,  or  n = 
0.5001  X 10^^  particles,  n the  left  half  of  the  box?  The  ratio  of  this  probability 
to  that  of  finding  half  of  the  particles  on  each  side  is 

P,o23(o.5001  X 10^^)  _ exp  [ - (0.0001  X 10^^)V(N/2)] 

P, 023(0.5  X lO'T  ' exp[-(0)V(N/2)] 

= exp  (-2  Xl0^®x  10^^)=  exp  (-2  x 10':') 

Such  an  exces  would  therefore  never  be  observed. 

A corollary  of  this  is  that  if  an  initial  state  were  artificially  created  in  which 
there  was  an  excess  of  particles  on  one  side,  such  as  by  injecting  particles  through 
a hole  in  the  container  wall,  then  after  a short  time,  due  to  collisions  with  the 
walls,  the  particles'  positions  would  become  randomized,  and  all  positions  would 
become  equally  probable.  The  system’s  apparently  irreversible  behavior  thus 
consists  of  an  evolution  from  a nonequilibrium  state,  of  low  a priori  probability, 
to  a state  of  thermal  equilibrium,  which  is  of  much  higher  a priori  probability. 


summary 


SIX  DIMENSIONAL  PHASE  SPACE 

Phase  space  is  a six  dimensional  space  whose  coordinates  are  x,  y,  z,  Py, 
and  pj.  The  positio  n and  momentum  of  a single  pa  rtic  le  at  a g ive  n insta  nt  may 
be  represented  by  a point  in  phase  space.  A large  number  of  particles,  each 


Summary  3 0 7 


represented  by  a point  in  phase  space,  gives  rise  to  a cloud  of  such  points,  whose 
density  may  be  approximated  by  a continuous  distribution  function  f (r,  p,  t). 
The  number  of  particles  whose  representative  points  are  to  be  found  within  the 
volume  element  dU  = dxdydzdp^dpydp^  is  equal  to  f (r,  p,  /)  dxdydzdp^dpydp^. 
This  results  from  the  assumption  that  the  number  of  states  in  dil  is  proportional 
to  di}. 


MAXWELL- BOLTZMANN  DISTRIBUTION 


For  a system  of  weakly  interacting  particles,  or  for  a number  of  systems  in 
thermal  contact,  the  distribution  function  at  equilibrium  is  proportional  to 
where  £ is  the  energy  of  a particular  system  and  l//cg7  with  Itg  the  Boltz- 

mann constant  and  T the  absolute  temperature.  For  N particles,  each  of  mass  m 
and  energy  £=  ]/2  ID  a box  of  volume  V,  the  normalized  expression  for 

f (f-p)  is 


f(r,p)  = f(p) 


V \2-Kmkj) 


— 16  ffp 

m 


DISCRETE  ENERGIES 


If  the  particles  of  a ^stem  can  have  only  the  discrete  energies  E],  E2,  . . . E,,  . . 
then  at  equilibrium  the  probability  of  finding  a particle  with  the  energy  E;  is 
proportional  to  e The  average  of  any  function  of  energy,  x(^)#  then 

computed  by  the  formula: 


<x>  = 


MOMENTUM  AND  ENERGY  A!;  INDEPENDENT  VARIABLES 

If  the  magnitude  of  the  momentum  is  considered  to  be  an  independent  variable, 
then  for  an  ideal  gas  the  number  of  particles  whose  momenta  are  in  the  range 
dp  is  F(p)  dp,  where  F(p)  is  proportional  to  exp  16  f3p^/m).  If  the  energy  £ 
is  considered  as  independent,  then  the  number  of  particles  whose  energies  are 
between  £ a nd  £ + dE  is  g(E)  dE.  where  g(E)  is  proportional  to  \/£  e 


EQUIPARTITION  OF  ENERGY 

For  a system  in  equilibrium  whose  single-particle  energies  are  a sum  of  M 
quadratic  terms  in  any  of  the  phase-space  coordinates,  the  average  energy  per 
particle  is  16  ^IjcgT.  Thus,  associated  with  each  quadratic  term  is  an  average 
energy  of  16  feg7  per  particle. 
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DETAILED  BALANCE 

At  equilibrium,  the  number  of  particles  per  unit  time  making  transitions  from  a 
region  dU,  to  a region  c/i22f  equal  to  the  number  making  transitions  from 
region  dil2  to  region  c/12]  , provided  c/i2i  = c/122. 


problems 


Consider  the  air  inside  a closed  automobile  as  it  travels  at  a velocity  u.  Ihe  air  is 
at  lest  lelative  to  the  automobile.  VUhat  is  the  velocity  di^bution  lelative  to  an 
obseiver  on  the  ground?  (Neglect  gravity.) 


Answer:  Ihe  Boltzmann  factor  is  exp 


-’/2  m(v  - u)" 


2.  If  the  automobile  in  Problem  1 had  an  acceleration  a,  ond  the  gravitational  force 
mg  acted,  what  would  be  the  form  of  the  distribution  function  f (r,  p,  f)7 
Answer:  The  Boltzmann  fector  is 


— m(a  — q)  • — ^ , 

IcbTJ 

2 

3.  Consider  a beach  of  approximately  1 km  area,  coveted  with  grains  of  sand,  whose 
moss  is  approximately  10  ^ gm  and  whose  top  layer  covets  the  beach  at  a deniiity 
of  15  grains/mm^.  Asiuming  the  temperature  is  27°C,  how  many  grains  of  sand 
on  the  beach  could  you  expect  to  see  at  any  one  time  at  a height  of  1 mm  or  more 
above  the  level  of  the  beach,  assuming  the  grains  ate  in  theimal  equilibrium? 

Answer:  Approximately  exp  (-2.4  x 10^')  grains,  or  effectively  none. 

4.  A particle  in  a system  of  weakly  interacting  particles  has  energy  E = V:  + 

+ z^),  where  K is  a positive  constant.  For  what  temperature  will 
the  average  potential  energy  be  1 16  times  os  great  as  at  20  C?  1b  solve  this  you 
do  not  need  to  know  explicitly  what  the  integrals  equal. 

Answer:  167‘^C . 

5.  N smoke  particles^  each  of  mass  m,  are  floating  in  air  inside  a closed  vertical 
tube  of  length  L arid  cross  sectional  area  A.  Assuming  that  ot  equilibrium  the 
particles  at  the  bottom  are  for  apart  compared  to  their  size,  find  the  number  of 
particles  per  unit  volume  at  height  h from  the  bottom,  for  gravitational  potential 
energy  mgh  and  temperature  T Hnd  the  average  height  of  the  particles. 

. Nmg  k^T  L 

Answer:  ~ , ,,  _ 

AkiT  (1  e"'”®  ' 8 ) '"9  s'"®  ^ 8 1 

6.  N charged  smoke  particles,  each  of  mass  m,  are  floating  in  air  of  temperature  T, 

inside  a conducting  coaxial  cylinder  of  inner  radius  a,  outer  radius  b,  and  length  L 
Ihe  inner  cylifider  is  charged  so  that  the  particles  have  potential  energy  C In  (r/a), 
where  C is  o constonl  ^nd  r is  the  distance  from  the  cylindrical  axis.  Assuming 
that  at  equilibrium  all  the  particles  are  for  apart  compared  to  their  aze,  find  the 
number  of  particles  per  volume  at  distance  r from  the  axis. 


exp 


- 16  (p  - mu)' 


nkoT 


exp 


Problems  3 09 


Answer:  If  7 = C//CjT,  n = N 


2 - 7 


2rL  o 

7.  Show  that  for  a Boltzmann  distribution, 


-7  + 2 


evaluated  at  8 = 

kJ 


(-d/d|8 Je  dE)  1 

evaluated  at  /3  = 

J-e  dE 

From  the  result  of  Problem  7,  find  the  average  kinetic  energy  of  a particle  in  an 
ideal  gas. 

Answer:  ^/2  fcflT. 

A "quantum  mechanical"  one  dimensional  oscillator  has  discrete  rather  than  con- 
tinuous energies,  = (n  + where  w = t/K/m,  is  a constant  and 

n = 0,  1,2,.  From  the  result  of  problem  7,  show  that  for  a system  of  weakly 
interacting  oscillators  the  average  energy  per  oscillator  is 


== 


1 


^ 2 


10. 


Use  the  fa  c ttha  tifa  < = 1/(1  ” a)  and  use  a = 

From  the  result  of  Problem  9.  find  the  heat  capacity  of  a ^stem  of  N one  dimensional 
harmonic  oscillators  as  a function  of  J.  Plot  this  versus  J up  to  J = Ahoi/kg. 
Also  plot  the  specific  heat  of  a one  dimensional  classical  oscillator  on  the  same 
graph.  (The  three  dimensional  oscillator  was  discussed  in  the  text.) 

dT 


Answer 


(exp{i)(jo/kJ)  1)^ 

11.  In  addition  to  its  kinetic  energy,  a free  electron  in  a magnetic  field  B has  rwo 

possible  energies,  depending  on  whether  the  intrinsic  angular  momentum,  or 

spin,  of  the  electron  is  in  the  same  or  the  opposite  direction  of  B.  Here  fi  is  the 
magnetic  moment  of  the  electron,  a constant.  For  an  electron  weakly  interacting 
with  the  rest  of  the  system,  find  what  the  probability  is  for  an  electron  spin  to 
be  pointing  in  the  direction  ol  the  magnetic  field.  Find  the  average  magnetic 
interaction  energy. 

« uB/kT  ,f  nB/kl  + -^ifi/kTy.  u/  nB/kJ  -uB/kTy.,,  ^lB/kJ  + 

Answer:  ^ e -- e ^ ' )/(e  e 

12.  Suppose  a particle  in  a system  had  only  two  possible  energies,  £ = 0 and  f = 

6 > 0.  If  the  system  is  in  equilibrium  at  temperature  J,  what  is  the  average  energy 
per  particle? 

Answer:  (E)  = fe~^*/(l 

13.  Make  a sketch  of  the  distribution  function  f (px)  for  positive  p*  for  an  ideal 
gas,  where  f (p^)  dp,  is  the  probability  that  a particle  is  between  Px  and  px  + dp,. 

14.  Find  the  root  mean  square  deviation  of  the  energy  of  a particle  of  an  ideal  gas 

from  the  average  energy  at  temperature  J.  Find  the  ratio  of  this  root  mean  square 
deviation  to  the  average  energy  of  the  particle. 

Answer:  V%kJ,y/V3=  0.8  16. 

15.  Find  the  root  mean  square  deviation  of  v from  its  average  for  a particle  of  an 

ideal  gas  at  temperature  J if  the  i^as  particles  have  mass  m. 


-nB/k7^ 
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Answer:  \/(3-  8/t)  Icgf/m. 

16.  At  what  temperature  would  the  average  speed  of  atoms  in  an  ideal  gas  be  1 /2 

times  as  great  as  at  20“C?  At  what  temperature  would  the  average  kinetic  energy 
be  1%  times  as  great  20'*C? 

Answer:  386°C, 

17.  Calculate  the  average  value  of  1 /v  in  an  ideal  gas  at  temperature  T. 

Answer:  \/2m/TrkgT. 

18.  Ibe  molecular  weight  of  O2  is  16  times  that  of  H2.  In  a mixture  of  H2  and  C'2/ 
what  is  the  ratio  of  rms  speeds  of  O2  and  H2? 

Answer:  V4  . 

19.  Find  the  root  mean  square  deviation  of  from  its  average  for  a particle  of  an 
ideal  gas  at  temperature  J if  the  gas  particles  have  mass  m. 

Answer:  V^BT/m, 

20.  In  the  diagram  regions  1,  2 and  3 are  three  semiconducting  solid  reds  of  the  same 

cress  sectional  area  separated  by  thin  insulating  films,  so  that  there  are  changes 
in  electric  potential  between  the  two  sides  of  each  of  the  films  Thus,  conducting 
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3 
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electrens  are  in  regions  of  three  different  potential  energies  in  the  three  semi- 
conductors. If  the  poteritial  changes  at  the  films  are  0.02  volts  and  0.01  volts,  the 

' — 2 1 

potential  energies  are  approximately  V]  = 0,  V2  = 3.2  X 10  joules,  V3  = 

4.8  X 10  joules  Assuming  the  electrons  act  as  an  ideal  gas,  find  the  ratio  of 

the  numbers  of  conducting  electrons  in  regions  2 and  3 to  those  in  region  1 for 
^2  = <1,  -ts  = 2 'Cl  at  20°C. 

Answer:  0.46;  0.63. 

2 

21.  If  the  energy  as  a function  of  momentum  of  a particle  depended  on  op^  + 

b(pj^  py),  it  might  be  useful  to  express  differential  volume  in  cylindrical 

coordinates  in  momentum  space,  pzand  p^y  = Pxy  perpen- 

dicular "distance"  from  the  p^  axis.  Show  that  this  volume  element  is  27T  p^ydpxydpi  • 
An  energy  depending  on  momentum  this  way  occurs  in  some  semiconducting  solids 

22.  We  saw  that  if  energy  depends  on  momentum  magnitude  only,  it  is  useful  to  use 

Airp^dp  as  the  volume  element  in  momentum  space,  and  that  nonrelativistically  in 
terms  of  energy,  £ = p^/2m,  this  becomes  27r\/2m^'V^  dE.  Using  the  relativistic 
relationship  between  momentum  and  energy,  show  that  this  element  of  volume  in  mo- 
mentum space  becomes  47T  \/ — (TioC*  E dE/c^ . Also  show  that  in  terms  of  ki- 
neticenergy,  T = e — moc^,  this  is  47T  a/  T(2moC^  h T)(moC^tr)c/r/c^.This 
becomes 27T '\/2mo^  for  T « moc^. 
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23.  A nucleus  con  decay,  giving  off  Q high  energy  electron,  of  rest  ITIOSS  mg  with  energy  E 
and  0 neutrino  of  zero  rest  mass.  In  mony  cases,  the  probability  of  decay  depends 
only  on  the  magnitudes  of  the  particle  momenta  so  the  results  of  the  previous  problem 
can  be  used.  Show  that  if  the  sum  of  the  neutrino  and  electron  energies  is  a constant, 
5q,so  that  the  neutrino  energy  isEg— E,  and  if  the  probability  of  each  particle 
having  a given  energy  is  proportional  to  volume  in  phase  space,  the  probability  that 
an  electron  has  an  energy  between  Eand  E + dE  is  proportional  to  Ve^  - 

E (Eq  E)^dE.  The  fact  that  many  experimental  electron  decay  distributions  follow 
this  equation  extremely  well  leads  to  proof  that  the  neutrino,  which  is  very  difficult  to 
detect,  is  given  off  with  the  electron. 

24.  Consider  a box  containing  Q gas,  in  which  the  potential  energy  of  a particle  varies 

from  one  end  of  the  box  to  another  according  to  V Vqx/L,  where  L is  the  length 

of  the  box.  What  fraction  of  the  particles  are  in  the  half  of  the  box  for  which  /.  < 


X < '/2t? 

Answer: 


+ e 


25.  For  Q system  of  three  dimensiOHcl  classical  harmonic  oscillators,  QS  discussed  in  f^he 

text,  find  the  root  fnCOD  square  deviation  of  the  energy  from  the  average  for  one  of 
the  oscillators. 

Answer  : V^SkeT. 

26.  Particles  of  mOSS  6.2  x 10™  gnarg  suspended  in  liquid  at27°C.  What  should  be 

their  rms  speed?  {Use  equiportitiCin) 

Answer:  1.4  cm/sec. 

27.  Colloidal  particles  in  solution  are  buoyed  up  by  the  liquid  in  which  they  are  suspended 
by  a force  equal  to  the  weight  of  the  liquid  they  displace.  Show  that  the  number  of 
particles  per  unit  volume  in  the  liauid  varies  with  height  as 


n 


no 


exp 


where  Ng  is  Avogadro’s  number,  iTg  is  the  number  per  unit  volume  at  h = 0,  V is  the 
volume  of  a particle,  p is  the  liquid  density,  and  p is  the  mass  per  unit  volume  of  the 
colloidal  particles. 


11  quantum  statistical 
mechanics 

A number  of  the  results  obtained  in  Chapter  10  concerning  classical  statistical 
mechanics  of  a system  of  particles  are  still  valid  when  quantum  mechanics,  rothcr 
than  classical  mechanics,  is  used  to  describe  the  particles.  For  example,  the 
Boltzmann  factor,  e~^^,  was  found  by  considering  a number  of  systems  in  thermal 
equilibrium,  and  by  assuming  that  the  probability  of  a system's  being  in  a given 
state  is  a function  only  of  the  energy  of  the  state  and  the  common  temperature. 
These  same  assumptions  can  still  be  made  for  large  quantum  systems.  In  the 
classical  discussion,  ^ was  found  to  be  l/fegT  by  evaluating  the  energy  for  a 
classical  ideal  gas  and  comparing  with  the  kinetic  theory  result.  This  can  still  be 
done  if  it  is  assumed  that  the  quantum  system  to  be  investigated  is  in  equilibrium 
with  at  least  one  classical  ideal  gas  system.  Once  jj  is  evaluated,  it  does  not 
matter  whether  or  not  the  actual  system  is  really  in  thermal  equilibrium  with  a 
classical  ideal  gas.  Thus,  '“VCH  for  a large  quantum  system  in  thermal  equilibrium 
with  other  systems,  the  probability  that  the  system  is  in  a state  of  total  energy  E 
IS  proportional  to  e ° . 

How,  then,  does  quantum  mechanics  change  statistical  mechanics?  There  are 
two  main  effects  of  quantum  mechanics.  First,  there  are  often  discrete  energy 
states  in  quantum  mechanics  so  that,  in  addition  to  an  integral  over  phase  space 
for  continuous  states,  there  may  also  be  a summation  over  discrete  ^ates  in  find- 
ing average  values  of  quantities.  Second,  the  indistinguishability  of  particles  In 
quantum  mechanics  can  affect  the  statistics  greatly,  especially  when  we  look  at 
the  energy  distribution  of  one  of  the  single  particles  in  a system  of  identical 
particles.  Here  the  particle  itself  cannot  be  treated  as  an  independent  system, 
as  was  done  in  the  classical  case.  For  a system  of  identical  fermions,  this  efiect 
can  be  treated  as  a consequence  of  the  exclusion  principle:  no  two  identical 
fermions  in  a system  can  be  described  by  the  same  set  of  quantum  numbers.  For 
a system  of  identical  bosons,  the  effect  is  quite  different;  there  is,  instead,  a 
slight  tendency  for  the  particles  to  collect  in  states  described  by  the  same  quan- 
tum numbers. 
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1.1  EFFECTS  OF  EXCLUSION  PRINCIPLE  ON  STATISTICS 
OF  PARTIClfS 

In  the  classical  case  of  a system  of  identical  particles,  it  was  assumed  that  even 
identical  particles  were  distinguishable,  and  that  the  overall  state  of  a system 
could  be  specified  by  giving  the  single-particle  state  of  each  particle-for 
example,  by  specifying  the  partlcle^S  representative  point  in  phase  space.  How- 
ever, as  has  been  seen  in  the  discjssion  of  the  exclusion  principle,  for  identical 
particles  the  wavefunction  specifying  the  overall  state  is  such  that  each  particle 
appears  equally  in  all  the  occupi&d  single-particle  states.  Hence,  the  state  of  a 
^stem  of  identical  particles  may  be  specified  by  giving  the  number  of  particles  in 
each  single-particle  state  but  not  which  particles  are  in  each  state. 

This  follows  because  in  interchanging  particles,  the  magnitude  of  the  square 
of  the  wavefunction  does  not  change;  otherwise,  the  particles  would  be  dis- 
tinguishable. Then  when  two  bosons,  or  particles  of  integral  spin,  are  inter- 
changed, the  wavefunction  itself  remains  unchanged.  When  two  fermions,  par- 
ticlss  of  half-odd-integral  spin,  are  interchanged,  the  wavefunction  changes  sign. 
Thus  for  half-odd-integral  spin,  there  are  either  no  particles  or  at  most  one  por- 
tide  in  any  given  single-particle  state,  while  for  integral  spin  particles,  any  num- 
ber of  particles  from  zero  to  infinity  may  occupy  a given  single-particle  state. 

In  the  case  of  a system  of  fermions,  since  the  number  of  particles  in  a single- 
particle  state  is  limited  to  0 or  1,  the  single-particle  distribution  in  energy  will 
differ  from  the  classical  Moxwell-Boltzmann  distribution. 

1 .2  DETAILED  BALANCE  AND  FERMI-DIRAC  PARUCLES 

We  may  use  the  principle  of  detailed  balance  to  find  this  distribution.  Consider 
the  transitions  between  states  1 and  2 in  a fermion  system.  In  order  for  thermal 
equilibrium  to  be  maintained,  the  average  transition  rate  from  1 to  2 must  be 
the  same  as  the  average  transition  rate  frum  2 to  1,  by  the  principle  of  detailed 
balance.  Here  the  term  "transition  rate"  means  the  number  of  particles  making 
transitions  per  second.  The  exclusion  principle  strongly  affects  these  tronsitiion 
rates;  for  example,  if  we  begin  with  one  particle  in  state  1 and  one  particle  in 
state  2,  it  is  impossible  for  the  particle  in  state  1 to  make  a transition  to  state  2: 
if  it  were  not.  there  would  then  be  two  particles  in  state  2,  which  is  a violation 
of  the  exclusion  principle.  Transitions  between  two  single-particle  states  can  OCCUT 
only  when,  before  the  transition,  the  initial  state  is  occupied  by  one  particle  and 
the  final  state  is  empty.  Actually,  the  number  of  particles  in  a given  state  may  fluc- 
tuate considerably  in  time,  because  of  the  large  variety  of  possible  transitions 
between  that  state  and  all  other  !>tates.  Hence,  there  will  exist  some  probability 
that  a state  is  occupied.  Because  the  maximum  number  of  fermions  in  Q state  is 
unity,  like  the  maximum  possible  probability,  the  probability  that  a state  is  occu- 
pied will  be  identical  to  the  time-averaged  number  of  particles  in  the  state.  Thus, 
the  probability  that  state  1 is  OCCJpied  will  be  the  same  as  r)i,  where  the  bar 
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denotes  the  time  average  of  the  number  of  particles  in  state  1.  The  probability 
that  state  2 is  occupied  will  be  the  same  as  ri2/  the  time  average  of  the  number 
of  particles  H2  in  state  2.  'The  probability  that  state  2 is  unoccupied  will  therefore 
be  1 — n2 . 

Let  Pi  -»2  the  transition  probability  per  unit  time  that,  given  exactly  one 
particle  in  state  1 and  zero  particles  in  state  2,  a transition  from  state  1 to  2 will 
occur.  Similarly,  let  P2^i  be  the  transition  probability  for  a transition  from 
2 to  1 per  unit  time,  given  state  2 is  occupied  and  state  1 is  unoccupied. 

We  may  now  use  the  rules  for  combining  probabilities  given  in  Equation  (2.2) 
to  obtain  the  transition  rate.  The  probability  of  occurrence  of  a transition  from 
state  1 to  state  2 must  be  equal  to  the  product  of  the  probabilities  that  state  1 is 
occupied,  that  state  2 is  unoccupied,  and  that  a tronsition  occurs;  or  the  transi- 
tion rate  must  be 

n,  (1  - n2)pi  ^2 

Similarly,  the  number  of  particles  per  second  making  transitions  from  state  2 
to  state  1 must  be 

112(1  - n,)p2  ,, 

On  the  average,  for  the  system  to  remain  in  thermal  equilibrium,  the  above  two 
transition  rates  must  be  equal,  by  the  principle  of  detailed  balance.  The  motne- 
moticol  equality  can  be  expressed  as  follows: 

n,(l  - n2)p,-.2  = ^2(1  - ni)p2  -i  (ii.i) 


From  Equation  (10.81  the  ratio  of  p2  .]  to  pi  ^2  ^be  classical  case  is 


P2>1  (£2-fi)A6^ 

= e 

Pl  -2 


(11.2) 


where  E]  and  E2  are  single-particle  energies.  The  ratio  of  the  transition  prob- 
abilities pi^2  ^rid  P2-I-1  in  the  quantum  case  should  be  the  same  as  in  the 
classical  case,  since  they  are  defined  for  conditions  in  which  only  one  particle 
is  present  in  the  initial  state.  Thus  the  effects  of  particle  exchange  are  unim- 
portant and  Equation  (1  ,2)  is  still  valid.  Therefore,  combining  Equations  (1  1 .1) 

and  (1  1.2)  and  rearranging,  we  obtain 


Hi  ^1^8^  ^2 

— e = :^e 

1 — ni  1 « n2 


(11.3) 


On  the  left  side  of  the  above  equation  is  O combination  of  functions  depend- 
ing only  on  state  1,  and  on  the  tight  is  a combination  depending  only  on  state  2. 
Therefore,  both  sides  of  Equation  (1  1.3)  must  be  equal  to  0 constant,  inde- 
pendent of  the  state,  and  hence  independent  of  the  energy  of  the  state: 


JTj 

- ^ 


n(f:) 

1 ii(E) 


1 


- C o nst. 


(11.4) 
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1.3  FERMI  ENERGY  AND  FERMI-DIRAC  DISTRIBUTION 


It  is  convenient  to  write  the  constant  in  this  equation,  which  must  be  a positive 
number,  by  introducing  a quantity  called  the  Fermi  energy,  Ep.  In  terms  of  Ef , 
the  constant  in  Equation  (1  1.4)  is: 


Const.  = e 


EfAe' 


(11  5) 


This  equation  constitutes  a definition  of  the  constant,  Ef,  which,  in  general,  is  a 
function  of  temperature.  Substituting  the  constant  into  Equation  (1  1.4)  and  solv- 
ing for  the  time-averaged  occupation  number  n{E),  we  find: 


n(£)  = 


1 


{£-Ef]/kgT 

e 


-h  1 


(11.6) 


This  distribution  function  is  called  the  Fermi-Dirac  distribution.  The  additive  1 in 
the  denominator  is  what  distinguishes  it  from  the  M a xwell-Bo Itzma  nn  distribution. 
The  M a xwe  ll-Bo  Itzma  nn  distribution  for  single  particles  was  valid  in  the  classical 
case,  because  with  noninteracting  particles,  each  particle  could  be  treated  as  a 
single  system.  For  particles  where  the  exclusion  principle  applies,  even  though 
there  may  be  no  forces  of  interaction,  the  particles  affect  each  other  statistically 
and  single  particles  cannot  be  treated  as  single  systems.  Thus  the  Maxwell- 
Boltzmann  distribution  is  not  valid  for  fermion  ^sterns 

The  form  of  the  Fermi-Dirac  distribution  depends  critically  on  the  magnitude 
of  the  exponential  function,  appearing  in  the  denominator.  This  function 

is  independent  of  the  energy  of  the  state  and  plays  the  role  of  a normalization 
constant.  Hence,  if  the  total  number  of  fermions  in  the  system  is  N,  then  at  a given 
temperature  the  Fermi  energy  will  be  determined  by  the  condition  that 

N = |®’'P 

where  the  summation  is  taken  over  all  distinct  single-particle  states  labeled  by 
the  index  /. 


(£,  - Ef) 

kpT 


+ 1 


(11.7) 
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Figure  11.1.  Graph  of  the  Fermi-Dirac  distribution  function  in  the  nondegenerate  case, 

E = -lOkeT. 


Figure  11.2.  Graph  of  the  Fermi-Dirac  distribution  function  in  the  degenerate  case, 
E = +1001^81. 
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Under  some  conditions,  the  Fermi-Dirac  distributibn  closely  resembles  the 
Maxwell-Boltzma  nn  distribution.  For  example,  in  Figure  11  .1  is  plotted  the  aver- 
age occupation  number  n(£)  for  the  case  = — lO/cgT.  The  function  is  sub- 
stantially just  a M a xwe  ll-Bo  Itzma  nn  distribution,  since  the  exponential  in  the  de- 
nominator is  much  greater  than  unity.  On  the  other  hand,  if  = -)-  lOOicg  7,  the 
function  has  a completely  different  character;  the  Fermi-Dirac  distribution  ‘for 
this  case  is  plotted  in  Figure  11.2.  Flere  all  the  states  are  filled  up  to  an  energy 
approximately  equal  to  Ef,  and  all  the  states  of  greater  energies  are  almost 
e mpty. 

11.4  ONE  DIMENSIONAL  DENSITY  OF  STATES  FOR  PERIODIC 
BOUNDARY  CONDITIONS 

In  the  case  graphed  in  Figure  11  .1^  with  the  Fermi  energy  negative  and  Ef  <K 
— k^T,  we  say  that  the  statistics  are  nondegenerofe;  this  case  resembles  the 
Maxwell-Boltzmann  distribution.  In  the  case  of  positive  Fermi  energy  with 

Ep  » kgT,  as  in  Figure  11.2,  we  say  the  statistics  are  degenerate.  Which  of 
these  cases  actually  appii'SS  in  a given  system  depends  on  the  number  of  particles, 
the  number  of  possible  states  per  unit  energy  interval,  and  on  the  temperature. 

In  classical  statistical  mechanics,  the  number  of  possible  states  could  not  be 
calculated;  information  about-the  di^ribution  of  states  was  obtained  by  postulat- 
ing that  the  states  were  uniformly  distributed  in  phase  space.  Using  quantum 
mechanics,  we  can  calculate  from  fundamental  principles  what  the  distribution 
of  possible  states  must  be. 

To  derive  the  number  of  states  per  unit  energy  interval,  which  is  called  the 
density  of  states,  we  consider  first  a problem  closely  related  to  the  problem  of  ^ 
particle  in  a one  dimensional  box.  There,  the  possible  wavelengths  were  limited 
by  the  condition  that  an  integral  number  of  half-wavelengths  must  fit  into  the 
box.  We  consider  in^ead  the  one  dimensional  free  particle  wavefunction,  written 

in  the  form: 

= e xp  [i(kx  wt)J  (1  1.8) 

where  the  wavenumber  i<,  related  to  momentum  by  k = p/h,  and  the  frequency 
is  related  to  energy  by  (t)  = E/t).  We  then  impose  the  artificial  periodic  boundary 
condition  that 

\p(x  + L)  = \p{x)  (11.9) 

where  [ is  some  extremely  large,  but  arbitrary  length.  We  will  eventually  allow  L 
to  approach  infinity,  so  that  the  particular  boundary  condition  imposed  is  of  no 
importance;  that  is,  for  □ system  of  many  particles  the  boundary  conditions 
should  affect  the  system  only  in  the  neighborhood  of  the  boundary  and  should 
have  negligible  effect  in  the  interior  of  the  system.  The  wa vefunctions  \p  corre- 
spond to  single-particle  :>tates  in  which  the  momentum  of  the  particle  is  com- 
pletely known  and  the  position  is  unknown.  Thus,  if  we  use  free-pa rtic  le  ni0‘ 
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mentum  eigenfunctions  to  deSCrib'S  the  single-particle  states  of  the  system,  it  no 
longer  makes  sense  to  talk  of  phase  space  in  the  clossicol  sense,  for  specifica- 
tion of  the  particle's  momentum  Q,r)c/  position  at  the  same  time  would  violate  the 
uncertainty  principle. 

The  boundary  condition.  Equation  (11.9),  gives  us 

exp  /[/f(x  -H  I)  OJf]  = exp  i(kx CjOf) 

This  condition  then  means  that 

exp  ikL  = 1 (11-11) 

In  genera  I,  e'^  = 1 only  if  ^ = 2x0,  where  n is  any  integer.  The  re  fo  re,  the 
boundary  condition  limits  the  possible  wavenumbers  to  the  set  of  values: 


2n7T 

L 


(11.12) 


where  n =0,  ±1,  ±2,  ±3,  ..  . This  is  the  same  assaying  that  an  inteciral 
number  of  wavelengths  must  fit  into  the  large  length  I. 

Since  p = Ak,  the  possible  values  of  p are  given  by: 


P = 


n 

L 


hn 

T 


(11.13) 


and  the  corresponding  particle  positions  must  be  completely  undetermined. 
Therefore,  instead  of  a "phase  space"  consisting  of  one  axis  for  x and  one  for  p, 
we  can  specify  all  the  possible  sifigle-particle  states  by  drawing  only  one  axis, 
the  p axis,  and  labeling  the  discrete  set  of  points  given  by  Equation  (1  1.13)  with 
its  corresponding  set  of  quantum  numbers  n,  as  in  Figure  11.3.  These  states  gee 

0 


Figure  1 1.3.  Discrete  states  for  o free  particle  with  periodic  boundory  conditions  gre 
uniformly  distributed  along  the  momentum  axis  Positions  along  the  x axis  ore  undeler- 
mined. 

uniformly  distributed  in  momentum  space  along  the  p axis  in  this  case.  As  the 
length  L approaches  infinity,  the  possible  states  become  more  and  more  densely 
packed  in  momentum  space,  but  still  form  a discrete  set. 

Now  consider,  for  some  extremely  large  I,  a physical  region  along  fhis 
momentum  axis  of  length  Ap.  In  this  region  as  we  see  from  Equation  (1  1 .13), 
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there  will  be  a number  of  momentum  states  An  given  by: 


Ap 


An 


(1  1.14) 


The  number  of  states  per  unit  momentum  interval  is  thus  An/Ap  = L/h.  Note 
that  the  density  of  states  in  momentum  space,  An/Ap,  is  proportional  to  L,  the 
length  of  the  periodicity  region;  this  is  consistent  with  the  classical  idea  that 
states  are  uniformly  distributed  in  x — p space.  We  can  divide  out  the  factor 
of  L and  speak  about  the  number  of  states  per  unit  momentum  interval  per  unit 
length,  which  will  be  l/h.  In  the  limit  as  L approaches  infinity,  the  boundary 
condition  becomes  irrelevant,  so  that  this  result  is  completely  general. 


11.5  DENSITY  OF  STATES  IN  THREE  DIMENSIONS 


We  may  generalize  this  result  for  the  one  dimensional  motion  of  a particle,  to 
the  case  of  three  dimensional  motion,  by  considering  the  free-particle  momentum 
eigenfunction: 

\p(x,y,z,t)  = exp  [/{rc,  X + ky  y + k,z  - wf)]  (11-15) 

We  assume  that  periodic  boundary  conditions  are  imposed  in  the  x,  y and  z 
directions,  such  that: 


yp[x,y,z,i)  = ^p{x  + L,y,z,t)  = \p(x,y  + L,z,f)  = i{x,y,z  + L,i) 


Then  all  three  components  of  the  wavevector,  and  hence  of  the  momentum,  are 
quantized  similarly.  Thus, 


P,  = n,  = 0,  ±1,±2,.  . . 

p,  = - Hy  n,  = 0 , ± 1,  ±2, . . . 

h 

p,  = - n,  n,  = 0 , ±1,  ±2, . . . 


(11.16) 


The  possible  states  form  a cubical  array  of  points  in  three  dimensional 
momentum  space,  p^}.  One  single-particle  state  may  be  specified  by 

giving  all  three  components  of  the  momentum  or,  equivalently,  all  three  quantum 
numbers.  n„ , n^,  n,.  The  distance  in  momentum  space,  pa  ra  lie  I to  any  one  of  the 
axes  from  one  state  to  the  next,  is  h/L.  Hence,  we  can  imagine  momentum  space 
to  be  filled  up  with  cubes  of  side  h/l,  and  there  will  effectively  be  one  possible 
momentum  state  per  cube,  or  a volume  of  (^/^-)^  per  state. 

To  put  this  another  way,  consider  a volume  element  in  momentum  space  of 
sides  Apx,Ap,,,  and  Ap...  The  number  of  states  in  this  volume  element  Is 


An^  Any  An^ 


(^) 


(11.17) 
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which  is  the  momentum  space  volume  divided  by  the  volume  per  state.  The 
quantity  in  this  result  could  be  replaced  by  V,  the  volume  of  the  fundamental 

periodicity  region.  Since  the  number  of  states  is  proportional  to  V,  then  as  L 
approaches  infinity  and  thus  V approaches  infinity,  the  number  of  states  in  the 
volume  element  increase  without  limit.  We  can  then  divide 

out  the  factor  V and  speak  of  the  density  of  states  in  momentum  space  per 
Unif  volume.  This  density  of  states  will  be  ]/h^. 


s/e  For  a macroscopic  system  of  electrons  at  room  temperature,  with  dimensions 
1 cm  on  a side,  the  spacing  betv/een  energy  levels  corresponding  to  a change 
of  1 in  one  of  the  quantum  numbers  rij,,  n^,  is 


AE 


Jfl]  = + If  - n?l 

[2mJ  [lJ  2m 


if  » 1 


At  nDom  temperature,  the  electrons  will,  on  the  average,  have  at  least  the  energy 
kj  .02  eV  ~ pl/2m  = h^nll2rnL^  ~ E.  Then 

n,  ^ - \/2mE 

h 

iq-2  

= S-:S  X— X 9 X 10“^'  X (0.02  X 1.6  X 10“”) 


^ 10‘ 

The  ratio  of  the  energy  spacing  to  the  energy  is  then  AE/E  ^ 10”*.  Thus 

the  energy  states  are  packed  so  close  together  that  it  should  be  a very  good 
approximation  to  pass  to  the  limit  in  which  the  increments  Ap^, 
placed  by  differentials  and  summations  over  states  are  replaced  by  integrations. 


Although  for  a real  physical  system,  periodic  boundary  conditions  may  not 
apply,  as  long  as  the  volume  V of  the  system  is  sufficiently  large  the  particular 
boundary  conditions  should  not  appreciably  affect  the  density  of  states;  there- 
fore, to  a very  good  approximation,  the  number  of  states  in  a momentum  space 
volume  element  dp,  dp,  dp,  should  be  given  by 


An,  An,  An, 


dp,  dpy  dp. 


The  density  of  states  in  momentum  space  is  Vfh^. 


(11. IB) 


.6  COMPARISON  BETWEEN  THE  CLASSICAL  AND  QUANTUM 
DENSITIES  OF  STATES 


In  classical  statistical  mechanics,  it  i;S  assumed  that  the  number  of  states  in  the 
phase  space  volume  element  dil  = dxdydz  dp,  dpydp^  is  pdQ,  where  p is  the 
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unknown  density  of  states  in  phase  space.  To  compare  this  to  the  quantum 
mechanical  result,  Equation  (11.18),  we  must  integrate  over  all  positions: 

u ^Py  ^07  pdxdydz)  dp,  dp^  dp,  = ‘Vp  dp,  dp,  dp,  (n  i9) 

h 

Hence,  the  density  of  states  in  phase  space  mu^  be 

P = ^3  (1-20) 

It  is  at  once  clear  why  in  classical  theory  the  density  of  states  could  not  be  de- 
termined; energy  quantization  was  unknown  and  PIcrnck's  constant  was  effec- 
tively zero. 


11.7  EFFECT  OF  SPIN  ON  THE  DENSITY  OF  STATES 


One  further  point  must  be  mentioned  in  connection  with  the  state  density  in 
Equation  (1  1.20),  which  refers  to  the  density  of  momentum  states  only.  If,  in  addi- 
tion. the  particle  described  by  the  momentum  eigenfunction  in  Equation  (1  1.15) 
has  an  intrinsic  spin,  with  a total  spin  quantum  number  s,  then  there  will  be 
2s  -I-  1 spin  states  for  each  momentum  state.  The  total  number  of  single-particle 
states  in  the  momentum  space  volume  dp,  dp,  dp,  will  then  be 


{2s  -I-  1)  An,  An,  An, 


(2s  + 1)V 


^ip,  dp,  dp. 


(11.21) 


One  exception  to  this  rule  occurs  for  particles  of  zero  rest  mass.  Study  of  the 
relativistic  quantum  theory  of  such  particles  shows  that  no  matter  what  the  total 
angular  momentum  quantum  number  is,  only  two  spin  "orientations"  are  pos- 
sible. The  component  of  angular  momentum  in  the  direction  of  the  particle's 
momentum  can  be  only  corresponding  either  to  spin  parallel  to  p or  spin 

antiparallel  to  p,  An  erample  of  this  appears  in  the  case  of  photons,  or  light 
quanta,  which  are  known  to  be  bosons  with  spin  quantum  number  S = 1-  Electro- 
magnetic theory  shows  that  light  waves  are  transverse,  and  have  two  possible 
states  of  circular  polarization.  A left  circularly  polarized  light  wave  has  a z com- 
ponent of  angular  momentum  a right  circularly  polarized  light  wave  has  a 

z component  of  angular  momentum  —ft.  Thus,  for  particles  of  zero  rest  mass,  the 
total  number  of  single-particle  states  in  the  momentum  space  volume  element 
dp,  dp,  dp,  will  be 

2V 

2An^  An,  An,  = dp,  dp,  c/p;E  (1  1 .22) 

n 


11.8  NUMBER  OF  STATES  PER  UNIT  ENERGY  INTERVAL 

It  is  frequently  useful  to  know  the  number  of  states  in  the  energy  interval  dE, 
When  the  energy  E depends  only  on  the  magnitude  of  momentum,  as  it  does  for 
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free  particles,  this  number  may  be  obtained  by  considering  the  states  in  a 
spherical  shell  of  radius  p and  thickness  dp,  in  momentum  space.  This  was  done 
in  classical  statistical  mechanics  [see  Equation  (10.64)]  , where  it  was  shown  that 
the  spherical  shell  corresponds  to  an  increment  of  energy  dE  given  by 

dp^dpydp,  —>■  4:Tp^dp  = 2-jr{2mf'^  \/EdE  (11.23) 

The  same  expression  holds  in  quantum  statistical  mechanics  as  well,  if  the  energy 
momentum  relation  is  E = p^/2m. 

The  number  of  states  between  E and  E + dE  for  free  particles  of  spin  quantum 
numbers  in  a volume  V is  then: 

/2m\ 

(2s  +1)An^An,  An,  = (2s  4-  l)2xV(— "n/e  c/£  (i  i-24) 

This  is  an  important  result,  which  will  be  used  a number  of  times.  The  quantity 
multiplying  dE,  (2s  + ])2TrV{2m/h^f^^'\/Y,  IS  called  the  density  of  states  in 
energy.  It  is  the  number  of  single-particle  ^ates  per  unit  energy  interval. 


.9  FREE-PARUCLE  FERMI  ENERGY-NONDEGENERAIE  CASE 


The  density  of  states  derived  above  may  now  be  used  to  find  the  Fermi  energy 
Ef  for  various  cases  in  which  the  particles  can  be  treated  as  free  particles.  As  a 
first  example,  consider  a gas  consisting  of  He^,  the  isotope  of  helium  with  a 
nucleus  containing  two  ptDtons  and  a neutron.  This  isotope  has  spin  V2  , and  thus 
it  obeys  the  exclusion  principle.  The  numerical  value  of  the  quantity  2s  + 1 is  2. 

It  is  known  experimentally  that  ordinary  gases  at  ordinary  temperatures  and 
pressures  are  described  very  well  by  Maxwell-Boltzmann  statistics.  Let  us  then 

assume  that  He^  gas  is  nondegenerate  under  such  conditions,  so  that  E^/kgJ 
~Ec/kgT 

mu^  be  negative,  with  e » 1,  and  the  Fermi-Dirac  distribution  function, 

Equation  (1  1.6),  may  be  approximated  by: 


n(£)  = e xp 


(11.25) 


We  will  check  to  see  if  this  is  a consiistent  assumption. 

To  determine  the  normalization  constant,  we  will  follow  a procedure 

similar  to  that  used  in  the  classical  case.  TTie  number  of  states  in  the  range 
dp,  dp,  dp,  is  2V  dp,  dp,  dp^/h^.  For  this  nondegenerate  case,  the  number 
of  particles  N must  be 


N = 


-(g  - E,) 


dp,  dpy  dp. 


(1  1.26) 


In  terms  of  momentum,  the  energy  for  a free  particle  of  energy  E and  mass  m 
is  E = pV2m.  After  substituting  this  into  Equation  (1  1.26),  one  may  perform 
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the  exponential  is  always  much  greater  than  unity,  justifying  the  approximation 
of  nondegeneracy.  Other  atomic  and  molecular  gases  of  half-odd-integral  spin 
at  ^andard  temperature  and  pressure  would  give  similar  results,  and  thus  would 
obey  essentially  M a xwe ll-Bo Itzma  nn  statistics. 

It  should  be  noted  that  the  result  in  Equation  (1  1.28)  is  well-defined  for  a 
system  of  a given  density,  even  when  the  volume  V approaches  infinity;  for  N/V 
is  just  the  density  of  particles,  and  then  both  N and  V approach  infinity  in  a 
constant  ratio. 

Ep/koT 

In  order  for  the  gas  to  be  degenerate,  e ® should  be  at  least  comparable 
to  unity.  This  occurs  at  such  a low  temperature  that  all  atomic  and  molecular 
gases  except  helium  are  solidified,  and  even  helium  is  liquified.  The  effect  of 
degenerate  Fermi-Dirac  statistics  of  atoms  on  properties  of  solids  is  negligible, 
so  the  only  substance  in  which  degenerate  statistics  of  atoms  can  be  studied  is 
liquid  We  can  estimate  the  temperature  at  which  effects  due  to  degenerate 
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statistics  might  begin  to  show  up  experimentally  in  He^,  by  using  the  fact  that 

the  volume  of  one  mole  of  liquid  He^is  about  2„5  x Then,  when 

Ec/knT 

e 1,  the  temperature  should  be  given  by 


^ ^ N_0 /2Trmkj\ 

^2  X 2.5  X ) 

Taking  for  e * the  value  3 x 10  * calculated  above  at  273 
volume  of  0.0224m^  we  have 


(11.32) 
and  a mo  la  r 


3 X 10“^ 


No 

j 27T/nfe8  273 

2 X .0224 

1 h”  , 

(1  1.33) 


Therefore,  dividing  the  first  of  these  equations  by  the  second  and  solving  for  T, 
we  get 


7 ^ 273  X 


f .0224  X 3 X ICi-^y^^ 

( 2.5  X 10“^  / 


5.3k 


(11.34) 


This  can  be  only  an  order  of  magnitude  estimate,  since  a liquid  will  not  act  as  a 
degenerate  ideal  gas  because  of  the  important  effects  of  interparticle  inter- 
actions. Also,  expression  (1  1.28)/  which  is  obtained  assuming  e » 1, 

actually  will  not  be  valid  at  low  temperatures,  where  e 'is  comparable  to 

unity. 


10  FREE  ELECIRONS  IN  METALS-DEGENERATE  CASE 

The  most  important  case  where  Fermi-DIrac  effects  are  large  is  that  of  electrons 
in  metals.  Here  it  is  often  a good  approximation  to  treat  the  electrons  as  free 
noninteracting  particles. 

p/e  Assuming  that  nondegenerate  statistics  apply  for  electrons  in  a metal,  at  room 
temperature  T = 273K,  take  N/V  10^®  m'  m = 9 X 10  kg,  and  calculate 

Ec/icoT 

e using  Equation  (11.28).  Check  the  consistency  of  the  result  with  the  ap- 

Ef/kgT 

proximation,  e « 1. 

ion  For  this  case, 

Ef/ljT  _ 10^®  / 6.28  X 9 X 1 0"^'  X 1.38  ;<  10“^^  x 273 

2 ^ \ 6.63x1 0'^“  / 

= 4.6  X 10^ 

This  is  much  greater  than  unity,  so  the  assumption  that  the  statistics  are  non- 
degenerate  must  be  wrong. 

A much  better  approximation  than  that  used  in  the  above  example  would  be 
to  assume  that: 

n ==  1,  £ < £f 

n ==  0,  £ > £f 


(11.35) 
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as  may  be  seen  from  Figure  11.2.  In  this  case,  Ef  may  be  evaluated  most  easily 
by  using  the  density  of  states  given  in  Equation  (1  1.24).  Then,  using  the  ap- 
proximations given  in  Equation  (11 .35),  the  number  of  particles  would  be  given 
by 


N 


X 


'4.v(f) 


3/2 


VEdt: 


(I  1.36) 


The  integral 


X 


Vx  dx  = leads  to  the  result: 


(1  137) 


and  the  Fermi  energy  is 


1 3N  W 
2m  VSttV/ 


(1  1.38) 


Again  using  the  parameters  N/V  = 10'®,  m = 9 X 10  ",  £f  in  electron  volts  Is 
^ _ (6.63  X h X 10'®Y^^  ^ J 

” 2 X 9 X 10'"  \ 25.1  J ^ 1.6  X 10'”i/eV 
= 2.7  eV  (11.39) 

At  room  temperature,  J = 273  K,  kgT  = 0.024  eV,  so  here  statistics 

are  degenerate,  and  the  approximation  in  Equation  (1  1.35)  should  be  a good 
one. 


11  .1  1 HEATCAPACIIY  OF  AN  ELECIRON  GAS 


Because,  in  the  degenerate  case,  the  Fermi  energy  Ef  is  much  greater  than  k^T, 
and  essentially  all  the  states  are  filled  up  to  the  Fermi  energy,  it  is  to  be  expected 
that  the  average  electron  kinetic  energy  will  be  much  larger  than  kgT.  Since  the 
number  of  states  in  the  energy  interval  dE  is  proportional  to  \/iE  dE,  and  Equa- 
tions (11.35)  hold  approximately,  the  expectation  value  of  the  kinetic  energy  per 
particle  is 


(E> 


dE 


n \/E  dE 


(11.40) 


with  n = 1 up  to  Ef.  These  Integrals  may  be  evaluated  as  follows: 

^0  ^ 3 


(11.41) 
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The  n 


2£p/5  ^ 3 ^ 

2Ef/3  5 ' 


(11.42) 


This  is  on  the  order  of  several  electron  volts,  much  greater  than  k^T  at  room 
temperature.  On  the  other  hand,  classical  statistical  mechanics  would  have  given 
an  average  kinetic  energy  of  3kJ/2,  by  the  theorem  of  equipartition  of  energy. 

To  calculate  the  heat  capacity  of  the  electron  gas,  the  actual  dependence  of 
ii(E)  on  temperature  must  be  taken  carefully  into  account,  so  that  the  average 
energy  per  particle  can  be  calculated  more  accurately.  When  this  is  done  the 
average  energy  per  particle  is  found  to  be: 


= -5 


1 + 


5tt^  / I<b1 


Order  of  {k^T/Ef  + 


(1  1.43) 


where  is  the  Fermi  Energy  calculated  in  Equation  (1  1.38),  the  Fermi  energy  at 
zero  temperature. 

The  total  energy  in  a mole  of  electrens  is  then  Nq  (E),  where  Nq  is  Avogadre's 
number.  The  heat  capacity  per  mole,  at  constant  volume,  is  just  the  derivative  of 
N,(E)  with  respect  to  temperature  and  is 


c, 


(1  1.44) 


where  we  have  used  the  expression  for  the  gas  constant,  R = the  other 

hand,  the  classical  heat  capacity  is  Cv  = 3R/2. 

Thus,  the  heat  capacity  of  an  electron  gas  is  reduced  by  the  effect  of  statistics, 
by  a factor  of  the  order  of  magnitude  kgT/Ef^  — 0.01  at  room  temperature.  This 
can  be  understood  qualitatively  by  noting  that  for  heat  to  be  absorbed  by  the 
system,  the  electrons  must  make  transitions  from  lower  occupied  states,  to  higher 
empty  states.  Since  the  thermal  energy  available  for  one  electron  is  about  kgT, 
only  electrons  with  energies  within  about  kgT  of  the  Fermi  energy  can  change 
their  states  when  heat  is  added  to  Ithe  ^stem.  The  fraction  of  the  electtuns  in  this 
region  of  energy  is  of  order  of  magnitude  kgT/Ep^.  Thus,  one  would  expect  a 
reduction  of  the  heat  capacity  by  about  this  factor.  At  ordinary  temperatures,  the 
electronic  heat  capacity  is  negligible  compared  to  other  contributions  to  the  heat 
capacity  in  metals,  due  mainly  to  lattice  vibrations.  However,  at  very  low  tem- 
peratures, the  electronic  heat  capacity,  although  very  small,  is  larger  than  the 
remaining  contributions  which  approach  zero  os  some  higher  power  of  the 
temperature  than  T.  Thus,  the  electronic  heat  capacity  at  low  temperatures  is  the 
main  contribution  to  heat  capacity  in  metals. 


12  WORK  FUNCTION 

In  studying  the  photoelectric  effect,  it  was  found  that  the  incident  photons  had 
to  be  of  energies  greater  than  a certain  critical  energy  in  order  to  cause  el6C- 
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trons  to  be  ejected  from  the  metal  surface.  The  minimum  energy  needed  to  get 
an  electron  out  of  the  surface  was  called  the  work  function,  4^.  In  terms  of  the 
work  function,  the  minimum  photon  energy  required  to  eject  an  electron  is 

= h (/„;„=  <!•  (11.45) 

In  Figure  11.4,  the  potential  energy  of  a single  electron  in  or  near  the  surface 
of  a metal  slab  is  sketched.  The  curved  portions  outside  the  surfaces  approach 

V = o 


overage  potential 
energy  inside 
the  metal. 

Figure  I 1.4.  Potential  energy  of  a single  electron  near  the  sjrface  of  a metal. 

zero  as  x approaches  infinity  according  to  the  equation  — e^/16x6oX,  where  x 
is  the  distance  from  the  s,urface.  "^^is  potential  energy  results  from  attraction  of 
the  electron  by  positive  charge  induced  on  the  surface  near  the  electron.  As  a 
result,  electrons  will  be  bound  to  the  metal,  with  an  average  potential  energy 
— V^  inside  the  metal,  where  V]  is  of  the  order  of  from  5 to  15  eV  for  different 
metals.  The  electrons  then  fill  the  energy  levels  above  —V]  up  to  —V^  + Ep, 
which  is  usually  of  the  order  of  several  eV  higher  in  energy  than  -~V]  . The  work 
function  is  therefore  the  energy  which  must  be  added  to  the  most  energetic  of 
the  electrons  in  the  metal  in  order  to  remove  it  from  the  metal,  and  hence  the 
work  function,  Fermi  energy  and  minimum  potential  energy  —V]  are  related  by: 

$ = V,  - £f  (11.46) 

The  work  function  is  typically  several  electron  volts 

1 1.13  PHOION  DISTRIBUTION 

Calculation  of  the  distribution  with  energy  of  the  average  number  n(£)  of  pho- 
tons of  energy  £ in  a cavity  is  of  considerable  historical  interest,  since  it  was 
Planck's  study  of  this  problem  that  launched  the  quantum  theory.  Photons  can  be 
considered  as  particles  of  light,  described  by  wavefunctions  having  the  space  and 
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time  dependence  given  in  Equation  (1  1.15).  Inside  a cubical  cavity  of  side  I,  the 
single-particle  states  are  therefore  described  by  giving  the  momentum  quantum 
numbers  Hj,,  Hy,  n^,  just  as  in  Equation  {11.16).  Photons  have  spin  quantum 
number  s = 1,  and  are  therefore  bosons.  Furthermore,  they  have  zero  rest 
mass,  and  hence  only  two  spin  states — or  two  polarization  states-for  each 
momentum  ^ate.  The  density  of  states  is  given  in  Equation  (11.22).  Another  com- 
plication is  that,  in  contrast  to  a sy^em  of  massive  bosons  sjch  as  a gas  of  He", 
photons  can  be  emitted  and  absorbed  by  the  walls  of  the  cavity;  thus  the  number 
of  photons  inside  the  cavity  is  not  fixed,  but  may  fluctuate  as  energy  is  exchanged 
with  the  cavity  walls.  Hence,  we  do  not  speak  of  one  of  the  particles  making  a 
transition  from  state  1 to  state  2,  but  rather  of  a loss  of  particles  from  state  1 
due  to  interaction  with  the  walls  and  a gain  of  a possibly  different  number  of 
particles  in  ^ate  2 fPDm  the  same  cause. 

These  properties  of  light  waves  require  that  the  distribution  function  for  pho- 
tons be  derived  by  a special  method,  based  on  the  observation  that  if  the  radia- 
tion in  the  cavity  is  in  thermal  equilibrium  with  the  walls,  then  the  probability 
that  the  radiation  has  total  energy  E must  be  given  by  the  Boltzmann  factor, 
e~^^.  After  deriving  the  photon  distribution  n(E),  we  may  examine  and  gener- 
alize those  special  features  which  are  due  to  the  fact  that  photons  obey  Bose- 
Einstein  statistics  for  application  to  a gas  of  bosons  of  nonzCTO  mass. 

For  simplicity  of  notation  we  shall  let  the  single  index  j stand  for  the  combina- 
tion of  integers  (n,,  ny,n^'j  describing  a single  particle  state.  If  Dj  is  the  number 
of  photons  in  one  of  these  states,  the  total  energy  of  these  n,  photons  is  rijhl/j, 
where  is  the  frequency  of  the  state,  given  by 

" X = h'P'  = "J,  + 01-^7) 

from  Equations  (1  1.16).  The  total  energy  in  the  cavity  will  be  a sum  over  all 
states  j of  the  energy  in  each  state,  h so  the  total  energy  is 

£■  = (1  1.48) 


The  Boltzmann  factor  is 


exp 

= exp 

+ nii’2  + ■ ■ ■) 

i 

L kj 

Different  overall  states  of  the  system  will  then  differ  in  the  set  of  occupation 
numbers  n,.  /i2,  . ,,that  is,  they  will  differ  in  the  numbers  of  photons  in 

the  various  single-particle  states.  To  calculate  the  average  number  of  photons  in 
the  particular  ^ate  i,  we  therefore  have  to  calculate  the  following  sum: 


(n)  = 


=0^^n2  = 0 2^03  = 0 * * * [ (^1^1+  02  (^2  * * * H,-  I';  + 

-o2"2  = oS"3  = o • • -exp[-(n,  J',  + njj'j  + + •• 


)h/k,T] 


(1 1 SO) 
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where  the  sums  run  over  all  the  possible  values  of  each  of  the  integers;  i.e., 
ni=  0,  1,2, 3/. ..,02  = 0,  1,2,3,.  . CO rresp ending  to  the  fact  that  in  any 
state  j,  any  number  of  photons  may  exist. 

The  above  sum  may  immediately  be  simplified  because  the  summations  over 
all  of  the  n,‘s,  except  / = i.  is  exactly  the  some  in  numerator  and  denominator. 
The  constant  factor  due  to  these  other  summations  then  cancels  out.  We  thus  have 


<n;> 


exp  {~n;Vih/kgT) 


(11.51) 


The  sum  over  n,  may  be  found  by  performing  the  following  differentiation: 


dx 


In  Z 


n;  = 0 


■d/dx  e'"'")  _ n;e^"'‘ 

2n;  e Xn,  e 


(1  1.52) 


The  above  result  is  identical  to  if  x = Pjh/kgT.  The  remaining  sum  in  the 

argument  of  the  logarithm  in  Equation  (11.52)  is  an  infinite  geometric  series,  of 
the  form: 

1 + e“"  + + . . . 

In  general,  if  a <1,  a"  = (1  ~ a)-'-  Thus,  if  x is  positive, 


Zn  -X 

e 


(11.53) 


Combining  these  results,  we  obtain  the  following  formula  for  (n^  : 


(n\  = In  ( 1 — e 

^ dx 


*=  Kj/l/fjf 


— ( + e 


U-.i’jh/kgl 


(1  1.54) 


o r 

n(E)  = 1)-'  {11.55) 

where  f:  is  Q photon  energy.  This  result  strikingly  resembles  the  Fermi-Dirac 
distribution.  Equation  (11.6),  except  that  -1  appears  in  the  denominator  in 
place  of  + 1,  and  there  is  no  constant  similar  to  the  Fermi  energy.  This  latter 
omission  is  entirely  reoiiOnable,  as  the  Fermi  energy  was  determined  by  a 
normalization  condition.  = N.  the  total  number  of  particles.  Since  the 

total  number  of  photons  is  not  conserved,  no  such  normalization  condition  can  be 
written  down  for  photon:>. 


11.14  PLANCK  RADIATION  {FORMULA 

To  find  the  infinitesimol  number  of  photons  dn  in  the  cavity  in  the  frequency 
range  du,  we  may  use  the  density  of  states.  Equation  (1  1.22).  If  we  use  spherical 
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coordinates  in  momentum  space,  dp,  dpydp^  — ► 4xp^  dp.  For  photons,  the 
momentum  p and  frequency  if  are  related  by  p = hif/c.  Hence,  the  number  of 
states  in  the  frequency  range  du,  including  polarizations,  is 


h u\  (hd 


SirVp^dv, 


The  number  of  photons  in  the  interval  dif  is  therefore 


SttV  v^dv 

- 1) 


(11.56) 


(11.57) 


The  energy  per  photon  is  h v. 

If  we  then  multiply  hp  by  the  number  of  photons  in  the  interval  du,  we  obtain 
the  energy  dE,  contributed  by  photons  of  frequencies  in  the  range  dv,  to  the  total 
average  energy  f in  the  cavity.  The  energy  per  unit  Frequency,  per  unit  volume, 
is  then 


1 dE 

Vdu  - 1) 


This  is  Planck's  radiation  formula  for  the  energy  density  per  unit  frequency 
interval,  inside  a cavity  containing  only  radiation  at  temperature  T.  When 
hlf/kgT  <<  1,  = 1 + hlf/kjiT  + * ' *,  ^od  the  Planck  formula  becomes 

approximately: 


id£  _ Sirv^ki  J 
V dv 


(11.59) 


which  is  the  Ra yieig h-J  ea  ns  radiation  formula.  The  Rayleigh-J  eans  formula  was 
derived  originally  by  using  classical  ideas.  It  is  evident  that  such  a derivation  is 
possible  because  h does  not  appear  in  it.  The  Rayleigh-J  eans  formula  agreed 
well  with  experiment  at  low  frequencies  but  not  at  high  frequencies.  The  Planck 
formula  was  one  of  the  early  triumphs  of  the  idea  of  quantization  of  photon 
energy.  Using  the  same  h as  found  from  the  photoelectric  effect,  Planck  was  able 
to  completely  explain  the  radiation  experiments.  In  Figure  1 1.5  are  plotted  both 
the  Planck  radiation  formula  and  the  Rayleigh-J  eans  law;  the  two  are  seen  to 
agree  only  at  very  low  frequencies 

If  the  walls  of  the  container  were  perfectly  black,  that  is,  if  they  absorbed  all 
of  the  radiation  incident  upon  them,  then  for  thermal  equilibrium  to  be  main- 
tained, the  frequency  distribution  of  the  radiation  emiited  by  the  walls  would 
have  to  have  the  same  form  as  that  of  the  incident  radiation.  In  other  words, 
since  there  is  equilibrium,  if  energy  is  absorbed  in  a particular  frequency  range, 
on  the  average  an  equal  amount  of  energy  in  this  frequency  range  must  be 
emitted  by  the  walls.  For  ordinary  intensities  of  radiation,  it  is  to  be  expected 
that  the  radiation  from  the  walls  should  not  depend  significantly  on  whether  the 
walls  are  in  equilibrium  with  the  incident  radiation.  Hence  we  may  conclude  that, 
in  general,  the  radiation  from  a black  body  has  a frequency  distribution  the 
same  as  that  given  in  Equation  (1  1.58)  for  equilibrium  radiation.  This  is  therefore 
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Figure  11.5.  Graphs  of  the  classical  Royleigh-J  eans  formula  for  energy  density  in  a 
cavity  and  the  Planck  radiation  formula  obtained  from  quantum  theory.  At  high  fre- 
quencies, the  classical  energy  density  per  unit  frequency  interval  becomes  infinite,  whereas 
Planck^s  formula  agrees  with  experiment. 


called  black  body  radiation.  Other  bodies  when  heated  emit  radiation  whose 
frequency  distribution  closely  resembles  the  radiation  from  an  ideal  black  body. 
For  instance,  in  the  visible  range  the  light  from  the  sun  is  very  much  like  that  of 
a black  body  near  6000K,  which  would  actually  be  "white  hot." 

The  usual  procedure  for  performing  experiments  with  black  body  radiation  is 
to  form  a cavity  in  any  substance  so  there  is  equilibrium  radiation  inside.  The 
radiation  is  sampled  through  a very  small  hole  in  the  cavity  wall,  so  that  the 
radiation  is  not  significantly  disturbed  by  the  meosurements. 

To  find  the  total  energy  due  to  radiation  in  a cavity  QS  a function  of  tempera- 
ture, we  may  simply  integrate  Equation  (11.52)  over  all  frequencies  from  zero  to 
infinity: 


E = 


BTrVhv^ 

i 

r J 

di^ 


(11.60) 


To  simplify  the  algebra,  let-us  designate  by  the  variable  x the  quantity  hv/kgJ 
appearing  in  the  exponential.  Then 


We  therefore  obtain: 


E = 


SirV 


(11.61) 


(11.62) 


The  required  integral  is  found  in  definite  integral  tables,  and  is 


The  energy  density  is  therefore 


E 

V 


8ir^{ksT)^ 

ISh'c'  “ 


(11.63) 


U = 


(11.64) 
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The  significant  feature  of  this  expression  is  its  dependence  on  the  fourth  power 
of  the  temperature.  This  fourth  power  dependence  could  be  calculated  from 
thermodynamics;  however,  the  proportionality  constant,  because  it  involves 
Planck's  constant,  could  not  be  calculated  clasacally. 

The  result.  Equation  (1  1.64),  also  implies  that  the  power  radiated  from  a hot 
black  body  is  proportional  to  The  radiation  from  non-black  bodies  frequently 
has  approximately  the  same  temperature  dependence. 


1.15  SPONTANEOUS  EMISSION 

Let  us  now  consider  the  processes  of  emission  and  absorption  of  radiation  in  the 
cavity  from  the  point  of  view  of  detailed  balance.  Suppose,  for  example,  that 
there  is  one  object  inside  the  cavity  which  has  two  energy  levels  E ] , E 2 ^ ^ \ * 
separated  in  energy  by  the  amount  h if;,  where  V,  is  the  frequency  of  a particular 
one  of  the  single  photon  states  in  the  cavity.  We  can  assume  that  the  object  itself 
obeys  M a xwe  ll-Bo  Itzma  nn  statistics.  Thus,  an  equation  such  as  Equation  1.2) 
holds: 

P I = P2  (1  1-65) 

This  is  a way  of  stating  detailed  balancing.  In  Equation  (1  1.65),  the  Boltzmann 
factors  can  be  interpreted  as  the  relative  probabilities  that  the  object  will  be 
found  in  the  upper  state  E2  or  lower  ^ate  Ei  at  thermal  equilibrium. 

Suppose  that  associated  with  c transition  1 — ► 2 of  the  object  is  the  absorption 
of  a photon  of  frequency  v,,  in  the  single  photon  state  /,  Similarly,  associated 
with  a transition  2 1 of  the  object  is  the  emission  of  a photon  of  the  same 

frequency. 

Now  let  us  analyze  the  transition  probability  for  absorption  of  a photon  per 
unit  time,  p^_^2,  more  detail.  If  a beam  of  light  is  incident  on  an  absorbing 
object,  such  as  the  surface  of  a metal,  it  is  well-known,  even  in  classical  electro- 
magnetic theory,  that  a certain  fraction  of  the  incident  energy  is  absorbed:  this 
fraction  is  independent  of  the  intensity  of  the  incident  beam.  In  other  words,  if  n, 
photons  of  the  mode  j are  incident  per  second  on  the  absorbing  object,  the  rate 
of  absorption  by  the  object  should  be  proportional  to  n,.  Therefore,  pi_2 
proportional  to  the  number  of  incident  photons  n,.  We  write  this  as: 

p,^2  = Cri;  (11.66) 

where  C is  some  proportionality  constant,  not  dependent  on  the  temperature  of 
the  walls  because  of  the  way  the  transition  probability  pi-.2  '^^s  defined. 

Next  consider  emission  processes.  An  isolated  object  tends  to  spontaneously 
emit  radiation  and  make  transitions  downward  in  energy,  until  it  ends  up  in  the 
ground  state.  This  process  can  occur  even  when  there  is  no  radiation  initially 
present.  If  the  emission  were  due  entirely  to  spontaneous  emission,  then  p2  *| 
would  have  to  be  independent  of  temperature,  and  we  would  write  p2  *1  = A, 
a constant  independent  of  T.  EiriStein  was  the  first  to  notice  that  thermal  equi- 
librium could  not  be  maintained  if  the  emission  were  due  only  to  spontaneous 
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emission. 

for  then  detailed 

balarKe  would 

require  that 

(11.67) 

or 

n. 

(11.68) 

c 

which  is 

inconsistent  with 

the  photon 

distribution  function  derived 

in  Equa- 

lion  (1  1.42).  It  would  be  consistent  only  if  the  photon  distribution  were  a classical 
Boltzmann  distribution. 

11.16  RELATIONSHIP  BETWEEN  SPONTANEOUS  AND 
STIMULATED  EMISSION 

Einstein  recOQnized  that  another  process,  called  stimulated  emission,  contributes 
to  the  emission  probability.  In  this  process,  if  the  system  j|$  initially  in  the  excited 
State  E2,  ^nd  some  number  n,  of  photons  in  a mode  frequency  v,  are  initially 
present,  then  a kind  of  resonant  Interaction  occurs  between  the  object  and  the 
radiation,  which  increases  the  probability  of  emitting  another  photon  in  the  same 
mode.  In  fact,  the  probability  of  stimulated  emission  is  proportional  to  the 
number  of  photons  n;  initially  present.  It  is  this  proportionality  which  leads  to  the 
terminology  "stimulated  emission,"  because  the  incident  radiation  "stimulates" 
further  emission  of  photons  of  the  same  type,  the  probability  of  emission  being 
directly  proportional  to  the  intensity  of  the  incident  radiation. 

Ihus,  the  total  emission  probability  must  be  written: 

P2^1  = A + 6n,  (11.69) 

where  B is  another  proportionality  constant,  independent  of  temperature.  At 
thermal  equilibrium  we  must  have,  by  detailed  balance, 

= (A  + 6n,)e  (11.70) 

Ihen,  inserting  the  expression,  Equation  (1  1 .55),  tor  the  photon  distribution, 

ce'^  ' - 6 = A(e  - 1)  (11.71) 

In  order  for  this  equation  to  be  satisfied  at  all  temperatures,  we  must  have 

A = B = C (11.72) 

Thus,  from  Equation  (1  1.69),  the  total  emission  probability  is  proportional  to 
A(1  + n,),  and  hence  to  1 + n,,  which  is  the  number  of  photons  present  after 
emission,  or  the  number  of  photons  present  in  the  final  state  of  the  electromag- 
netic field.  In  the  factor  1 + n,,  the  1 corresponds  to  the  contribution  from 
spontaneous  emission  processes,  and  the  n,  corresponds  to  the  contribution  from 
stimulated  emission  processes. 

Stimulated  emission  is  the  basis  of  operation  of  a celebrated  invention--the 
laser.  The  name  of  the  device  is  taken  from  the  initial  letters  of  the  words  "light 
amplification  by  stimulated  emission  of  radiation." 
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In  a laser,  a large  number  of  atoms  are  placed  in  an  excited  state  by  some 
special  means,  such  as  by  collisions  with  other  atoms  or  by  shining  light  of  proper 
frequencies  upon  them.  The  atoms  are  then  not  in  thermal  equilibrium,  because 
the  number  of  atoms  in  the  excited  state  is  larger  than  the  number  in  the  ground 
state-in  disagreement  with  the  Boltzmann  probability  factor,  which  holds  at 
equilibrium.  If  one  of  the  atoms  should  spontaneously  radiate  a photon  of 
mode  Hj,  then  the  subsequent  probability  of  radiation  of  another  photon  in  the 
same  mode  is  increased  because  of  the  factor  1 + n,  in  the  emission  probability 
--that  is,  by  the  effect  of  stimulated  emission.  As  other  atoms  then  radiate  into 
the  same  mode,  the  stimulated  emission  probability  factor  for  that  mode  builds 
up  into  an  enormous  factor.  A large  number  of  the  atoms  can  thus  be  made  to 
radiate  into  the  same  mode,  so  that  a pulse  of  radiation  containing  as  many 
as  10"'  photons,  all  going  in  neariy  the  same  direction  and  with  nearly  the  same 
frequency,  can  result.  The  buildup  of  energy  in  a single  mode  is  enhanced  by 
enclosing  the  active  laser  material  between  partially  coated  mirrors,  so  that  the 
light  is  reflected  back  and  forth  many  times  through  the  material  before  getting 
out,  thus  contributing  further  to  the  stimulated  emission.  This  coherent  light  is 
unlike  the  light  emitted  by  most  natural  sources,  such  as  hot  bodies.  Due  to  its 
high  directionality  and  the  sharpness  of  the  frequency,  laser  light  has  many 
importa  nt  uses. 

1.17  ORIGIN  OF  THE  FACTOR  1 f n;  IN  BOSON  TRANSITIONS 

In  the  preceding  section  it  was  seen  that  the  total  emission  probability  for  photons 
in  the  mode  / is  proportional  to  the  number  of  photons  in  the  final  state,  or 
proportional  to  1 -H  n,-  where  Hj  is  the  number  of  photons  initially  in  mode  i. 
This  factor,  1 -i-  rij,  occurs  in  general  for  transitions  of  bosons  to  a state  i,  with 
an  initial  number  n,-  of  bosons  in  the  state  i.  By  way  of  contrast,  in  Equa- 
tion (1  1.1),  which  applies  for  fermions,  there  is  a factor  1 — a,  in  the  transition 
rate  to  state  i,  where  Wj  is  the  average  occupation  number  of  particles  initially 
in  state  i.  This  difference  of  sign  is  characteristic  of  the  difference  between 
particles  of  half-odd-integral  spin,  which  obey  Fermi-Dirac  statistics,  and  those  of 
integral  spin,  which  obey  Bose-Einstein  Satisfies 

A discussion  of  the  factor  1 + n,  for  bosons  follows.  Anyone  not  interested  in 
this  discussion  should  skip  to  Section  1 1 .18. 

The  wavefunction  for  a system  of  two  or  more  fermions  must  be  antisymmetric 
under  exchange  of  any  two  particles,  which  requires  that  when  single-particle 
states  are  used  to  describe  the  system,  the  wavefunction  must  be  an  antisym- 
metrized combination  of  single- particle  states;  this  also  requires  that  no  two 
single-particle  states  in  the  wavefunction  can  have  the  same  quantum  number. 
This  gives  rise  to  the  factor  1 — rij  in  the  transition  rate. 

On  the  other  hand,  tne  wavefunction  of  a system  of  two  or  more  bosons  mu^ 
be  symmetric,  i.e.,  must  not  change  even  in  sign,  under  an  exchange  of  any  two 
particles.  For  example,  the  symmetric  wavefunction  for  two  particles  in  different 
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states  \f/]  and  \[/2  would  be: 

'/'(ri,  S,;  r2,  Sj)  = -^[</'i{ri,s,)\i'2(r2,S2)  + S2)\i-2(ri , S, )]  (11.73) 

\/2 

where  the  factor  \/2  in  the  denominator,  which  is  the  square  root  of  the  number 
of  terms  in  the  symmetrized  wa vefunction,  is  for  correct  normalization.  To  see 
that  this  normalization  is  correct  if  and  \p2  ^ re  each  normalized,  we  consider 
the  integral: 

2ftp*\pdV^dV2  = [J  i//,(r,,s,)  ^dV,){f  \i2(r2,S2)  ^dVj) 

+(/ l\Mr2,S2)  Pc/V2)(/  >/'2(ri,s,)  ^cfV,) 

I *1  / *1  )dV \ )(7  S2)'A2(|’2  / S2)dV2  ) 

+ (/’Ar(f|  / S|  )>/'2(f|  / *1  )(/’/'2*(r2  - S2)\r'l(r2,  S2)dV2  ] 

(11.74) 

As  shown  in  Appendix  2,  an  integral  such  as  J'Piiu,  Si  s,  )cfV,  is  zero. 

Also,, Integra  I such  as  / I , s, ) 1 it  i/'i  and  are  normalized 

to  unity.  Thus  2 J \p*\pdVidV  = 2,.  and  1/V2  is  the  correct  normalization.  If 
there  are  p terms  in  the  symmetrized  wa  vefunction,  the  normalization  is  l/\/p 
by  the  same  reasoning,  if  two  particles  were  in  the  some  state,  say  , the  sym- 
metric wavefunction  would  be 

'/'(fl  , s,;  f2,  Sj)  = iZ-ilr,  , S,  )l/',(r2,  Sj)  (1  1.75) 

We  may  give  a brief  indication  of  the  origin  of  the  factor  1 -H  n in  the  transi- 
tion rate,  by  considering  an  initial  state  of  the  system  with  P2  particles  in  the 
final  single-particle  state  2,  and  one  particle  IP  the  initial  single-particle  state  1. 
The  symmetrized  wavefunction  of  the  system  would  be 

= — =J==['/'i(r,,s,)i/'2(r2,S2)---v!'2(r,,  + ,,s„,  + ,) 

VI  + nj 

+ ’/'2(ri,s,  )i/'i(r2,S2)- ■ ■i/'2(r„,+  ,,s„,.n)  + ••• 

Here  there  are  1 + n2  terms  in  the  symmetrized  combination,  and  therefore  the 
normalization  constant  is  'l/-\/in,.  The  wavefunction  of  the  final  state,  with 
1-1-02  particles  in  state  2,  is 

'/'final  = '/'2(ri,s,)i/'2(r2,S2)---i/'2(r„j+,,s„j+,)  (11.77) 

in  calculating  a transition  probability  from  quantum  mechanics,  the  square  of 
an  integral  involving  the  product  of  the  above  two  wa vefunctions  appears.  In 
the  product,  \p\r)\rta\  laads  to  a factor  of  \/ P2  + 1 in  the  denominator.  Also,  be- 
cause there  are  02  + 1 terms  in  O2  + 1 terms  in 

the  product;  each  contributes  equally  to  the  transition  probability,  so  there  is  a 
net  factor  [(1  + 02)/^^^  -f  02)^0  the  transition  probability.  If  the  initial  WQVe- 
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function  corresponds  to  Hi  particles  in  state  1,  02  in  state  2,  and  the  final  function 
corresponds  to  Oi  — 1 in  state  1,  1 + r)2  in  state  2,  then  similar  reasoning  shows 
that  there  is  a factor  fl]  (1  + ^2)  in  the  transition  probability. 
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We  may  proceed  under  the  OSSUrTiption  'that  in  all  boson  systems  the  transition 
rate  for  transitions  from  a single-particle  state  1 to  a single-particle  state  2 is 
proportional  to  1 -f-  02-  LetTTi  ,02  time-averaged  values  of  the  number  of 

particles  found  in  the  single-particle  states  1 and  2,  respectively,  of  a system  of 
bosons  at  thermal  equilibrium.  Then  the  principle  of  detailed  balance  can  be 
written  as: 

h](l  + ^2)pl-»2  “ ^i)p2-^i  (11.78) 

Here,  as  in  the  Fermi-Dirac  case,  we  assume  that  the  ratio  of  transition  prob- 
abilities per  unit  time,  -2/p2-^]/  same  as  in  the  classical  case.  Then, 

using  Equation  (1  1.2),  we  obtain: 

rTi  Wo 

e ® ^ “ (11.79) 

1 + fl]  1+02 


Since  each  side  of  the  above  equation  depends  on  a different  energy,  each  side 
must  be  equal  to  a constant  independent  of  energy.  We  shall  denote  this  constant 
by  the  symbol  Z 


n(l-) 

1 + A(E) 


(1  1.80) 


Then,  solving  for  n,  we  find  the  Bose-Einstein  distribution: 


n(£] 


exp  (EAbT)  - 1 

/■ 


-1 


(11.81) 


Note  that  for  the  special  case  of  photons  which  are  not  conserved  in  number, 
Z = 1.  The  main  difference  between  the  Fermi-Dirac  and  Bose-Einstein  distri- 
butions lies  in  the  presence  of  the  sign  preceding  the  1 in  the  denominators;  this 
sign  arises  as  a direct  consequence  of  the  symmetry,  or  antisymmetry,  of  the 
wavefunction  under  particle  exchange. 

The  constant  Z in  the  denominator  of  the  Bose-Einstein  distribution,  for  a sys- 
tem of  particles  of  non-zero  rest  mass,  serves  substantially  as  a normalizing 
constant,  just  as  did  the  factor  e in  the  Fermi-Dirac  case.  The  condition  used 

to  determine  Z would  be 


Z = N 


(11.82) 


for  a system  of  N particles.  The  summation  could  be  written  as  an  integration  by 
using  the  appropriate  density  of  ^ates,  such  as  in  Equation  (11.24),  for  a ^stem 
of  noninteracting  bosons  with  kinetic  energy  p^/2m. 
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The  most  common  isotope  of  helium,  with  two  protons  and  two  neutrons 

in  the  nucleus,  has  zero  spin,  and  thus  these  nuclei  obey  Bose-Einste in  statistics. 

A calculation  at  room  temperature,  assuming  that  the  statistics  are  nond©gen©r- 
ate  for  H©^  gas  (i.e.  assuming  that  Z « 1),  closely  parallels  that  done  for  H©^ 
previously.  It  shows  that  Z is  indeed  much  less  than  1.  The  1 in  the  denominator 
of  the  distribution.  Equation  (1  1.81),  gives  negligible  effect  in  this  case,  and  the 
gas  follows  essentially  Maxwell-Boltzmann  statistics.  The  order  of  magnitude  of 
the  temperature  at  which  the  1 in  the  denominator  would  be  important-  the 
case  of  degenerate  sta tistic s-is  a few  degrees  Kelvin;  the  calculation  of  this 
would  again  be  similar  to  that  for  H©^.  However,  in  the  Bose-Einstein  case  at  low 
temperature,  many  particles  tend  to  collect  in  the  state  of  zero  energy  rather 
than  filling  states  up  to  a Fermi  energy.  In  Figure  11.6,  the  Bose-Einstein  distri- 
bution is  plotted  for  Z = 1 0.01  = 0.99. 

n(E:) 


10C 


• IIcbT 

Figure  1 1.6.  Bose-Einstein  distribution  function  for  2 =1  0.01  = 0.99. 

Experimentally,  it  is  found  that  at  2,2K  the  specific  heat  of  liquid  H©"*  changes 
abruptly,  and  that  below  this  temperature  the  liquid  behaves  as  if  it  were  com- 
posed of  two  interpenetrating  fluids,  one  of  zero  viscosity.  The  fraction  of  the 
zero  viscosity  part  increases  as  temperature  decreases.  This  superfluid  exhibits  a 
number  of  interesting  properties  connected  with  the  lack  of  viscosity.  The  b©' 
havior  of  liquid  helium  c:an  be  explained  on  the  basis  of  Bose-Einstein  statistics, 
with  the  zero  viscosity  component  roughly  connected  with  accumulation  of  helium 
atoms  in  the  ground  state. 


summary 


NUMBER  OF  STATES 

By  consideration  of  free  particle  wa vefunctions  and  imposition  of  periodic 
boundary  conditions  at  the  boundaries  of  a volume  V,  it  was  found  that  in  the 
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limit  as  V becomes  very  large,  the  number  of  single-particle  states  in  the 
momentum  interval  dp,,  dp,,  dp,  is  (2s  + ^)Vdp^  dp,  dp^/h^,  where  S is  the 
particle  spin. 

When  the  quantities  to  be  integrated  depend  only  on  the  magnitude  of  p,  it 
is  often  useful  to  write  the  volume  element  in  momentum  space  as  4'irp^dpj  so 
the  number  of  states  in  dp  is  47t(2s  + ])Vp^dp/h^ . For  free  particles,  the  energy 
is  E = p^/2m,  and  in  dE  the  number  of  states  is  27tV(2s  + 1 )'\/ (2m)^  X^dE/h^, 


FB^I-DIRAC  DISmBUnON 


For  identical  particles  of  half-integral  spin,  for  which  the  exclusion  principle  holds, 
the  average  number  of  particle!;  per  single  particle  state  of  energy  E at 
temperature  T is 

_ 1 

" - ^(£-Ef)/kjT  + 1 


Ef:  is  a constant  called  the  Fermi  energy.  If  the  smaller  value  of  E is  taken  to  be  0, 
then  if  Ef  » kT,  the  distribution  is  much  different  from  the  classical  Maxwell* 
Boltzmann  statistics,  and  is  said  to  be  degenerate.  If  — (Ef  ) » kJ,  the  distri- 
bution is  nondegenerate,  and  is  substantially  the  same  as  Maxwell-Boltzmann 
Satistics. 

For  free  electrons  with  degenerate  statistics, 

\87tV/  2m 

where  N is  the  number  of  electrons  of  mass  in  volume  V.  Also  for  this  case,  the 
average  energy  per  particle  is  approximately  Ef.  A more  careful  calculation 
results  in  a correction  to  the  average  energy  proportional  to  7^.  This  leads  to  a 
specific  heat  on  the  order  of  kg  7/Ef  times  the  classical  specific  heat. 


BLACK  BODY  RADIATION 

For  photons,  the  Z in  the  Bose-Einstein  distribution  is  1.  Thus,  the  average  number 
of  photons  per  state  in  the  equilibrium  radiation  is  1 /{e  “ 1)^  where  hi^ 

is  the  photon  state  energy.  In  the  relation  giving  the  number  of  states,  2s  -H  1 
should  be  taken  as  2 for  a zero  rest  mass  particle.  Also,  p = Hp/c.  Thus,  the 
number  of  states  in  dp  is  SltYp^dp/c^ . Multiplication  of  this  number  of  states  by 
the  average  number  of  photons  per  state  and  the  energy  per  photon,  hu,  gives 
the  energy  in  du: 

a-n-Vhv^dv 

^ - 1) 

The  energy  radiated  by  a perfectly  black  wall,  and  often  approximately  by 
other  objects,  is  proportional  to  this  function,  integration  gives  a total  energy 
radiated  proportional  to 
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SHMULATED  AND  SPONTANEOUS  EMISSION 

The  probability  of  emission  of  a photon  of  a particular  mode  or  single-particle 
photon  state,  is  proportional  to  1 -H  n,  where  n is  the  number  of  photons 
initially  present.  The  term  1 in  1 -H  n corresponds  to  the  contribution  to  emission 
probability  from  spontaneous  emission;  the  term  n arises  from  stimulated 
emission.  In  any  system  of  bosons,  the  probability  for  transition  to  a final  state 
occupied  initially  by  n porticles  is  proportional  to  1 -H  n. 


BOSE-EINSIEIN  DISTRIBUHON 


For  identical  particles  of  integral  spin,  the  average  number  of  particles  per 
single  particle  state  of  energy  E at  temperature  7 is 


n 


(1/Z)e 


E/k.7 


1 


If  Z « 1 when  the  minimum  of  E is  0,  the  statistics  are  nondegenerate,  closely 
like  Maxwell-Boltzma  nn  statistics.  For  Z ^ 1,  the  degenerate  statistics  are  quite 
different  from  M a xwell-Bo Itzma  nn  statistics.  The  ground  state  is  much  more 
densely  populated  for  particles  obeying  Bose-Einste in  statistics. 


problems 

1.  Calculate  the  number  of  Sates  of  electromagnetic  radiation  using  periodic  boundary 
conditions  in  a cubical  region  0.5  meters  on  a side,  between  5000  and  6000  Ang- 
Sroms  in  wavelength. 

Answer:  3.53  x 1 0^^. 

2.  Suppose  a gas  of  particles  of  energies  E =:  p^/2m  wa:>  confined  to  move  on  a flat 

plane  of  area  A,  rather  than  in  three  dimensional  space.  Find  the  density  of  Sates 
per  unit  energy  interval  dE  for  zero  spin. 

Answer:  2m7rA/h^. 

3.  The  density  of  electrons  in  some  regions  of  interplanetary  space  is  about  10/cm^. 

Would  the  SatiSics  be  degenerate  or  nondegenerate?  ESimate  the  Fermi  energy  in 
eV  for  these  electrons,  assuming  they  are  in  thermal  equilibrium  with  the  sun. 
{Temp,  of  sun  600CK) 

Answer:  £f  = ~ ■■24  eV. 

4.  The  overage  energy  per  particle  of  an  electron  gas  at  low  temperatures  is  E = 

Yj  Ep  + 7T^/fe7^/4£f . Calculate  the  specific  heat  per  particle  of  the  conduction  elec- 
trons in  copper  (8.5  x 10^^  electrons/cm^}  at  a temperoture  of  T = 2. OK.  Compare 
with  the  classical  result,  kg. 

Answer:  Q = 1.66  x i/K.  Classical  result  is  12.07  x 10“^^  i/K. 

5.  In  aluminum,  there  are  three  free  electrons  per  atom.  The  density  of  aluminum  is 
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2.7g/cm^,  and  the  atomic  weight  of  Al  is  26.97.  Find  the  Fermi  energy  at  zero 
temperature. 

Answer:  11.7  eV. 

6.  In  a crystal  of  the  compound  indium  ontimonide,  the  number  of  "free"  electrons 
can  be  varied  by  introduction  of  impurities  Also,  because  of  the  interaction  of  elec- 
trons with  the  crystal  atoms,  the  electrons  behave  as  free  particles  with  the 
true  electron  mass.  Show  that  at  concentrations  of  10^"^  electrons/cm^  the  statistics 
are  nondegenerate  at  room  temperature.  Show  that  at  liquid  nitrogen  temperature, 
about  80K,  and  at  a concentration  of  10^^  electrons/cm^  the  statistics  are  degenerate. 
Find  the  Fermi  energy. 

Answer:  0.29  eV, 

7.  The  density  of  ^ates  in  energy  near  E = Ef,  for  the  part  of  a degenerate  electron 

gas  with  spin  parallel  to  magnetic  field,  is  27rV{2m)^^^ \/e f /h^ . A similar  relation 
holds  for  the  antiparallel  spin  part.  In  the  magnetic  field,  in  addition  to  the  kinetic 
energy,  the  electrons  have  potential  energy  where  is  the  electronic 

magnetic  moment  e^/2m  and  B is  the  field  ^rength.  The  plus  and  minus  correspond 
to  the  spin  parallel  and  antiparallel  cases  If  « Ef,  show  that  the  dipole 

strength  of  the  electron  gaSp  ot  equilibrium  is  47rV(2m)^^^^l^B  \/Ef/h^  = 
3N/U^6/2£f,  This  is  on  the  orcier  of  k^T/Ep  smaller  than  classical  statistics  would 
give.  (Use  the  fact  that  the  Femi  energy  is  the  same  for  the  two  spin  parts,  but  that 
the  lowest  energy  of  one  spin  port  is  2AmS  lower  than  the  other,  so  there  ate  mote 
electrons  with  the  antiparallel  spin  orientation.) 

8.  Most  metals  melt  at  temperatures  below  3000K.  Explain  why  the  Femi  energy  of  a 
metal  is  almost  independent  of  temperature. 

9.  Estimate  the  decrease  in  work  furction  of  o metal  at  lOOOK,  in  eV,  as  compared  to  OK. 

Answer:  0.1  eV. 

10.  In  a metal  of  Femi  energy  7.0  ©V,  at  a very  low  temperature,  what  fraction  of  the 
electrons  have  energies  between  6.9  and  7.0  eV?  In  a low  density  nondegenerote 
electron  plasma  at  25,000K,  what  fraction  of  the  electrons  have  energies  between 
6.9  and  7.0  eV? 

Answer:  a02  1;  0.0037. 

11.  By  the  classical  equipartition  theorem,  the  average  kinetic  energy  per  particle  of  a 

Maxwell-Boltzmann  gas  is  ^2^8  ^ average  thermal  wavelength  Xj  = h/p  is  de- 
fined so  that  ^2^8  rn(h/Xr)^.  Compute  Xj  for  a gas  of  hydrogen  atoms  at 

BOOK.  Show  that  for  0 gas  of  N electrons  in  Q volume  V,  the  statistics  will  be  non- 
degenerote if  XjN/V  « 1,  that  is,  if  the  themal  wavelength  is  small  compared 

. 1 

to  the  distance  between  partides.  (Hint:  Assume  e ® » i,  show  that 

X^jN/V  « 1.) 

Answer:  Xj  = 1.4  6 x 10~^cm. 

12.  If  light  of  energy  density  du  is  hitting  a wall  at  an  angle  of  incidence  8,  show  that 
the  energy  hitting  per  second  per  unit  area  is  (cdu)  cos  8.  Show  that  if  the  energy 
density  for  black  body  radiation  is  u,  then  the  contribution  to  u arising  from  radi- 
ation propagating  in  the  solid  angle  c/^2  = 27T  sin  8 d8  at  angle  8 from  the  wall 
normal  is  du  s:  1/2  U sin  8 dd.  From  these  results,  argue  that  the  total  intensity 
emitted  by  a black  wall  is  cu/4.  This  quantity,  cu/4  = ffT^.  Evaluate  (7. 

Answer:  (j  ::  5 . 6 7 x 1 watt/m^  K^. 

13.  Verify  that  for  black  body  radiation  the  wavelength  for  the  energy  maximum  of 
l/V  X dE/dif  is  at  Am  = hc/7M7kgJ.  If  the  sun's  surface  temperature  is  about 
6000K,  what  is  A^? 
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Answer:  8500  Angstroms  (the  visible  region  is  around  4000  Angstroms  to 

7000  Angstroms). 

14.  Show  that  the  energy  per  unit  wavelength  per  unit  volume  in  black  body  radiation  is 

1/V(c/£/c/A)  = Stt/ic/X  (e  ™ l)-  verify  that  the  wavelength  for  the  maximum, 

of  this  function  is  at  = hc/4.97kg  7.  This  dependence  of  on  J is  called  the 
Wien  displacement  law.  If  J = 6000K  for  the  sun,  what  is 

Answer:  4830  Angsiroms. 

15.  If  the  energy  density  of  black  body  radiation  is  u,  show  that  the  pressure  on  the  wall 
at  equilibrium  due  to  the  radiation  is  (j, 

16.  A combination  of  the  first  and  second  laws  of  thermodynamics  for  a reversible  process 
is  7c/S  = c/(uV)“l"pc/V,  where  S is  entropy,  V is  volume,  p is  pressure,  and 
jjis  energy  density.  If  the  pressure  for  black  body  radiation  is  Y^Uas  found  in 
Problem  15,  find  (6S/c'u)at  constant  V and  (dS/dV)  s t constant  u.  Assuming  that 
(jisa  function  only  of  7,  find  d /dV(dS/du)  and  d/du(  dS  /c^V).  Setting  these  second 
derivatives  equal  to  each  other,  show  that  4(c/7 /7)  "c/u/u,  and  thus  that  U = 

const.  (T)‘‘. 

17.  There  exists  a kind  of  excitation  in  magnetic  solids  called  spin  waves,  which  may  be 

treated  as  particles  like  photons  but  with  no  spin.  The  effective  particles  have  an 
2 

energy  E = VqP  , where  VqIs  a constant  and  p is  the  "momentum"  associated 
with  0 wave.  Show  that  the  contribution  to  the  specific  hsot  of  the  solid,  arising  from 
spin  waves,  is  proportional  to 

18.  There  exists  in  solids  0 kind  of  excitation  orvibration  of  atoms  called  phonons 
(particles  corresponding  to  sound  waves),  which  may  be  treated  as  particles  similar 
to  photons  but  with  three  kinds  of  polarization,  one  longiitudinol  a nd  two  transverse. 
At  low  energies,  the  energy  is  proportional  to  the  effective  phonon  momentum,  as  for 
light.  Show  that  at  low  temperatures  the  specific  heat  due  to  phonons  is  proportional 

to  rl 

19.  The  energies  of  a one  dimensional  harmonic  oscillator  of  frequency  j/are  (n  + /2  )bi^, 

n = 0,  1,  2,  3,.  . witll  one  state  pern.  Ifh^'  = 10  € V and  there  ore  3 xlO 

particle  oscillators,  for  J = 300K  find  the  approximate  n and  energy  corresponding 
to  the  Fermi  energy  for  spin  particles;  find  the  number  of  particles  approximately 
in  the  lowest  energy  level  for  spin  1 particles.  (Use  = o 1 /(oe  “1  ) 

1 /(a  — 1)  — 1/^  In(i3  - e*’^^^)for5«l'  Assume  that  3 = 1 + where 
A is  ve ry  sma  11. ) 

Answer:  n = 7 5 x 10®;  = 0.75  eV;  l . 8 XlO®. 

20.  An  impurity  atom  in  a crystal  has  one  valence  electron  which  has  the  possibility  of 
either  being  bound  to  the  atom  in  either  state  or  being  in  the  continuum  with  the 
other  crystal  electrons.  In  writing  the  detailed  balance  equation,  one  should  include 
the  fact  that  if  there  is  no  electron  bound  to  the  atom,  continuum  electrons  of  either 
spin  orientation  can  go  to  the  bound  state.  However,  in  the  absence  of  spin-changing 
interactions,  a bound  electron  with  a particular  spin  state  can  go  to  only  thot  some 
spin  orientation  in  the  continuum.  Using  these  ideas,  showthat  if  n = 

+ l|for  the  continuum  electrons  and  Ek  is  the  energy  of  a bound  electron,  then 

— (Eb-ff)AT- 

n = 1 /[ /2  e “I"  1 j for  the  average  number  of  bound  electrons. 

21.  In  a certain  Bose-Einstein  liquid  at  a very  low  temperature,  the  value  of  Z is  very  close 

to  1:  Z = 1 10  If  the  liquid  haslO^^  particles  in  a volume  0.2m^, what 

is  the  number  of  partiC  es  in  the  state  of  exactly  zero  energy? 

Answer:  1/(1/Z  i ) = lO’®, 

22.  Show  that  0 <Z  < 1 for  the  ideal  Bose-Einstein  gas. 


2 solid  state  physics 


Solid  state  physics,  as  the  name  Implies,  is  the  study  of  physical  properties  of 
solids,  as  distinct  from  those  of  liquids  and  gases.  This  field  has  been  the  subject 
of  intense  research  activity  in  the  past  two  decades,  which  has  resulted  in  many 
important  technological  advances.  Examples  of  solid  state  devices  which  have 
recently  seen  widespread  use  are  transistors,  COmputGr  memory  elements  and 
la  se  rs. 

In  this  chapter  we  shall  discuss  some  of  the  most  basic  properties  of  solids.  In 
all  our  discussions,  we  shall  consider  only  crystalline  solids,  i.e.,  solids  in  which 
the  atoms  or  molecules  are  arranged  in  some  simple  repetitive  pattern.  While 
many  solids--such  as  glass-are  not  of  this  type,  more  progress  has  been  made 
in  understanding  crystalline  solids  because  they  are  simpler  to  treat  mathemat- 
ically. Some  of  the  consequences  of  having  a crystalline  structure  will  be  illus- 
trated in  the  discussions  of  cty^al  lattice  vibrations  (sound  waves)  and  of  electron 
energy  bands  in  solids 

2.1  CLASSIHCAHON  OF  CR/S1AU; 

The  primary  property  of  crystals  which  simplifies  their  discussion  is  their  periodic 
or  repetitive  structure,  or  translational  symmetry.  For  example,  in  discussing  lat- 
tice vibrations,  we  shall  set  up  an  equation  of  motion  for  a general  atom  in  a 
one  dimensional  crystal;  an  equation  of  the  same  form  then  describes  any  other 
atom.  Another  way  of  bating  this  property  is  to  say  that,  except  at  the  bounda- 
ries, a translation  of  the  crystal  by  a lattice  vector  leaves  the  crystal  unchanged. 
A lattice  vector  is  a vector  from  one  atom  site  in  the  lattice  to  a similar  site,  such 

as  vector  A in  Figure  12.1.  Thus  we  could  consider  translating  the  crystal  by  vec- 

tors a.  b or  c in  the  Figure,  and  nothing  would  be  changed  except  at  the  bounda- 
ries. The  general  lattice  vector  by  which  one  could  translate  would  be  an  integer 

times  a plus  an  integer  times  b plus  an  integer  times  C.  Because  of  the  periodicity, 

it  is  clear  that  the  crystal  can  be  considered  to  be  composed  of  small  volumes 
called  unit  cells,  which  all  have  the  same  properties.  The  three  smallest  inde- 
pendent lattice  vectors  a,  b and  c,  which  can  be  used  to  build  up  the  crystal  by 
translations,,  ate  called  the  primitive  lattice  vectors.  ‘The  unit  cell  of  a cry^al  can 
be  taken  as  the  parallelepiped  formed  on  a,  b and  c. 

Crystals  are  classified  into  14  possible  types  of  Brovols  lattices  according  to 
other  possible  symmetries,  in  addition  to  translational  ones.  Figure  12.2  shows 
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Hgue  12.1.  Diagram  illujtrating  how  a solid  crystal  may  be  built  up  of  identical  unit 
cells  stacked  together. 


the  basic  structures  of  the  14  types,  together  with  their  names  and  some  proper- 
ties. Each  lattice  point  in  these  diagrams  might  represent  one  atom  or  a gteup  of 
atoms.  In  some  crystals  thCTR  may  be  several  atoms  per  unit  cell  represented  by 
the  lattice  point.  The  lattice  point  represents  the  basic  periodic  structure,  Cind 
there  is  one  lattice  point  per  unit  cell.  Some  of  the  basic  structures  shown  are  not 
unit  cells  as  defined  above.  That  is,  the  edges  shown  in  Figure  12.2  are  not  the 
smallest  three  independent  lattice  vectors.  For  instance,  the  unit  cell  of  the  body- 
centered  cubic  is  actually  a parallelepiped  based  on  the  two  cube  edges  and  a 
vector  from  a corner  of  '^he  cube  to  its  center.  The  reason  for  showing  figures 
other  than  unit  cells  is  tiot  they  allow  easier  visualization  of  other  types  of 
symmetries. 


12.2  REFLECTION  AND  ROTATION  SYMMETRIES 

The  classifications  into  these  fourteen  crystal  types  are  based  on  symmetries  of 
rotation  and  reflection.  Let  us  choose  an  origin  of  coordinates  at  the  center  of  each 
structure  in  Figure  12.2.  All  rotation  axes  and  reflection  planes  we  discuss  will  be 
assumed  to  pass  through  this  origin.  By  "rotation  axis"  here  we  mean  a line 
through  the  origin  such  that  a rotation  about  the  line  through  some  angle  would 
leave  the  crystal  unchanged  so  far  as  physical  properties  are  concerned.  For  ex- 
ample, in  Figure  12.3  imagine  identical  atoms  at  each  of  the  sites  marked  A,  and 
imagine  a rotation  axis  normal  to  the  paper  at  the  geometrical  center  0.  Rota- 
tions about  0 by  any  of  the  angles  a/3,  27T/3,  Stt/S,  4x/3,  5x/3,  6x/3,  which 
are  multiples  of  x/3,  would  bring  the  set  of  atoms  back  to  the  sites  marked  A. 
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Figure  12.3.  A set  of  positions,  marked  A,  having  rotational  symmetry.  Rotation  by  any 
multiple  of  the  angle  tt/3  about  an  axis  through  zero  and  normal  to  the  paper  takes  the 
set  of  positions  into  itself. 


Since  there  are  six  possible  angles  of  rotation  which  will  leave  atoms  at  the  same 
sites,  the  axis  is  called  a sixfold  rotation  axis 

In  a similar  way,  a reflection  plane  is  a plane  such  that  a mirror  reflection  of 
the  crystal  relative  to  the  plane  leaves  the  crystal  physically  unchanged.  In  Fig- 
ures 12.4(a,  b,  c)  the  plane  through  M,  M’  is  to  be  imagined  normal  to  the 
paper,  in  Figure  12.4(b),  the  line  MM'  is  a reflection  plane,  whereas  in  Figures 
12.4(a)  and  12.4(c),  reflection  through  MM’  would  change  the  positions  of  some 
of  the  atoms;  hence  in  these  two  figures,  MM’  is  not  a ^mmetry  reflection  plane. 

One  symmetry  that  all  the  structures  in  Figure  12.2  could  have  is  inversion  ^m- 
metry.  Inversion  is  a change  in  sign  of  all  coordinates  of  each  atom.  As  indicated 
in  Figure  12.5,  it  is  equivalent  to  a rotation  by  180”  about  an  axis,  (which 
changes  the  signs  of  two  coordinates)  followed  by  a reflection  of  the  atom  co- 
ordinates in  a plane  perpendicular  to  the  axis  (which  changes  the  sign  of  the 
third  coordinate).  The  inversion  simply  interchanges  points  on  opposite  sides  of 
the  origin,  and  it  may  be  seen  by  inspection  that  it  is  possible  for  this  operation 
to  leave  the  crystals  unchanged.  While  there  may  be  some  structures  in  each  crys- 
tal class  which  have  this  symmetry,  it  is  possible  that  a crystal  would  not  have 
inversion  symmetry  if  the  combination  of  atoms  or  ions  corresponding  to  a single 
cell  did  not  have  the  proper  symmetry.  Inversion  symmetry'  is  the  only  possible 
^mmetry  of  the  triclinic  system. 

in  the  monoclinic  ^stem,  o reflection  in  a plane  parallel  to  the  face  containing 
the  angle  Oi  may  leave  the  structure  unchanged.  Also,  a rotation  of  180”  about 
an  axis  perpendicular  to  the  face  containing  Oi  may  leave  the  structure  un- 
changed. This  180"  rotation  is  called  a twofold  rotation,  because  two  such  rota- 
tions would  give  one  complete  revolution.  Likewise,  a threefold  rotation  axis  cor- 
responds to  symmetry  under  120”  rotation,  a fourfold  axis  to  90  , and  a sixfold 
axis  to  60”  or  a/3.  Because  of  the  translational  crystal  symmetry,  these  four  kinds 
of  rotation  axes  are  all  that  can  occur  in  a crystal. 

In  the  orthorhombic  system,  there  can  be  symmetry  reflection  planes  each  of 
which  is  perpendicular  tc  a face  and  parallel  to  an  edge.  Also,  there  may  be  a 
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Figure  12.4.  Diagrams  illustrating  symmetry  under  mirror  roflection.  Diagrams  (a)  and 
(c)  do  not  have  reflection  ^mmetry  in  the  MM’  plane.  In  diagram  (b),  MM'  is  a mirror 
reflection  symmetry  plane. 


Figure  12.5.  Diagrams  illustrating  symmetry  under  inversion.  Inversion  is  equivalent  to 
a reflection  in  one  plane,  followed  by  a 180"  rotation  about  an  axis  normal  to  the  re- 
flection plane. 

twofold  rotation  axis  perpendicular  to  any  face.  The  rhombohedral  system, 
among  other  possible  symmetries,  can  have  a three-fold  rotation  axis  through  the 
diagonal  connecting  corners,  where  the  angles  (X  meet.  Threefold  axes  may  oc- 
cur in  the  hexagonal  and  cubic  systems  as  well.  Fourfold  rotation  axes  may  occur 
in  the  tetragonal  and  cubic  systems,  while  only  hexagonal  systems  can  have  six- 
fold rotation  axes. 

The  reason  for  being  interested  in  rotation  and  reflection  symmetries  is  that  for 
a crystal  of  known  symmetry  one  may  derive  limitations  on  the  possible  values  of 
some  physical  quantities,  i.e.  they  must  be  consistent  with  the  symmetries.  Such 
quantities  as  electrical  conductivity,  heat  conductivity,  dielectric  constant  and 
permeability  can  vary  with  the  directions  of  the  corresponding  fields.  However, 
for  a rotation  symmetry  axis  of  order  greater  than  two,  it  turns  out  that  these 
quantities  have  to  be  independent  of  direction  in  the  plane  perpendicular  to  the 
axis.  Then,  in  a hexagonal  crystal  of  a metal  such  as  zinc,  the  electrical  conduc- 
tivity can  vary  at  most  with  the  angle  of  the  applied  field  relative  ta  the  axis  of 
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the  hexagon.  Similarly,  the  conductivity  in  a cubic  crystal  is  independent  of  direc- 
tion since  there  are  thre0  fourfold  axes  and  four  threefold  axes,  oriented  at 
various  angles  with  respect  to  each  other. 

12.3  CRYSTAL  BINDING  FORCES 

A different  classification  of  crystals  could  be  made  on  the  basis  of  the  types  of 
forces  holding  the  crystals  together.  There  are  four  general  kinds  of  binding  in- 
volved : 

(1)  Valence  crystals  are  held  together  by  the  same  kinds  of  forces  that  hold 
organic  molecules  together.  While  the  electrons  of  the  atoms  are  bound  fairly 
tightly  to  the  atoms,  there  is  a sharing  of  electrons  between  neighboring  atoms. 
For  example.  Figure  12.6  represents  a valence  crystal  in  two  dimensions,  in  which 


Figure  12.6.  In  covalent  bonding,  the  crystal  is  held  together  by  concentrations  of  nega- 
tive electronic  charge  between  positively  charged  cores  The  negative  and  positive  charges 
attract  each  other,  giving  a net  binding  effect  to  the  crystal. 


each  atom  contributes  an  electron  which  spends  most  of  its  time  somewhere  in 
between  the  atom  and  its  nearest  neighbors.  Then,  on  the  average,  the  positively 
charged  atoms  which  remain  will  be  attracted  toward  the  negative  charge 
clouds,  and  hence  toward  the  other  atoms.  The  electrons  are  shared,  sinC6  one 
such  electron  cannot  be  said  to  be  bound  to  any  particular  atom.  The  attraction 
caused  by  this  sharing  can  give  rise  to  a lower  energy  than  if  the  electrons  were 
all  bound  to  individual  atoms;  therefore,  if  the  atoms  are  to  be  separated,  forces 
must  be  exerted  to  give  work  to  make  up  this  change  in  energy.  A typical  crystal 
with  this  kind  of  binding  is  the  diamond,  made  of  carbon  atoms. 

|2)  Ionic  crystals  are  held  together  primarily  by  Coulomb  forces.  A typical 
crystal  of  this  type  is  sodium  chloride-table  salt.  The  outer  electron  in  sodium  is 
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fairly  loosely  bound,  since  it  is  the  only  electron  outside  a closed  n = 2 shell, 
whereas  the  chlorine  atom  needs  one  electron  in  the  n = 3,  ^ = 2 orbits  in 
order  to  form  a closed  3p  subshell.  Then,  when  a sodium  atom  comes  near  a 
chlorine  atom,  this  electron  tends  to  go  over  to  the  chlorine  atom.  The  resulting 
positive  and  negative  ions  are  then  bound  by  electrical  forces,  likewise,  a crystal 
made  of  such  dissimilar  ions  of  valences  ± 1,  or  ±2,  is  held  together  by  Coulomb 
forces  between  ions 

(3)  In  metals  the  outer  electrons  are  very  loosely  bound,  and  each  electron 
moves  through  the  whole  crystal,  being  shared  about  equally  by  all  the  atoms. 
As  in  the  case  of  valence  binding,  this  sharing  lowers  the  energy  and  causes  the 
atoms  to  be  bound  together. 

(4)  In  crystals  consisting  of  neutral  atoms  or  molecules  where  the  electrons  are 
bound  so  tightly  that  there  is  little  shuring  of  electrons  the  forces  are  weaker  and 
are  called  yonder  Wools  forces.  These  arise  primarily  from  electric  dipole  inter- 
actions. Some  molecules  have  permanent  electric  dipoles  and  interact  through 
these.  In  other  cases,  such  as  in  '.olid  crystals  of  argon  or  neon,  there  are  only 
fluctuating  dipoles  to  give  the  binding. 


12.4  SOUND  WAVES  IN  A CONTINUOUS  MEDIUM 

In  discussing  physical  processes  which  occur  in  Solids,  two  things  are  of  primary 
interest:  first,  the  properties  of  the  lattice  of  atoms;  and  second,  the  electronic 
wavefunctions  and  energy  level  structure  for  the  outermost  atomic  electrons  One 
of  the  important  lattice  properties  is  that  of  lattice  vibrations.  These  vibrations 
are  oscillations  of  atoms  in  the  crystal  about  their  equilibrium  positions,  and  are 
responsible  for  such  diverse  phenomena  as  sound  waves  and  specific  heats  at 
high  temperature;  they  are  also  important  in  limiting  electrical  conduction  and 
heat  conduction.  The  interaction  of  electrons  with  lattice  vibrations  can,  under 
some  conditions,  cause  electrons  to  be  bound  together  in  pairs,  and  can  give  rise 
to  the  phenomenon  of  superconductivity  at  sufficiently  low  temperatures.  Elec- 
trons in  crystals  play  an  extremely  important  role  in  phenomena  such  as  magne- 
tism, propagation  and  absorption  of  light  in  crystals,  and  conduction  of  elec- 
tric ity. 

In  the  following  two  sections  we  shall  discuss  the  classical  and  quantum  theo- 
ries of  lattice  vibrations  in  crystals  and  see  how  they  enter  into  the  calculation  of 
the  specific  heat  of  a crystal.  For  purposes  of  comparison,  in  the  present  section 
we  shall  consider  the  classical  theory  of  sound  waves  in  a continuous  medium. 

To  describe  wave  propagation  through  an  elastic  medium  in  classical  mechan- 
ics, the  medium  is  treated  as  a continuous  one  with  a mass  density  p,  and  a suit- 
ably defined  elastic  con^ant.  The  wove  equation  can  then  be  derived  by  straight- 
forward application  of  Newton's  laws  of  motion  in  an  infinitesimal  element  of 
the  medium. 

Consider,  for  example,  compressional  waves  in  oi  long,  thin,  elastic,  solid  rod, 
as  in  Figure  12.7.  We  introduce  the  variable  }p(x,  f)  to  describe  the  displacement 
from  equilibrium  at  time  f of  a pioint  in  the  rod  whose  equilibrium  position  is  x. 
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Displaced  positions  of  points  in  the 
rod  as  the  wave  passes 


points  in  the  rod 

Figure  12.7.  The  motion  of  a long,  thin  rod,  as  compressional  waves  propagate  through 
it,  is  described  by  a variable  i/^(x,  f),  the  displaement  at  time  f of  a particle  where 
equilibrium  position  is  x. 


Consider  an  infinitesimal  portion  of  the  rod  of  length  Ax,  between  x and  x + Ax 
at  equilibrium.  Under  the  action  of  the  wave  as  it  propagates  through  the  rod, 
this  portion  of  the  rod  may  be  stressed  so  that  its  length  is  changed.  The  change 
in  length  will  be 

AL  = 4'(x+  Ax,  f)  /)  (12.1) 


and  the  fractional  change  in  length  will  be 

_ ^(x  + Ax,f)  - d^{x,  0 

AX  AX  dX 

if  Ax  is  sufficiently  small.  The  partial  derivative  taken  here  indicates  that  the 
change  of  length  is  calculated  at  a particular  time. 

The  fractional  change  in  length,  called  strain,  is  related  to  the  elastic  constant 
Y-Young's  modulus-by 


Ai  ^ _L 

Ax  AY 


(i2.3) 


where  T is  the  tension  in  the  rod  at  the  point  x and  A is  the  cross-sectional  area 
of  the  rod.  The  quantity  T/A  is  called  stress;  it  is  the  force  per  unit  area  tending  to 
change  the  length  of  the  rod.  Young’s  modulus  is  thus  the  stress  divided  by  the 
fractional  change  in  length  of  a piece  of  material.  Combining  the  above  two 
equations,  the  equation 

(12.4) 

dx  yA 


expresses  the  elastic  property  of  the  rod. 

Next,  applying  Newton's  law  of  motion  to  the  infinitesimal  section  Ax  of  the 
rod,  we  find  that  the  net  force  in  the  positive  x direction  is 

T(;<  + Ax,t)  - T(x,f)  ^ ~Ax 

OX 


(12.5) 
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This  must  equal  the  mass  pAAx,  times  the  acceleration  d^\p/df^: 

dT  , , 

— Ax  = pAAx — f (12.6) 

dx  dt^ 

Thus,  differentiating  Equation  (12.4)  and  combining  with  Equation  (12.6),  we 
obtain  the  'wave  equation, 


p d^\p 
dx^  Y dt^ 


(12.7) 


It  is  easily  verified  that  ]p  satisfies  this  equation  if  it  is  any  function  of  x — wf  or 
X + wt.  where  w = v //p.Thus,  the  phase  speed  of  propagation  of  the  waves 
will  be 


w = vy/p  (12.8) 

For  a wave  which  is  of  the  form  \p  =:  \pQ  cos  (kx  — COf),  where  is  a constant, 
the  angular  frequency  QJ  and  wavenumber  k of  the  wave  will  be  related  by  = 
wk  = a/V/P  k,  where  w will  be  essentially  independent  of  k or  uJ. 


12.5  WAVE  EQUATION  FOR  SOUND  WAVES  IN  A DISCRETE  MEDIUM 


Let  us  now  consider  sound  waves  in  ci  crystalline  solid  to  see  the  effect  of  having 
a medium  made  up  of  discrete  atoms  or  molecules,  rather  than  a continuously 
distributed  mass.  For  simplicity,  the  discussion  will  be  based  on  the  one  dimen- 
sional crystal-like  system  shown  in  Figure  12.8,  in  which  the  forces  between 
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Figure  12.8.  A one  dimensional  model  of  a solid  lattice,  consisting  of  atoms  of  mass 
pa,  connected  by  springs  of  spring  constont  K/a. 


neighboring  atoms  are  approximated  by  massless  springs.  When  all  the  springs 
are  at  their  equilibrium  length  a,,  the  atoms  are  said  to  be  in  their  equilibrium 
positions.  The  one  dimensional  Structure  pictured  is  then  crystal-like,  because  it 
has  a simple  repetitive,  or  periodic,  structure.  If  one  of  the  atoms  is  displaced 
slightly  and  then  released,  it  will  vibrate  about  its  equilibrium  position,  and 
neighboring  atoms  will  start  to  vibrate  because  of  the  elastic  forces  between 


3 5 0 Solid  state  physics 


atoms.  In  a real  crystal,  something  very  similar  occurs,  but  the  vibrations  take 
place  in  three  dimension,;.  The  basic  unit  is  the  mass  m = pa,  connected  to 
neighboring  masses  by  the  massless  springs  of  spring  constant  K/a.  The  equi- 
librium spacing  of  the  masses  is  a. 

Clearly,  p is  the  effective  mass  per  unit  length,  or  the  linear  mass  density.  If 
a force  tends  to  compress  an  object  giving  a change  in  length  A 't,  the  same 
force  acting  on  an  object  half  os  long  would  give  a change  in  length  A ^/2;  i.e. 
the  spring  constant  would  be  twice  as  big.  Thus  in  our  case  we  have  chosen  to 
write  the  spring  constant  as  K/a,  so  that  the  spring  constant  times  the  length  of 
an  individual  spring  is  a constant,  K,  which  is  independent  of  length.  These 
springs  can  be  thought  of  as  simulating  actual  forces  between  atoms  in  a crystal 
for  small  vibrations.  The  quuntities  K and  p for  the  one  dimensional  case  Circ 
analogous  to  Y and  p for  the  three  dimensional  case. 

We  shall  consider  only  ongitudinal  motion  of  the  atoms,  parallel  to  the  length 
of  the  system.  Then,  in  analogy  to  the  displacement  variable  f)  used  in  de- 
scribing wavemotion  in  0 continuous  medium,  we  define  \pn{^)  displace- 

ment from  equilibrium  of  the  atom  in  the  line.  In  terms  of  the  spring  constant 
K/o,  the  force  on  the  atom  is: 

F = - V'.  + l)]  (12.9) 

This  force  gives  the  mass  po  an  acceleration  . Hence,  using  Newton's 

second  law  for  the  particle, 

(12.10) 

° dr 


There  is  one  such  equation  for  each  atom  in  the  line  of  atoms,  corresponding  to 
different  values  of  the  index  n. 

The  above  set  of  coupled  differential  equations  is  closely  related  to  the  wave 
equation.  Equation  (12.7):  in  the  limit  of  infinitesimally  small  spacing  a.  Equation 
(12.10)  reduces  to  Equation  (12.7).  Let  us  see  how  this  happens.  In  the  limit  of 
small  a,  the  distance  nO  must  be  replaced  by  the  corresponding  distance  x of 
the  atom  from  some  rBferBnce  position.  Then, 


|.^  l/'n  + l(0  - 'Pn{l)  ^ |.^  l//(x  + 0,1)  - ^ d\p{x,f) 

a ^0  a O^o  O dx 


(12.11) 


Simila  riy. 
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(12.12) 

dx^ 


Also,  is  the  time  derivative  at  a certain  particle,  so  it  becomes  a 

derivative  at  constant  x,  or  the  partial  derivative  . Hence,  Equation 

(12.10)  becomes: 
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ay  M ay 

dx^  K dt^ 


(12.13) 


and  the  phase  speed  will  be  given  by  VV  = 

In  the  model  for  lattice  vibrations  which  we  are  using  here,  a is  small-of  the 
order  of  a few  Angstroms-but  finite.  We  would  expect  variations  from  the  con- 
tinuous wave  solutions  when  the  wavelength  is  comparable  to  a.  We  must  return 
to  Equation  (12.10)  and  find  solutions  valid  for  all  n and  all  for  f^nitO 


6 SOLUTIONS  OF  THE  WAVE  EQUATION  FOR  THE  DISCRETE 
MEDIUM 


Equation  (12.13)  has  solutions  for  continuous  x and  for  a definite  frequency  w, 
of  the  form: 


= A,  COS  (kx  + Ojf  <^i)  + A-2  cos  (kx  cof  + ip2)  (12.14) 

where  A],A2.,  <p]  and  (p^  are  arbitrary  constants,  and  w = wk  = k. 

Here,  the  terms  in  A]  and  A2  correspond  to  waves  propagating  in  the  negative 
and  positive  x diiections,  respectively.  By  superposition  of  such  solutions,  one  can 
find  solutions  representing  standing  waves;  for  example,  one  standing  wave 
solution  is 

= A COS  kx  cos  (wt  + ^>)  (12.15) 

where  ^ is  an  arbibary  phase  constant. 

In  the  discrete  case,  on  the  other  hand,  the  variable  na  corresponds  to  the 
position  variable  x.  This  leads  us  to  attempt  to  find  solutions  for  the  discrete 
equation  of  motion.  Equation  (12.10),  of  a form  similar  to  the  above  but  with  x 
replaced  by  no.  Here  we  shall  consider  only  standing  'wave  solutions,  let  us  then 
try  the  futKtion 

\p„(t)  = A COS  (kna)  cos  (wt  + <{>)  (12.16) 


in  Equation  (12.10),  to  see  if  we  can  obtain  a solution.  Then  on  the  left  side  of 
Equation  (12.10),  among  other  terms,  the  quantity, 

+ , -iZ-n-l  = - A cos(o)f  + ^>) 

[cos  (Icno  + ka)  + cos  (kna  — ka)]  (12.17) 

occurs.  The  trigonometric  identity  cos{6  + (^  ) + COs((?  ‘P  ) = 2 cos  d cos  (p , 
with  d = kna  and  <P  = ko,  then  gives  us; 

= ~2Acos(wt+  $)cos()cna)cos  ka  (12.I8) 


Hence,  when  \p„  of  Equation  [12.16]  is  substituted  into  Equation  (12.10),  the 
fector  A cos(kna)cOs(u}/  + ‘^)  occurs  in  each  term,  this  substitution  gives  us 


— [A  cos(kno)cos(w(  + ‘J’)|[2  — 2 
a 


cos 


ko] = na 


cjy„ 

dt" 


= Mo[  --  cos(kna)  cos  (wt  + '{>)]  (12.19) 
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This  equation  is  satisfied  if  = 2/C/jUa^(l  --  cos  ko).  Since  1 *■  cos6  = 
2 sin^(|/2  6),  the  reiationship  between  CO  and  k may  be  written  in  the  foim: 


2 

CO 


(12.20) 


This  equation  has  two  solutions  for  w which  aie  opposite  in  sign.  Only  the  positive 
solution  for  w need  be  'considered,  so  with  the  choice  of  the  positive  square  root; 
this  solution  for  the  possible  frequencies  may  be  written  as: 


CO 


sin(<ca/2) 

]/  n o/2 


(12.21) 


Ihus  substHution  of  the  assumed  solution.  Equation  (12.16),  into  the  difieiential 
equation  gives  us  a solution  if  w and  k are  related  in  a certain  way  given  by 
Equation  (12.21).  Such  a relation  between  frequency  and  wave  number  is  CoIIgcI 
0 dispersion  relation.  The  same  dispersion  relation  would  have  resulted  it  we  had 
worked  with  any  of  the  other  standing  wave  solutions,  such  as  6 sin(lcno)  cos 

(co/  + $). 

A graph  of  the  dispersion  relation.  Equation  (12.21),  is  given  in  Figure  12.9. 
The  corresponding  dispersion  relation  for  the  continuous  medium,  w = k, 


U 


Figure  12.9.  Graph  of  the  dispersion  relation.  Equation  (1 2.21 ),  for  waves  on  a one 
dimensional  linear  chain  of  atoms,  connected  by  springs.  Dotted  line  is  the  dispersion 
relation  for  a continuous  medium.  Equation  (12.7). 


is  indicated  by  dashed  lines  on  the  same  graph.  Thus  it  can  be  seen  that  for 
k « I/a  (long  wavelengths),  the  phase  speed  w = w/k  = is  approxi- 

mately 0 constant,  and  is  the  $011)6  for  the  continuous  and  discrete  media.  For 
large  i^  io  the  real  solid,  the  phase  speed  deviates  appreciably  from  this  constant 
value. 


12.7  NUMBER  OF  SOLUTIONS 


Tb  count  up  the  total  number  of  physically  different  possible  standing  wave  solu- 
tions, we  note  first  that  from  Equation  (12.21),  it  is  evident  that  the  frequency  (i) 
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is  a periodic  function  of  k,  with  a maximum  value  of: 


(12.22) 


The  frequency  Ct)  of  Equation  (12.21)  is  unchanged  if  ,1c  is  changed  to  -k  or  if  k 
is  changed  to  (2x/o)  — k.  likewise,  = A cos  (kna)  cos  (wf  + for  a fixed 
n is  the  same  for  these  changes  in  k.  Therefore,  we  can  restrict  the  discussion  to 
values  of  k in  the  region  0 to  TT/q,  since  we  get  nothing  new  by  taking  a k outside 
that  region.  For  larger  values  of  k | , th  e wavelengths  27T//c  would  be  shorter 
than  the  lattice  spacing;  this  would  be  meaningless,  since  there  are  no  atoms  this 
close  together  to  vibrate  with  such  wavelengths. 

Many  solids  have  wave  speeds  at  low  frequencies  of  around  lO^m/sec.  The 
spacing,  a,  between  atoms  is  around  2 x An  estimate  of  the  highest 

possible  angular  frequency  of  a wave  propagating  in  such  a solid  is  then: 


w 


2 X 10^  . 

2 X 10 


10'^ 


sec 


-1 


Ihe  speed  of  sound  differs  by  only  about  1%  from  its  low  frequency  value  at 
4 X 10''  cps.  Thus  in  the  audible  range,  zero  to  20,000  cps,  the  speed  of  sound 
in  a solid  is  essentially  independent  of  frequency. 

Up  to  this  point,  we  have  specified  neither  the  size  of  the  one  dimensional 
crystal  nor  the  boundary  condition:,  on  the  displacements  \f/„.  Once  these  are 
specified,  even  in  classical  mechanics  a discrete  set  of  values  of  k results.  If,  as 
in  the  discussion  of  the  density  of  states  in  Chapter  11.  we  impose  periodic 

boundary  conditions  at  the  ends  of  a periodicity  region  of  length  Na  = L,  then 

for  = A cos(icno)  cos  (oj/  +^)/  we  would  require  that 

i„  + N = (12.23) 

Here  N is  the  number  of  masses,  or  crystal  cells,  in  the  length  L.  Equation  (12.23) 
results  in: 

cos(fena  + kNa)  = cos(feno)  (12.24) 

This  means  that 

kNa  = kL  = 2 m X (12.25) 


o r 

k = — , m = 0, 1,2,...  (12.26) 

Na 

Theother  standing  wave  solutions,  \[/'„  = fi  sin  kna  cos  + $),  would  give  these 
some  values  for  k. 

The  independent  values  of  k lie  in  the  range  0 to  $-a/a,  corresponding  to  m 
ranging  from  0 through  V2  N for  even  N,  or  0 through  (N  — 1)  for  odd  N. 
The  values  k = TT/q  and  k = 0 give  nothing  for  the  solution  \l/,^  = B sin  (kna) 
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COS(OJ/  + sine  e : 


(12.27) 


for  any  n.  Then  for  even  N there  are  V2  N — 1 solutions  for  the  solution  Xp',,  and 
V2N  1 solutionsforthe  solution  ~ ^ COS  (icno)  cos  (co/  + Thus  the  re 
are  N different  states,  likewise,  N states  occur  for  odd  N.  The  number  of  different 
oscillation  states  (or  normal  modes,  as  they  are  called  in  classical  mechanics)  is 
equal  to  the  number  of  movable  atoms  in  the  fundamental  periodicity  region. 

Also,  if  other  types  of  boundary  conditions  were  used,  such  as  requiring 
=:  XpQ  = 0 for  fixed  endpoints,  the  number  of  different  modes  of  oscillation 
would  equal  the  number  of  degrees  of  freedom  of  the  system.  In  this  case,  the 
number  of  degrees  of  freedom  would  equal  the  number  of  movable  masses  or 
cells,  N. 

Imposition  of  the  periodic  boundary  conditions  for  the  one  dimensional  chain 
corresponds  to  taking  the  long  chain  of  N atoms  and  bending  it  into  a circle,  so 
that  one  end  fits  onto  the  other,  if  N is  sufficiently  large,  the  slight  curvature  intro- 
duced into  the  chain  has  negligible  effect  on  the  equations  of  motion.  A wave 
propagating  out  past  one  end,  however,  must  then  propagate  back  in  from  the 
other  end. 


12.8  UNEAR  CHAIN  WITH  l\NO  MASSES  PER  UNIT  CELL 


To  see  the  effects  of  introducing  internal  degrees  of  freedom  in  the  crystal  cell, 
we  next  consider  a slightly  more  complicated  one  dimensional  crystal  with  two 
inequivalent  atoms  in  each  repeated  unit.  The  chain  is  diagramed  in  Figure  12.10; 
the  alternate  masses  are  denoted  by  and  Ma,  and  the  distance  between  suc- 
cessive masses  of  similcir  type  is  a.  The  distance  between  neighboring  masses  Ma 
and  fia  is  a/2,  and  the  displacements  from  equilibrium  of  the  masses  fia  and  Ma 
are  denoted  by  xpn\  respectively.  The  springs  connecting  the  masses  are 

oil  assumed  to  have  the  same  spring  constant  K/a.  The  crystal  ceil  is  one  com- 
plete unit  from  which  whole  crystal  can  be  built  by  repetition;  hence,  in  this 


-o/2- 


-a/2- 


-a/2- 


'a/2~^| 


fxa  m^Ma 


MO 


MO 


Ma 


MO 


Ma 


.(Mij'  o moi}/  -Qvomr)/  €}mX)j  Oxcoxcc. 

K/a  K/o  K/o  K/a  K/a  K/a  K/a  K/a  K/o 


Figure  12.10.  linear  chain  with  two  dissimilar  atoms  per  unit  cell. 
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case,  the  cell  width  or  lattice  constant  is  a,  and  the  cell  contains  two  masses: 

Ma.  and  two  springs. 

let  us  assume  that  the  displacement  of  the  mass  pa  is 

i/'n*  = A]  cos(/cno)cos(a)f  4-  <1^)  (12.28) 

and  the  displacement  of  the  mass  Ma  is 

= A2COs[/c(n+  ]/2  )a  ]cos(ct4  + (12.29 

The  Newtonian  equations  of  motion 

= -(K/o)(2\^<"  - \M.")  (12.30) 

These  equations  of  motion  lead  in  a ^raightforward  way  to: 

A f 2 2k\  . /2/C  1 , \ 

AAg:  fia  — + ^2  — cos  - /co  = 0 

V o \a  2 


2K  1 


— cos  - /co  + A2{  I “ 0 

a 2 \ a 


For  these  two  equations  to  be  consistent,  the  determinant  of  the  coefficients  of 
A]  and  A2  must  vanish.  The  resulting  dispersion  relation  is 

- 2Ka^{^i  + + 4K^  sin^-  ka  = o (12.32) 


The  solutions 


^ = 61  si  n (Vno)  cos  (co/  + $) 

= B2  sin  k(n  + I'jalcos  [cot  + 4>) 


would  lead  to  this  same  dispersion  relationship.  The  positive  solution!;  for  cO 

. I , //WmV_  ,1.34, 


a V y \ 2 

For  long  wavelengths,  V2  ka  « 1,  the  solutions  may  be  approximated  by: 


: + J .1 

juA^  4 /i  + M 


w-  1^1 

^ y /J,  + M 

Note  that  again  w is  unchanged  in  changing  k to  -k,  or  to  27t/o  — k. 
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12.9  ACOUSTIC  AND  OPTICAL  BRANCHES 

Sketches  of  acc+  V ^/K  and  au)^  VTVK  fof  the  special  case  M = 2^  are  given 
in  Fig.  12.11.  There  are  now  two  branches  to  the  w versus  k curve.  In  general,  if 
there  are  t masses  per  cell  that  differ  in  mass  or  geometry,  or  that  have  different 

111 


Figure  12.1 1.  "me  two  branches  of  the  dispersion  relation  for  Q linear  chain  of  atoms, 
with  two  dissimilar  atoms  per  unit  cell, 

forces  acting  upon  them,  there  will  be  I branches  to  the  curve.  In  the  one  dimen- 
sional case,  only  one  of  these  curves  will  pass  through  the  origin  w = 0 at  k = 0. 
This  branch  is  called  the  acoustic  branch  because  for  small  k it  describes  the 
sound  waves  to  which  we  are  accustomed.  The  other  branches  lie  at  frequencies 
of  the  order  of  lO'^  cps.  Electromagnetic  infrared  waves  also  are  in  this  fre- 
quency range,  and  although  lattice  vibrations  are  not  electromagnetic  waves, 
these  branches  are  called  optical  branches.  The  high-frequency  branches  have 
been  detected  experimentally  in  absorption  experiments  with  infrared  light,  and 
also  by  low  energy  neutron  scattering  experiments.  Each  branch  is  periodic  in  k 
and  if  periodic  boundary  conditions  are  applied,  it  can  be  shown,  as  in  the  dis- 
cussion following  Equation  (10.26),  that  each  branch  has  N modes  if  N is  the 
number  of  cells  (not  necessarily  the  number  of  masses). 

While  our  discussion  has  been  for  one  dimensional  spring-like  forces,  a three 
dimensional  discussion  with  more  realistic  forces  leads  to  very  similar  results. 
Instead  of  a single  k,  there  is  then  a vector  k with  three  components.  There  are 
still  acoustic  and  optical  modes  with  the  number  of  modes  per  branch  equal  to 
the  number  of  cells  in  the  crystal.  The  cell  now  has  three  characteristic  lengths 
and  has  a volume.  Likewise,  the  zone  giving  the  independent  values  of  k is  a vol- 
ume in  three  dimensional  “k-space.”  The  main  change  is  that  now,  in  addition  to 
the  longitudinal  modes,  there  are  transverse  modes  in  which  the  actual  motion 
of  the  atoms  is  perpendicular  to  the  direction  of  wave  propagation.  Consider, 
for  instance,  the  two  dimensional  array  shown  in  Figure  12.12.  If  the  n'*'  column 
of  atoms  is  pulled  downward  uniformly,  it  exerts  forces  on  the  n + 1”  column, 
giving  rise  to  wave  propagation  to  the  right  with  vertical  displacement.  Of 
course,  the  longitudinal  modes  exist  also.  In  three  dimensions,  for  a given  direc- 
tion of  k there  can  be  displacements  either  parallel  to  k or  displacements  in  two 
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n 1 n n + 1 

Hguie  12.12.  Ivvo  dimensional  solid,  consisting  of  atoms  connected  by  springs.  In  addi- 
tion to  the  longitudinal  (compiessional)  waves  supported  by  a linear  chain,  this  model 
con  support  transverse  (sheai^  waves. 

directions  perpendicular  to  k.  Thus,  for  each  longitudinal  branch,  there  are  two 
transverse  branches;  a branch  may  be  either  acoustic  or  optical.  (Actually,  for 
on  onisotropic  crystal  with  different  properties  in  different  directions,  the  various 
branches  or  modes  of  definite  freojuency  are,  in  general,  neither  purely  longi- 
tudinal nor  purely  transverse,  but  a mixture  of  the  two.) 

0 ENERGY  OF  LATHCE  VIBRATIONS 

Now  we  shall  return  to  the  consideration  of  the  simple  linear  chain.  Figure  12.8, 
in  order  to  discuss  the  similarity  between  lattice  vibrations  and  a collection  of 
simple  harmonic  oscillators. 

The  solutions  to  the  equation  of  motion,  Equation  (12.10),  were  found  to  be  of 
the  form: 

= A cos  kna  cos(cot  + ) 

l/^n  = 6 sin  kna  C0s(0Jf  + (12.37) 

and  by  superposition  of  these  solutions,  one  can  describe  all  possible  wave  mO' 
tions  of  the  atoms  in  the  crystal  lattice.  The  essential  feature  of  a normal  mode 
solution  is  that  all  the  atoms  vibrate  with  the  same  fiequerKy.  In  a starxiing  wave, 
successive  atoms  in  the  line  would  vibrate  with  slightly  different  amplitudes,  but 
the  vibrations  would  be  in  phase.  (In  a running  wave  the  amplitudes  could  all  be 
equal,  but  the  phase  could  change  slightly  from  one  atom  to  the  next.)  The 
changes  in  vibration  amplitude  from  one  atom  to  the  next  qi*0  described  by 
the  factors  cos  kna  or  sin  kna  in  the  above  solutions.  The  time-dependence  for 
oil  atoms  is  contained  entirely  in  the  factor  A cos(oj'f  + $).  Thus,  the  factor 
A COS(0jf  + $)  describes,  in  a collective  sense,  the  simultaneous  vibrations  of  all 
the  atoms  in  the  crystal.  We  can,  in  fact,  introduce  a collective  displacement 
'Variable"  and  write  the  solution  as: 

l/'n  = "'/2  cos  kna  (12.38) 

The  factor  V2  is  for  convenience.  If  we  had  assumed  a solution  of  this  form  in- 
stead of  Equation  (12.16),  in  which  the  time-dependence  is  given  explicitly,  then 
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upon  substitution  into  the  equations  of  motion  we  would  have  immediately  found 
that  C|u.(f)  must  satisfy  the  difleiential  equation  of  the  hamionic  oscillator, 


dt 


2 n 

+ 0)  = 0 


(12.39) 


where  cc  is  given  by  Equation  (12.21).  Ihus  q,,(t)  = A cos  (ujt  + $)  is  the 

most  general  real  solution  of  such  an  equation.  Let  IJS  think  of  9^(0 
placement  variable  of  a single  oscillator. 

Since  the  displacement  of  each  particle  in  the  lattice  is  proportional  to  9a;(0/ 
each  has  a kinetic  energy  proportional  to  (c/q^/c/f)^.  Therefore,  the  total  kinetic 
eneigy  f of  the  lattice  is  some  number  C times  (dq^j/df)^ , or 


T = V2  A^Cco^sin^(ccf  + $) 


C is  constant  in  time.  Since  total  energy-kinetic  plus  potential  energy--ls  con- 
seived,  the  total  eneigy  is  a constant  in  time  and  the  total  potential  eneigy  must 
therefore  be  A^Cco^COS^  (cut  + = C co^q^.The  kinetic  energy  and  poten- 

tial eneigy  of  the  ciyslal  for  this  mode  aie  thus  the  same  as  for  a hamionic  oscil- 
lator of  displacement  frequency  cO,  mass  2C,  and  spring  constant  2Ccu^. 
(Also,  9u  satisfies  the  harmonic  oscillator  equation  c/^q^/c/f^  ' + = 0). 

Hence,  the  whole  lattices  appears  similar  to  a single  harmonic  oscillator  of  mass 
2C.  V\fe  will  show  that  this  mass  is  NflQ,  the  total  mass  of  the  chain  of  atoms. 

Let  us  examine  the  total  kinetic  energy  of  the  lattice,  to  find  C.  The  kinetic 
energy  is,  from  Equation  (12.38), 


n*0  ^ 


dt 


N-1 


= jxa  cos^  (kna) 


dq^(i) 


df 


(12.40) 


If  the  phase  kna  in  cos"  {kna)  varies  over  a large  number  of  values  as  n goes 
from  0 to  N 1,  we  would  expect  that  in  the  summation  the  square  of  C0S^(/cna) 
could  be  leplaced  by  its  average  value,  V2  . The  kinetic  eneigy  is  therefore  simply: 


T = - N^ia 


[dqJ\‘ 
[dt  j 


(12.41) 


In  fact,  this  can  easily  be  proved  to  be  exact  by  writing  COs(/cna)  as  V2  (e'^'’°  + 
e using  the  formula  for  the  sum  of  a geometric  series/ and  noting  that  by 

Equation  (12.26),  k = 2tmr/No,  where  m is  an  integer.  This  kinetic  energy  is 
exactly  the  same  as  that  of  a single  harmonic  oscillator  of  displacement  q^^  and 
ITIiOSS  Nfia,  which  is  the  mass  of  the  entire  lattice.  Hence  2C  = Nya.  The  total 
eneigy  is  thus: 


E((v)  = T + V 


2 2 
+ 0)  q„ 


(12.42) 


Both  in  the  equation  of  motion,  and  in  the  expression  for  the  eneigy,  the  vari- 
able q^ — which  in  a sense  describes  the  motion  of  all  the  masses  in  the  crystal 
for  this  particular  mode-is  effectively  a simple  harmonic  oscillator  displacement 
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variable.  Since  the  Schrodinger  equation  is  obtained  from  the  energy  expression, 

the  importance  of  Equation  (12.42)  can  be  partially  recognized  trom  the  ease 

with  which  one  may  utilize  Equation  (12.42)  to  obtain  the  quantum  description 
of  lattice  vibrations.  This  will  be  discussed  in  the  following  section. 


ENERGY  FOR  A SUPERPOSITION  OF  MODES 


The  above  expression,  Equation  (12.42),  for  lattice  vibration  energy  was  derived 
for  a single  mode.  The  question  arises  as  to  whether,  when  several  modes  are 
excited  simultaneously  in  the  crystal,  the  total  energy  will  be  the  sum  of  indi- 
vidual contributions  from  each  mode.  That  this  is  so  may  be  seen  from  the  follow- 
ing argument.  Suppose  that  the  displacement  were  a superposition  of  the  form: 

= VT  COS  (kino)  + V2  cos(fc2no)  = (12.43) 


Then  the  kinetic  energy  has  the  form: 


j di/'„(g)i)  ^ 

U df  \ 


dt 


df  dt 


= T(co,)  + T(cC2)  + (,2.44) 

2 D df  dt 

The  cross  product  summation  involves: 

^ cos(fc,no)cos(/c2no)  = ^ X!  tcos[(fe,  + ic2)na]  + cos[(fci  — i(c2)no]j 

n " 

(12.45) 

Since  k]  k2,  one  would  expect  the  cosines  to  oscillate  as  n changes  and  hence 
to  average  out  to  zero.  That  this  sUfTi  is  exactly  zero  can  be  shown  by  again  ex- 
prBssing  the  cosines  as  sums  of  exponentials,  and  using  the  equation  for  the  sum 
of  a geometric  series.  Likewise,  even  for  equal  frequencies  the  cross  product  of 
the  solutions,  proportional  to  cos(/cna)  and  sin(kna),  sum  to  zero.  Thus  the  cross 
product  terms  never  contribute  to  the  kinetic  energy.  A smilar  argument  holds  for 
the  potential  energy.  Therefore,  if  Q number  of  modes  are  excited,  the  total 
energy  is  just  the  sum  of  the  energies  of  the  individual  modes.  Thus  the  normal 
modes  in  a sense  act  like  independent  particles.  Although  all  the  atoms  in  the 
lattice  participate  in  a normal  vibration  mode,  the  various  normal  modes  do  not 
interfere  with  each  other  in  any  way,  even  though  a great  many  of  them  may  be 
present;  and  the  total  energy  of  the  system,  which  is  basically  a sum  of  kinetic 
and  potential  energies  of  individual  particles,  can  also  be  written  as  a ample  sum 
of  energies  of  the  individual  normal  modes.  It  is  this  last  fact  that  makes  normal 
modes  so  useful. 
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12.12  QUANTUM  THEORY  OF  HARMONIC  OSCILLATORS  AND 
LATTICE  VIBRATIONS 

All  our  previous  discussion  was  based  on  Newtonian  mechanics.  We  wish  tO  see 
now  what  modifications  orise  in  quantum  mechanics  In  quantum  mechanics  the 
Schrddinger  equation  describing  stationary  states  (states  of  definite  energy)  is 
obtained  by  expressing  the  energy  £ in  terms  of  the  coordinates  and  the  mo- 
menta, then  replacing  the  momentum  component  by  —ifid/dx,  and  so  forth. 
The  resulting  expression  is  then  a differential  operator  which  acts  on  the  waV6- 
function.  In  calculating  the  energy  contributed  by  one  normal  mode  of  a lattice 
vibration,  the  effective  coordinate  is  and  the  mass  is  N/iO.  The  effective 
"momentum"  is  then  Npo  c/q^j/c/f.  Thus,  in  treating  the  quantum  theory  of  lattice 
vibrations,  one  would  expect  that  in  the  energy  expression  the  effective  momen’ 
turn  should  be  replaced  by  letting 

= -ih  (12.46) 

dt 

This  can  be  shown  rigorously  from  the  fact~That  fxa  d\l/n/df,  the  classical  mo- 
mentum of  the  particle,  is  replaced  by  —ihd/d\pn  , and  the  fact  that  in  general, 
\pn  is  a superposition  of  terms  of  different  frequencies  proportional  to  We 

shall  not  prove  this  here,  however.  The  energies  of  the  lattice  vibrations  in  quan- 
tum mechanics  are,  then,  found  from  the  quantum  mechanical  discussion  of  the 
one  dimensional  harmonic  oscillator  of  mass  N/iO  and  angular  frequency  co. 

From  the  study  of  the  simple  harmonic  oscillator  of  spring  constant  k and  mass 
/T)  in  Chapter  7,  it  will  be  recalled  that  in  Newtonian  mechanics  the  energy  of  the 
oscillator  is 

2 

E = — + - kx^  (12.47) 

2m  2 

and  the  natural  angulor  frequency  of  oscillation  is 


In  solving  the  Schrddinger  equation  for  this  system,  it  was  found  that  only  discrete 
energies  of  the  system  were  possible,  given  by 

= (n  + V2  (12.49) 

where  n is  a positive  integer  or  zero.  These  energy  levels  ore  equally  spaced; 
the  minimum  possible  enegy  is  Eq  ~ V2  ficc,  and  is  called  the  zero  point  enegy. 

In  quantum  mechanics,  whenever  a system  has  enegies  which  can  be  written  in 
0 form  corresponding  to  that  of  a simple  harmonic  oscillator.  Equation  (12.47), 
the  enegies  will  be  quantized  according  to  Equation  (12.49). 

In  the  case  of  lattice  vibrations,  each  normal  mode  then  has  the  possible  ener- 
gies, (n  + 1/2  )hcc.  The  smallest  possible  vibrational  energy  of  the  crystal  is 
^^Nmodes'^2  fico.  While  our  discussion  was  for  a one  dimensional  crystal,  except  for 
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the  fact  that  k becomes  a vector  and  additional  pa  la  riza  tia  ns  are  possible,  all 
these  results  still  hold  far  a three  dimensional  crystal. 


'e  If  the  average  natural  frequency  U)  of  the  normal  modes  in  a crystal  is  about 
10^^/sec,  the  number  of  cells  in  a crystal  of  reasonable  size  is  10^'  * , a n d 
A ^ 10~^^]-sec,  what  is  the  order  of  magnitude  of  the  zero  paint  energy  of  the 
crystal? 

nZero  Paint  Energy  ^ |/2  = !/2  ( 1 0 1 0 )(1 0^^  ) 

= 50  joules. 


e If  the  binding  energy  of  the  crystal  is  of  the  order  of  1 eV  per  atom,  what  is  the 
order  of  magnitude  of  the  ratio  of  the  zero  paint  energy  ta  the  binding  energy? 


n 


leV 

1/2 


1 . 6 X 

Vi 


~ 300 


I PHONONS;  AVERAGE  ENERGY  PER  MODE  AS  A FUNCTION 
OF  TEMPERATURE 

Frequently,  it  is  convenient  (though  not  strictly  correct)  ta  think  of  the  quantum 
number  n in  the  energy  expression,  (n  I/2  )1iC0,  as  meaning  the  number  of 

"particles"  of  sound,  called  phanans.  Thus,  if  due  ta  an  interaction  of  a lattice 
vibration  made  with  an  electron,  n increases  by  An,  we  say  that  An  phanans 
were  created.  Usually,  phanans  are  thought  of  in  association  with  traveling  sound 
waves  rather  than  standing  waves. 

The  specific  heat  of  a solid  due  lo  motions  of  atoms  can  be  found  from  a 
knowledge  of  the  relationship  between  CO  and  k far  the  lattice  vibrations.  The 
Baltzmann  factor  of  statistical  mechanics  far  one  made  is 

:=  +y2)hu}/kgT  (12.50) 

This  factor  gives  us  the  relative  probability  of  finding  the  solid  in  the  state  char- 
acterized by  the  eigenvalue  of  energy. 

At  high  temperatures,  when  IcgT  large  compared  with  the  average  of  ftco, 
then  the  Baltzmann  factor  slowly  varying  far  small  changes  in  n, 

and  many  states  are  excited.  The  piantizotioD  of  energy  should  then  be  of  no 
significance,  and  one  could  as  well  describe  the  crystal  in  terms  of  the  classical 
oscillators.  Far  a simple  crystal  containing  one  male  of  atoms  (Nq  atoms)  in  No 
unit  cells,  there  are  3No  modes  of  oscillation  (since  there  are  1 longitudinal  and 
2 transverse  modes  per  atom).  By  the  equipartitian  of  energy  theorem,  each  of 
the  quadratic  terms  proportional  ta  and  (c/qt^/c/f)^  in  the  energy  of  one 
made,  contributes  an  average  energy  of  jcgT  ta  the  total  crystal  energy.  Thus, 
the  total  energy  is  SNoicg^  “ 3RT,  and  the  heat  capacity  per  male  is  3R.  This 
is  called  the  Wang-Petit  law.  and  it  agrees  well  with  experiment  far  mast  solids. 

Far  very  law  temperatures,  only  the  lowest  frequencies  can  give  a Baltzmann 
factor  much  different  from  zero.  In  calculating  a thermal  average  ta  find  the 
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average  total  energy,  we  have  to  average  over  all  states  of  the  system.  This 
involves  an  average  over  all  the  quantum  states  with  energy  (n  + Jfict)  for  a 
given  mode,  and  then  a sum  over  all  modes  of  various  frequencies  The  average 
energy  for  a given  mode  is 


(E> 


mode 


Er, 

e 


-£n/‘8r 


(12.51) 


with  £„  = (n  + '/2  )f)0).  The  summation  in  the  denominator  D is 

D = g-i/2*a.A8i^  (12.52) 

n = 0 

and  therefore  simply  involves  a geometric  series.  Thus,  the  standard  foriTlulo  for 
the  sum  of  an  infinite  geometric  series,  = = 1/(1  f°''  ^ I » (gives 

for  the  denominator:  £)  = —0  The  reader  can  easily  ver- 

ify from  Equation  (12.51)  that  {£)mode  = (I/D)  [dD/c/(  — l/^jT)],  so  that  after 
carrying  out  the  differentiations,  the  average  energy  contributed  by  one  mod© — 
or  by  phonons  of  frequency  w-is 


<e>. 


= fto) 


1 

^Hw/kgT  _ .| 


(12.53) 
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Next,  we  want  to  sum  over  the  various  modes  for  a given  longitudinal  or  trans- 
verse polarization,  to  find  the  average  total  energy  for  that  given  pola  rizotion. 
In  discussing  statistical  mechanics,  we  found  the  density  of  states  for  particles 
by  considering  periodic  boundary  conditions  on  a wavefunction  of  the  type 
exp[/(/Cj(X  + kyY  + ^nd  we  found  that  the  number  of  states  in  an  ele- 

ment of  momentum  space  and  volume  V of  ordinary  space  was 


Vdk,  dk,  dk,  _ Vdp,  dpydp^ 


(12.54) 


where,  in  that  case,  p =:  hk.  Here,  we  could  write  the  spatial  dependence  of  the 
phonon  wa vefunctions  for  running  waves  as  an  exponential  of  this  same  form, 
and  a similar  application  of  periodic  boundary  conditions  would  lead  to: 


Vdk,  dk,  dk, 

(271)^ 


(12.55) 


for  the  number  of  states  of  each  polarization.  This  can  also  be  seen  easily  by 
generalizing  Equation  (12.26)  to  the  three  dimensional  case.  Since  Eo  = '/2  ^i(*)(k) 
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is  the  minimum  possibie  energy  of  each  mode  and  does  not  change  when  more 
phonons  are  created  in  that  mode,  it  is  of  more  physicai  interest  to  caiculate  the 
average  of  the  difference  AE„  = — £q  = hftw  from  the  zero  point  or  ground 

state  energy.  This  average  is 

(A£>  = J'dk^dkydkj—^ (112.56) 

{2w)^  - 1/ 

Since  oniy  the  iowest  frequencies  contribute  at  low  temperatures,  we  can  as- 
sume that  w is  in  the  acoustic  branch,  i.e.  depends  linearly  on  k .If  we  are 
dealing  with  the  longitudinal  mode,  then  we  may  assume  that  for  small 

I k I = — 0)  (12.57) 

where  wlis  the  speed  of  propagation  of  that  mode,  at  low  frequencies,  which 
might  differ  from  the  speed  of  propagation  of  the  transverse  acoustic  modes. 
Since  w is  a function  of  the  magnitude  of  k,  we  can  choose  a spherical  shell  in 
k space  of  radius  k and  thickness  dk,  ior  the  element  of  volume,  and  write: 

dk,  dk,  dk,  --  Azk^dk  (12.58) 

Since  k = w/w  I , this  becomes: 

dk,  d /y  d)c  — (12.59) 


and  similarly  for  the  two  transverse  modes  with  speed  w,.  Thus,  {AE)  has  the 
form  of 


(AE) 


oi^f{u)/T)du 


(12.60) 


where  f (w/J)  = — + 


27T  \w 


Tiio/kgr 


is  a function  of  the  ratio  w/T.  While  the  range  of  a>  is  actually  finite,  we  have,  for 
simplicity,  taken  the  upper  limit  to  be  infinity  for  temperatures  low  enough  so  that 
ksT  (iw„„,.Then  the  factor  1)  makes  the  integrand  negligible 

for  the  large  frequencies.  Thus  at  low  temperatures. 


{AE}  = const. 


const.  X 


(12.61) 


The  integral  involved  is  the  same  as  was  encountered  in  the  discussion  of  black 
body  radiation  in  Chapter  11,  and  has  the  value  We  may  then  evaluate 

the  constant  of  proportionality  to  obtain: 


(AE>  = , 

' ' riA  4-  3 


ttV  k\ 
30 


(12.62) 
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If  A£  is  proportional  to  at  low  temperatures,  then  the  heat  capacity 
d Af  /c/7  at  low  temperatures  is  proportional  to  T^.  Tlnese  results  agree  well 
with  experiments  for  subSances  where  the  phonon  energy  gives  the  primary  con- 
tribution to  specific  heat  at  low  temperatures  In  Figure  12.13  the  specific  heat  Ly 
is  plotted,  showing  the  limiting  behavior  at  low  and  high  temperatures. 


Figure  12.13.  Specific  heat  at  constant  volume,  due  to  lattice  vibrations  in  a solid. 

12.15  ENERGY  BANDS  OF  ELECTRONS  IN  CRYSTALS 

In  electric  conduction,  heat  conduction,  the  photoelectric  effect,  absorption  of 
light,  index  of  refraction,  magnetism,  and  many  other  phenomena,  the  effects  are 
primarily  dependent  on  the  behavior  of  electrons  in  solids  In  this  section  we  shall 
discuss  some  of  the  properties  of  wavefunctions  and  of  the  energies  of  sIsCtrOHS 
in  c rysta  Is. 

To  get  an  intuitive  idea  of  the  structure  of  the  energy  levels  of  the  electrons, 
let  us  consider  a sodium  crystal  and  begin  by  imagining  the  atoms  very  far  apart, 
so  that  the  wavefunction  due  to  an  electron  on  one  atom  is  negligible  at  the 
positions  of  those  atoms  closest  to  it.  Also,  we  will  start  with  the  outer  electrons 
(one  per  atom)  on  all  the  otoms  in  their  lowest  energy  state,  except  for  some  006 
electron  which  we  single  out  to  investigate.  This  one  electron  could  be  in  any  006 

of  the  energy  states  of  its  atom,  and  for  each  such  energy  there  are  two  possible 

orientations  of  the  electron  spin.  Also,  if  there  are  N atoms,  there  are  N possible 
atoms  in  which  the  excited  electron  can  be  found.  Thus,  for  any  one  atomic 
energy  level  there  are,  ir  general,  at  least  2N  distinguishable  states  for  this 
electron. 

As  the  atoms  are  brought  nearer  to  each  other  to  form  the  actual  crystal,  elec- 
tronic wavefunctions  start  to  overlap,  and  one  can  no  longer  say  that  an  electron 
is  associated  with  any  one  atom.  Then  the  2N  energy  states,  derived  from  any 
one  single  atomic  state,  will  ordinarily  develop  into  2N  states  that  differ  slightly 
from  each  other,  and  have  energies  that  are  slightly  different.  Therefore,  a band 

of  energies  results  containing  2N  states.  In  the  final  crystal,  the  electrons  will  have 

an  energy  band  structure,  the  bands  being  derived  from  the  angle  atomic  energy 
states  and  each  band  containing  2N  closely  spaced  energy  states. 


72.76  6/och^S  theorem  365 


1.16  BLOCH'S  THEOREM 

Now,  utilizing  the  translational  symmetry  of  a crystal,  we  will  find  some  proper- 
ties of  the  electron  wa vefunc tio ns,  and  we  will  show  more  rigorously  that 
energy  bands  occur  with  2N  Sates  per  band.  An  electron  in  the  crySal  sees  pri- 
marily the  Coulomb  potential  energy  of  interaction  with  the  atomic  nuclei  of  the 
crystal,  and  the  Coulomb  potential  energies  of  interaction  with  other  electrons. 
We  will  assume,  as  is  usually  done,  that  the  other  electrons  can  be  treated  as  a 
continuous  charge  distribution  which,  because  of  the  electrons'  interactions  with 
atomic  nuclei  of  the  lattice,  has  the  spatial  periodicity  of  the  lattice.  Thus,  the 
overall  potential  energy  has  the  periodicity  of  the  lattice. 

Again  for  simplicity,  let  us  treaf  a one  dimensional  lattice.  Then,  if  V(x)  is  the 
periodic  potential  energy  and  a is  the  lattice  spacing,  V (x  + a)  = V(x).  The 
one  dimensional  Schrodinger  equation  for  the  wavefunction  i^(x)  of  the  electron 
is 

+ V'(x)\//(x)  = ExPix)  (12.63) 

2 m dx 

If  X is  replaced  by  x -i-  a in  the  above  equation,  dx  — ^ dx,  so  the  kinetic  energy 
operator  is  unchanged.  Also,  V(;(  -i-  a)  = V(x),  so  the  potential  energy  is  un- 
changed. However,  all  we  can  say  about  l/^(x)  is  that  it  becomes  \p{x  + a);  hence 
the  wave  equation  becomes 

■ ^ ^ ’/'(x  + a)  ^ V'(x)l/'(x  + a ) = £l/'(x  + a ) (12.64) 

2m  dx^ 

The  wavefunction  \p(x  + a)  therefore  satisfies  the  same  equation,  with  the 
same  energy  E,  as  does  \^(x).  Now  we  can  make  an  argument  very  similar  to  that 
made  in  discussing  the  exclusion  principle  in  Chapter  9,  to  derive  information 
about  the  possible  form  of  the  electron  wavefunction.  Since  the  point  x,  and  the 
point  X -H  a,  are  physically  equivalent,  we  expect  that  it  is  posible  for  the  elec- 
tron densities  at  the  two  points  to  be  the  same.  Thus,  we  expect  that  a WOve- 
function  l/^(x)  may  be  found  such  that  #*{x)$(x)  = \l/*  (x  + o)^(x  + a).  This 
can  only  be  true  if  is  of  the  form 

\j/[x  a ) = e'^°\p(x)  (12.65) 

where  ka  is  some  real  constant.  That  is,  if  two  complex  numbers  ^(x)  and 
\^(x  + a)  have  equal  absolute  values,  they  can  differ  by  at  most  a multiplicative 
phase  factor,  which  we  have  written  in  the  form  , The  phase  factor  cannot 
depend  on  the  coordinates,  for  then  both  Equations  (12.63)  and  (12.64)  could 
not  simultaneously  be  satisfied.  Likewise,  then. 


^{x  + 2a)  = + a)  = e'‘*'°')/'{x) 

}p{x  + 3a)  = e'^^^°\}/(x)i  . ;l/'(x  + n a ) = (e (x ) (12.66) 
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for  n an  integer.  The  resul'f  is  that  upon  translating  by  an  amount  no,  the  WOVG- 
function  isi^(x+no)=G'^^"°V^(x)and  hence  is  changed  onlybya  multiplica- 
tive  factor. 

One  such  function  that  has  this  property  is 

(/-(x)  = e'*'  (12.67) 

Thus,  if  in  this  function  x is  replaced  by  x + a,  the  functiori  becomes  e'**”  ' 

This  function  therefore  satisfies: 

i/'(x  + a ) = e'‘°i/'(x)  (12.68) 

[but  will  not  satisfy  the  Schrldinger  equation  unless  V(x)  = constant].  Suppose 
we  multiply  e**'*  by  u(x),  where  u has  the  property  u(x  + a)  = u(x),  i.e.  u(x)  has 
the  periodicity  of  the  lattice.  Thus  we  set 

l//(x)  = e'*^^u(x)  (12.69) 

Then  U (x  + a ) = (;'^'^e'*'u(x)  = (x).  This  is,  in  fact,  the  most  general 

function  that  has  the  desired  periodicity  property  expressed  in  Equation  (12.65). 
Thus  the  wavefunction  can  be  chosen  to  have  the  general  form, 

= e''‘'u(x)  (12.70) 

where  u(x  + a)  = u(x).  In  three  dimensions,  similar  reasoning  gives  us 

tZ'(r)  = e''“'u(r)  (12. 7i) 

where  u(r)  has  the  periodicity  of  the  lattice.  This  is  called  the  Bloch  theorem.  The 
fact  that  the  wavefunction  takes  this  simple  form  allows  many  calculations  to  be 
performed  in  a relatively  simple  fashion. 

12.17  NUMBERS  OF  BLOCH  FUNCTIONS  PER  BAND 

Once  again  considering  the  one  dimensional  case.  Equation  (12.65),  let  us  apply 
boundary  conditions  to  find  the  number  of  possible  different  values  of  j(.  The 
boundary  condition  we  will  impose  is  the  periodic  boundary  condition,  which 
states  that  \p{x)  at  one  side  of  the  crystal  is  the  same  as  at  the  opposite  side.  In 
our  case,  this  is  ^(x)  = \^(x  + No).  While  periodic  boundary  conditions  are 
hardly  related  to  actual  phyacal  boundary  conditions,  they  are  simple  to  use  and 
will  give  the  correct  number  of  values  of  k;  this  is  because,  as  in  the  similar  prob- 
lem of  lattice  vibrations  and  in  the  previous  discussion  of  statistical  mechanics,  the 
number  of  values  of  k is  not  sensitive  to  the  particular  boundary  conditions. 

Since  u(x  + No)  = u(x)  from  the  periodicity  of  u(x),  the  condition  = 

i^(x  + Na)  means  that 

eik(*  + No)  ^ gib  (^2.72) 

or  that  = 1.  But,  in  general,  if  = 1.  ^ must  equal  27Tn,  where  n is  a 

positive  or  negative  integer  or  zero.  Thus, 


k = 2mr/Na,  n = 0,  ±1,  ±2, . . . 


(12.73) 
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While  these  values  of  k are  the  only  possible  ones,  not  all  these  values  are 
physically  di^nct  Suppose,  for  example,  we  consider  two  possible  values,  k and 
k + 2x/o.  The  n 

^i(k + 2t/o)x  _ ^ikx^i2wx/a  (12.74) 

Then,  when  a translation  x — ^ x + a is  performed,  the  function 
and  so  is  unchanged;  i.e.  it  has  the  periodicity  of  the  lattice.  Thus,  could 

be  taken  as  part  of  u(x),  since  it  has  the  lattice  periodicity.  Hence  k + 2x/o  is 
equivalent  physically  to  k.  V\Aa  can  then  restrict  k to  lie  within  the  Brillouin  zone: 

< /f  < ^ (12.75) 

This  is  very  similar  to  the  restriction  on  k which  arose  in  discussing  lattice  vibra- 
tions Here  it  meons  that  allowed  wavelengths  shorter  than  twice  the  lattice  spac- 

;L. 

ing  are  included  in  the  function  u(x);  the  exponential  q varies  only  with  wave- 
lengths greater  than  twice  the  lattice  spacing.  The  Bloch  theorem  thus  separates 
the  spatial  variation  of  the  electron  wavefunction  into  a long-wavelength  (slowly 
varying)  part  and  a short-wavelength  (rapidly  varying)  part:  the  long-wave- 
length  part,  e''",  is  completely  determined.  In  many  calculations,  it  is  only  this 
long-wavelength  part  that  is  needed. 

The  restriction  (12.75)  on  k,  along  with  the  possible  values  of  k from  Equa- 
tion (12.73),  means  that  the  total  number  of  independent  values  of  n,  and  thus 
of  1^  is  N,  the  number  of  unit  cells  n changes  by  unity,  k changes  slightiy,  and 
we  can  expect  the  energy  to  change  slightly.  Thus,  as  k changes  over  its  range, 
we  get  a band  of  energies.  The  actual  values  of  the  energies  can  be  obtained 
only  by  solving  the  Schrbdinger  Equation  (12.63)  in  a periodic  potential.  This  is 
ordinarily  very  difficult  For  each  k,  l^he  spin  of  the  election  can  have  two  orienta- 
tions Then  the  number  of  states  per  band  is  2N.  Likewise,  for  a three  dimensional 
crystal  with  fsj  ceils  there  are  2N  states  per  band,  in  agreement  with  the  quali- 
tative reasoning  in  Section  12.15. 

8 TYPES  OF  BANDS 

There  will  be  an  infinite  number  of  energy  bands  in  a crystal,  but  only  a rela- 
tively small  number  conespond  to  bound  slates  which  are  important  in  explaining 
normal  crystal  properties.  The  energy  E is  a function  of  k and  can  be  compli- 
cated. Some  possibilities  are  indicated  in  Figure  12.14.  One  simplification  is  that 
E(k)  = E(-k).  This  can  be  shown  from  the  fact  that,  except  for  \p^  Equation 
(12.63)  is  real.  Hence,  if  \p{x)  = e'^'u(x)  is  a wavefunction,  ^*(x)  = e *^*U*(x) 
is  a solution  with  the  same  E.  Note  the  similarity  between  graphing  E versus  k 
here,  and  graphing  (j)  versus  k for  lattice  vibrations.  In  some  cases  there  will  be 
an  energy  gap  (or  minimum  energy  difference)  between  bands,  such  as  Eg  be- 
tween bands  3 and  4 of  Hguie  12.14,  which  corresponds  to  energies  not  allowed 
for  the  election  in  the  crystal.  Such  gaps  are  typically  of  the  order  of  magnitude 
of  an  electron  volt.  In  other  cases  the  bands  may  overlap,  such  as  in  bands  1,  2 
and  3,  or  bands  4 and  5 of  the  figure. 
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Figure  12.14.  Diagram  illustrating  a number  of  different  possibilities  for  electron  energy 
bands  in  crySals. 

12.19  EFFECTIVE  MASS  IN  A BAND 


For  a free  particle,  E = V2  p^fm,  where  p is  the  momentum  and  m is  the  mass. 
The  free-pa rtic le  wavcf'JPCtion  is  proportional  to  in  one  dimension,  where 
k = p/fi.  Thusforthe  free  particle,  E = [V2  fi  Now  if  q minimum  or 

maximum  occurs  at  k = /(q  for  the  electron  energy  E(k)  in  a crystal  band,  then 
when  k is  near  this  minimum  or  maximum,  i.e.  when  k — /cq  is  small,  the  energy  in 
the  band  as  a function  of  k — /cq  nnay  be  similar  to  that  for  the  free  particle: 

E(k)  ^Eo+a{k~kof  (12.76) 

where  and  ore  constants.  Let  us  then  rewrite  Oi  as  V2  where  m*  is 

a constant.  Then,  near  tl*i6  maximum  or  minimum, 

E(k)  5^  £0  +(^-V  - 


Comparison  with  the  energy  expression  for  the  free  particle  leads  one  to  the  idea 
of  an  "effective"  mass. 


m 


* 


2a 


(12.78) 


In  a sense,  the  electron  can  then  be  treated  os  a free  particle  of  mass  m*,  with 
no  periodic  potential  energy  present.  Near  a maximum  of  energy,  the  effective 
mass  is  negative,  and  ri'2Qr  a minimum,  the  effective  mass  is  the  more  familiar 
positive  quantity.  In  three  dimensions,  where  k is  a vector,  Oi  may  (and  frequently 
does)  vary  with  direction  in  k space,  so  that  the  effective  mass  is  a function  of 
direction.  The  concept  of  effective  mass  is  useful  in  calculating  densities  of  Sates 
and  in  discussing  phenomena  in  applied  electric  and  magnetic  fields,  for  situo- 
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tions  in  which  particles  near  the  minimum  or  maximum  of  energy  contribute  sig- 
nificantly to  the  effect. 

>/e  Suppose  that  for  the  one  dimenaonal  case, 

T ^ 

£ = —1—  ( 1 — c o s k a ) 

ma 

For  small  ka,  the  expansion,  cos  ^ = 1 — 16  . » • , can  be  used.  A similar 

expansion  near  ka  = 7T  can  be  US6cl  by  noting  that  cos  0 = — cos(7T  — 6^).  Find 
the  effective  mass  at  the  energy  maximum  (k  = irfa),  and  at  the  minimum 
(k  = 0). 


on  For  ka  < < 

1,  E = 

1 

1 - 1 
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For  7T 


ka  I « 1, 

E = -^[1  + cos(ka  - tt)] 

ma 

- TT/a)^ 

m* 

ma  2m 


-m 


0 CONDUCIORS,  INSULATORS,  SEMICONDUCTORS 

Since  the  Pauli  exclusion  principle  applies  to  electrons,  in  solids  it  is  important  to 
use  Fermi-Dirac  statistics  for  the  electrons  rather  than  classical  statistics.  This  is, 
first,  because  the  number  of  states  per  band  (which  equals  twice  the  number  of 
cells)  is  comparable  to  the  number  of  outer  atomic  electrons.  Secondly,  the 
energy  spread  within  a band  is  comparable  to  electron  volts,  whereas  k^T  at 
room  temperature  is  about  1/40  eV.  Then  the  electrons  will  fill  up  the  various 
different  states  in  a band,  and  their  average  energy  will  be  around  an  electron 
volt.  Thus,  the  clasacal  equipartition  theorem  does  not  hold  and  the  effect  of  the 
exclusion  principle  is  important;  the  cSatistics  will  be  degenerate. 

Let  us  first  verify  that  the  band  width  AE  might  be  of  the  order  of  electron 
volts.  The  change  in  k is  about  Alt  ~ T^jo.  If  the  lattice  spacing,  a,  is  3 x 
10  a reasonable  value,  then 

At 

Assuming  that  A£  Ak^jm*  with  m*,  the  effective  mass,  a pproximateiy 

the  true  eiectron  mass,  or  about  kg,  then  AE,  in  electron  volts,  is  AE  ~ 

2 eV.  If  AE  were  a different  function  of  Ak  or  m were  significantly  different  from 
the  mass  of  the  electron,  a different  numerical  result  would  be  found;  but  this 
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argument  does  give  the  right  order  of  magnitude  of  the  band  width  for  the  outer 
electrons,  inner  electron;  of  the  atoms  have  a very  small  band  width,  and  the 
effective  mass  is  very  large  because  of  their  tight  binding  to  the  nucleus. 

The  average  number  of  electPDns  per  state,  using  Fetmi-Dirac  statistics,  is 

n(£)  = [ e X p ( E - Ef)/k,T  + 1 ] ''  (12.79) 

and  for  the  degenerate  case,  Ef  » kgT.  Then  each  state  is  essentially  filled  with 
one  electron,  up  to  an  energy  of  about  Ef,  and  there  are  almost  no  electrons  in 
states  above  Ef.  The  transition  region  where  f(E)  drops  from  1 to  0 has  o 
width  of  the  order  of  magnitude  of  kgT  in  energy.  In  the  crystal,  therefore,  this 
tronsition  region  will  ordinarily  be  a small  fraction  of  the  band  width.  Suppose, 
then,  that  the  energy  bands  do  not  overlap,  as  indicated  for  bands  1 and  2 in 
Figure  12.15,  and  that  tile  energy  gap  Eg  is  several  electron  volts.  Suppose  there 


B 


Figure  12.15.  The  energy  difference  between  the  conduction  band  minimum  (band  2) 
and  valence  bond  maximum  is  called  the  energy  gop,  Eg.  In  insulators,  the  valance  band 
is  filled,  and  the  energy  gap  is  of  the  order  of  several  electron  volts;  the  conduction  bond  is 
empty. 

are  enough  electrons  to  fill  all  the  states  in  band  1 and  all  of  the  lower  bands, 
but  not  enough  to  fill  band  2 completely.  If  there  are  N cells,  and  hence  2N  avail- 
able states  per  band,  then  if  there  are  an  even  number  of  electrens  per  cell,  there 
will  be  almost  no  electrons  in  band  2.  This  is  because  the  even  number  of  elec- 
trons will  just  fill  an  integral  number  of  bands.  The  last  filled  band  (band  1)^  is 
called  the  valence  band,  and  the  higher  unfilled  band  is  called  the  conduction 
bond  (band  2 in  Figure  12.15). 

On  the  other  hand,  if  again  the  bands  do  not  overlap,  but  there  are  an  odd 
number  of  electrons  per  cell,  there  will  be  only  N electrens  in  the  last  band,  and 
N unfilled  states  in  that  band  (the  conduction  band). 

On  the  basiiof  the  foregoing  discussion,  one  may  obtain  a simple  explanation 
of  the  main  differences  between  conductors  and  insulators  In  order  for  an  electric 
current  to  flow,  there  must  be  more  electrons  moving  in  one  direction  as  com- 
pared with  another.  Since  is  somewhat  like  the  electron's  momentum,  this 
means  the  electrons  mu$1  have  wavefunctions  with  average  k different  from  zero. 
With  no  electric  field  applied,  both  cases  of  odd  and  even  numbers  of  electrons 
per  cell  have  an  average  k of  zero,  since  wavefunctions  of  k and  -k  correspond 
to  the  same  energy.  When  an  electric  field  is  applied  to  a substance  having  an 
odd  number  of  electrons  per  cell,  it  can  easily  excite  electrons  with  energies  near 
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Ef  into  states  producing  a net  current,  because  there  are  unfilled  available  energy 
states  nearby  in  energy.  Thus  this  crystal  will  be  a conductor.  For  a substance 
having  an  even  number  of  electrons  per  cell,  the  unfilled  States  are  several  elec- 
tron volts  away  in  energy,  and  it  would  take  a very  large  electric  field  to  produce 
appreciable  current.  Such  a crystal  is  then  an  insulator. 

From  what  has  been  said  so  far,  all  conductors  should  have  obout  equal,  and 
large,  conductivities.  This  is  because  we  have  assumed  a perfectly  periodic  crystal 
lattice.  One  deviation  from  a perfect  crystal  lattice  that  is  always  present  is  the 
lattice  vibration,  or  phonon.  Electron  S can  interact  with  these  phonons  and  be 
scattered  away  from  current-carrying  states.  This  is  the  main  effect  that  limits 
conductivities  in  most  conductors  at  room  temperature.  Other  lattice  imperfec- 
tions which  reduce  conductivities  are  impurities  and  atoms  missing  at  lattice  sites. 
Also,  in  the  discussion  above  it  was  assumed  that  the  bands  do  not  overlap.  Sup- 
pose bands  1 and  2 of  Figure  12.15  had  overlapped.  Then  ther^  would  be  more 
than  2N  states  having  energies  below  the  top  of  energy  band  1,  and  thus  for 
an  even  number  of  electrons  per  cell,  the  last  2N  electrons  could  fit  in,  leaving 
nearby  energy  states  unfilled.  This  crystal  would  then  be  a conductor.  Calcium, 
with  an  even  number  of  electrons  per  cell,  is  a conductor  of  this  type. 

Suppose  that  a crystal  with  an  even  number  of  electrons  per  cell  had  valence 
and  conduction  bands  which  did  not  overlap,  but  the  energy  gap  was  only  a few 
tenths  of  an  electron  volt.  Since  kuT  at  room  temperature  is  about  1/40  eV,  then 
the  gap  is  not  enormously  greater  than  jcgT,  and  there  would  be  a reasonable 
number  of  electrons  in  the  conduction  band;  so  the  crystal  would  conduct  elec- 
tricity, but  not  as  well  as  a normal  conductor.  A crystal  of  this  type  is  called  a 
SQmicOnducfor.  Germanium,  silicon  and  various  compounds  ure  of  this  type. 
Semiconductors  are  used  in  many  devices,  especially  in  transi^ors. 

12.2  1 HOLES 

Suppose  there  is  a semiconductor  in  which  the  gap  Eg  between  conduction  and 
valence  bands  is  less  than  an  electron  volt,  as  in  Figure  12.16.  Then  at  room  tem- 
perature there  will  be  some  electrons  in  the  conduction  band,  and  there  will  be 
an  absence  of  electrons  in  the  valence  band,  primarily  at  the  energy  maximum. 


E 


Figure  12.16.  IlluSration  of  conduction  and  valence  bands  having  a very  small  energy 

gap- 


3 7 2 Solid  state  physics 


These  unfilled  states  In  the  valence  band  are  called  hales.  The  effective  mass  asso- 
ciated with  these  unfilled  states  at  the  energy  maximum  is  negative. 

For  simplicity,  let  us  assume  that  just  one  state,  the  state,  near  the  energy 
maximum  is  unfilled,  so  there  is  one  hale.  If  the  charge  of  an  electron  is  e := 

0 I and  V,  is  the  expectation  value  of  the  velocity  of  the  state,  then  the 
current  is  proportional  ta : 

^ (-  e|Vj)  (12.80) 

Here,  the  summation  is  aver  all  valence  band  states  except  the  one  that  is  unfilled. 
This  can  be  written  as: 


^ - e V,  = ^ (-  e V;)  + e I Vj 

'>/  all  I 


If  the  valence  band  were  completely  filled,  the  electric  current  would  be  zero. 
Th  u s,  f ( — I e Vj)  = 0.  Th  e net  c urrent  is  then  p ro po rtiona  I ta  | e | v,.  Thus, 

a hale  acts  as  a particle  with  a velocity  associated  with  the  empty  ^ate,  and  with 
a positive  charge  equal  in  magnitude  ta  the  electronic  charge. 

The  rate  of  change  in  time  of  the  current  is  proportional  ta  e dVj/dt.  Sup- 
pose there  were  an  electron  of  charge  — e and  effective  mass  m*  in  the 
state,  and  an  electric  field  E were  present.  Then,  using  the  expectation  value  of 
Newton's  second  law.  we  CiCt 


e dvj  — I e I 

dt  m* 


(12.82) 


Near  a ma>dmum  in  energy,  m*  is  negative,  m * = ~ | m*  | , SO 

e dvj  -I-  I e I ^E 

dt  |m*i 


(12.83) 


The  motion  is  that  of  positively  charged  particles  with  positive  mass.  Thus,  such  a 
hale  will  contribute  ta  electric  current  in  the  same  sense  as  an  electron  in  the 
conduction  band,  which  has  negative  charge  and  positive  effective  mass.  This 
discussion  shows  that  in  a semiconductor  the  electric  current  will  consist,  in  gen- 
eral, of  an  electron  current  due  ta  conduction  band  electrons,  and  a hale  current 
due  ta  valence  band  hales. 


12.22  n-7YPE  AND  p-7YPE  SEMICONDUCTORS 

By  introducing  impurities  into  a semiconductor,  the  number  of  electrons  in  the 
conduction  band,  or  the  number  of  hales  in  the  valence  band,  can  be  greatly  in- 
creased. Far  example,  the  germanium  atom,  like  carbon,  has  a valence  of  4 and 
farms  a valence-bound  crystal,  in  which  each  germanium  atom  is  surrounded  by 
four  other  germanium  atoms.  If  an  arsenic  atom  impurity  with  5 outer  electrons 
is  substituted  far  a germanium  atom,  4 of  the  5 electrons  are  bound  tightly  by  the 
valence  bands,  but  the  fifth  is  loosely  bound.  To  see  how  loosely,  let  us  treat  the 
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impurity  as  if  it  were  like  a hydrogen  atom.  Thus  the  arsenic  nucleus  and  all  elec- 
trons but  the  fifth  outer  electron  form  an  effective  nucleus  of  charge  e , and 
the  electron  of  charge  *■  e is  bound  by  the  attractive  Coulomb-like  force 
between  it  and  the  core,  and  will  be  described  by  hydrogen-like  energy  levels 
lying  below  the  conduction  band  minimum.  However,  the  Coulomb  force  inside  a 
medium  with  a dielectric  constant  K is  —e^/47T(QKr^,  so  the  effective  charge 
for  this  hydrogen-like  atom  is  e/ The  dielectric  constant  in  germanium  is  16, 
and  all  electric  fields  are  hence  reduced  by  a factor  1/16  in  germanium.  Also, 
one  should  use  the  effective  mass  m*  rather  than  the  true  electron  mass.  While  the 
effective  mass  is  dependent  on  direction,  the  average  effective  moss  at  the  mini- 
mum of  the  conduction  band  is  about  m/5.  The  binding  energy  of  a true  hydro- 
gen atom  in  free  space  is  13.6  eV  and  is  proportional  to  The  binding  energy 

of  the  fifth  electron  may  then  be  estimated  as: 

Et  ^ 13.6  X — X — = — = .0106  eV 

m (16)^  X 5 

This  result  agrees  in  order  of  magnitude  with  the  actually  measured  binding 
energy.  Since  the  binding  energy  below  the  conduction  band  is  about  .01  eV  and 
is  smaller  than  kgT  ^ 1/40  eV,  at  room  temperature  a large  fraction  of  the 
impurities  will  be  ionized,  with  the  extra  electrons  going  into  the  conduction 
band.  The  Fermi  level  Ef  will  lie  near  the  bottom  of  the  conduction  band  rather 
than  halfway  between  bands  as  in  a pure  material,  and  so  there  will  be  very  few 
holes  in  the  valence  band.  Almost  all  conduction  electrons  will  come  from  the 
impurities.  Because  the  impurities  give  electrons  to  the  conduction  band,  they  are 
called  donors.  Also,  since  the  current  is  due  to  negatively  charged  particles  be- 
cause there  are  few  holes,  this  is  called  an  n-type  semiconductor. 

Likewise,  the  germanium  could  be  doped  with  impurities  of  valence  3 instead 
of  5.  In  this  case,  the  impurity  would  draw  an  electron  out  of  the  valence  band, 
to  give  itsetf  4 electrons  The  resulting  negative  ion  would  then  have  the  resulting 
hole  bound  loosely  to  it.  Because  this  kind  of  impurity  takes  electrons  out  of  a 
band,  it  is  called  an  acceptor.  Many  of  the  holes  are  unbound  at  room  tempera- 
ture and  move  freely  in  the  valence  band.  The  Fermi  energy  is  near  the  top  of  the 
valence  band,  and  so  there  are  few  electrons  in  the  conduction!  band.  Thus  the 
electrical  conduction  is  mainly  due  to  hole  motion.  Because  the  hole  is  effectively 
a positive  particle,  we  say  this  is  a p-type  semiconductor. 

A pure  semiconductor,  where  there  are  equal  numbers  of  electrons  and  holes, 
is  called  an  intrinsic  semiconductor.  When  the  electrons  or  holes  are  due  pri- 
marily to  impurities,  it  is  called  an  extrinsic  semiconductor. 

.23  HALL  EFFECT 

The  fact  that  both  holes  and  electrons  can  exist  in  semiconductors  can  be  ob- 
served in  the  Hall  effect.  Suppose  a piece  of  semiconductor  (or  any  other  ma- 
terial) is  hooked  across  a battery  as  in  Figure  12.17.  Indicated  on  the  figure  by 
a rro  ws  labeled  H and  E are  the  average  directions  of  motion  of  holes  and  elec- 
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Figure  12.117.  Schematic  diagram  of  the  experimental  setup  for  observing  the  Hall 
effect.  The  dots  indicate  o magnetic  field  out  of  the  paper.  Current  flowing  fPDm  right  tO 
left  in  the  sample  is  forced  downward  by  the  Lorentz  force  acting  on  a moving  charge.  A 
resulting  potential  difference,  the  Hall  voltage,  then  builds  up  OCTOSS  the  sample. 


trons,  respectively.  If  a magnetic  field  is  applied  perpendicular  to  the  applied 
electric  field  (B  out  of  the  paper  in  the  figure),  the  magnetic  forces  tend  to  deflect 
the  (charged  particles,  due  to  their  overage  velocity.  The  deflections  that  a hole 
and  an  electron,  respectively,  would  receive,  are  indicated  on  the  diagram  by 
curved  arrows  labeled  h and  e.  Thus,  electrons  ond  holes  are  deflected  in  the 
some  direction.  If  there  are  more  e lec tro ns  tha n holes,  a negative  charge  builds 
up  on  side  B and  a positive  charge  on  side  A,  until  the  resulting  electrostatic 
forces  are  equal  and  opposite  to  the  magnetic  forces.  If  there  were  more  holes, 
side  fi  would  be  positive  and  side  A would  be  negative.  The  electrostatic  potential 
difference  resulting  between  sides  A and  B,  proportional  to  the  magnetic  field 
strength,  is  called  the  Hall  voltage.  The  fact  that  experimentally  the  Hall  voltage 
can  be  either  positive  or  negative,  demonstrates  that  both  holes  and  electrons 
can  be  responsible  for  electrical  conductivity.  This  is  the  Hall  effect. 
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CRYSTAL  CLASSIFICATION 

Crystals  ore  classified  jpitc  the  14  Bravais  lattices  of  Figure  12.1  according  to 
symmetry  axes  and  reflection  planes.  The  possible  symmetry  axes  consistent  with 
translational  symmetry  are  twofold,  threefold,  fourfold  and  sixfold,  correspond- 
ing to  rotations  of  180°,  120",  90"  and  60°  ^ respectively.  Each  lattice  point  of 
a Bravais  lattice  can  Correspond  to  several  atoms  or  molecules 
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BINDING  FORCES 

Valence  crystals  are  bound  by  electrons  being  shared  by  neighboring  atoms, 
while  metals  are  bound  by  each  electron's  being  shared  by  all  the  atoms.  Ionic 
crystals  are  bound  by  direct  Coulomb  electrostatic  forces.  The  fourth  type  of 
binding  is  due  to  permanent  or  fluctuating  electric  dipoles. 


LATnCE  VIBRATIONS 

Because  a solid  is  not  a continuous  medium  but  consists  of  discrete  atoms,  the 
equation  of  motion  leading  to  sound  vibrations  is  somewhat  different  from  the 
wave  equation  for  a continuous  medium.  Instead  of  all  frequencies  being  possi- 
ble, the  number  of  frequency  modes  is  equal  to  three  times  the  number  of  atoms 
(for  three  dimensions),  and  there  exists  a maximum  frequency  of  propagation. 
There  are  branches  of  the  CO  versus  k curves,  with  the  number  of  modes  in  each 
branch  equal  to  the  number  of  cells.  The  frequency  is  a periodic  function  of  k 
and  thus  k can  be  restricted  to  one  of  these  periods.  The  branches  of  modes  for 
which  CO  = 0 when  k = 0 are  called  acoustic  branches.  There  are,  in  general, 
one  longitudinal  and  two  transverse  acoustic  branches.  If  there  are  several  ip- 
equivalent  atoms  per  cell,  there  are  other  branches  which  are  called  optical 
modes  and  correspond  to  CO  lO'^/sec  near  k = 0. 

ENERGIES  OF  VIBRATIONS 

The  total  vibration  energy  of  the  crystal  is  the  sum  of  the  energies  associated  with 
the  individual  modes  The  energy  of  such  a mode  can  be  put  in  the  form  of  the 
energy  of  a harmonic  oscillator  witn  the  mass  of  the  crystal  and  the  frequency 
of  the  mode. 


QUANTIZATION  OF  LATTICE  VIBRATIONS 

The  quantization  of  a normal  mode  is  the  same  as  the  quantization  of  a har- 
monic oscillator.  The  possible  energies  are  (n  + V'2  )^TC0,  where  n = 0,  1,  2,.  . 
and  CO  's  the  angular  frequency  of  the  mode.  For  many  purposes,  it  is  convenient 
to  think  of  the  vibrations  as  composed  of  particles  called  phonons.  Then  the 
integer,  n,  is  considered  to  be  the  number  of  phonons  present. 


IATHCE  SPECIHC  ICAT 

At  high  temperatures  one  can  treat  lattice  vibrations  as  classical  harmonic  oscil- 
lators with  3N  modes.  The  equipartition  of  energy  theorem  then  gives  an  average 
energy  of  kgT  per  mode,  leading  tc  a specific  heat  of  3R  per  mole.  At  low  tem- 
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peratures,  because  the  energy  is  proportional  to  co  and  the  density  of  states  is 
proportional  to  k^dk  U)^doJ,  the  average  energy  is  proportional  to  J*  and 
the  specific  heat  to  7^. 

ELECTRON  ENERGY  BANDS 

Due  to  the  periodic  potential  energy  that  any  one  electron  sees,  the  electronic 
wavefunction  can  be  put  ip  the  form  of  a Bloch  function,  \p(r)  = Ae ' u(r), 
where  k is  a constant  vector  and  u(i)  is  a function  which  has  the  lattice  periodic- 
ity. Since  the  energy  is  a periodic  function  of  1^  k can  be  restricted  to  a Brillouin 
zone.  When  boundary  conditions  are  imposed,  it  is  found  that  if  N is  the  number 
of  cells,  there  are  N independent  I^S.  Then,  because  of  the  two  possible  orienta- 
tions of  electron  spin,  the  resulting  electron  energy  bands  contain  2N  states  each. 

EFFECTIVE  MASS 

If  at  a maximum  or  iTliniinom  of  £ versus  k at  k = 1(q  the  energy  varies  <qua- 
dratically  with  the  components  of  k — koy  by  analogy  with  the  free  particle 
energy  E = (fik)^ /2m,  one  can  find  an  effective  mass  for  each  direction. 

CONDUCTORS,  INSULATORS,  SEMICONDUCTORS 

Because  of  Fermi-Dirac  statistics  and  the  fact  that  there  are  2N  states  per  band, 
if  there  are  large  energy  gaps  between  bands,  then  at  normal  temperatures  a 
crystal  with  an  even  number  of  electrons  per  cell  has  the  bands  below  the  Fermi 
energy  completely  filled,  and  those  above  completely  empty.  Since  the  nearest 
empty  states  are  far  away  in  energy,  a reasonable  electric  field  gives  little  current 
and  the  crystal  is  an  insulator.  For  an  odd  number  of  electrons  per  cell,  the  Fermi 
level  is  in  the  middle  of  the  last  band  containing  electrons.  The  band  is  half-filled, 
and  since  unfilled  states  are  nearby  in  energy,  this  is  a conductor.  Likewise,  if 
there  is  overlap  in  the  last  bands  containing  electrons,  there  are  more  than  2N 
states  below  the  energy  gap,  and  there  are  unfilled  states  in  these  bands,  form- 
ing a conductor,  tf  there  are  an  even  number  of  electrons  per  cell,  but  the  energy 
gap  is  small,  there  may  be  a reasonable  number  of  electrons  in  the  conduction 
bond  at  room  temperature,  so  there  will  be  some  conduction  of  electricity.  The 
substance  is  then  called  a semiconductor. 


HOL£S 

The  empty  states  left  in  the  top  of  the  valence  band  of  a semiconductor  when 
electrons  go  to  the  conduction  band  act  as  if  they  were  particles  of  positive 
charge  e and  positive  effective  mass.  These  particles  are  called  holes.  They 
can  conduct  electricity  just  as  the  electrons  in  the  conduction  band. 


Problems 
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n AND  P-7YPE  SEMICONDUCTORS 

If  an  impurity  is  in  a semiconductor  and  has  one  extra  electron,  the  electron  is 
loosely  bound  and  is  easily  excHed  to  the  conduction  band.  The  impurity  is  called 
a donor.  Conduction  is  then  primarily  due  to  the  negative  electrons  and  the  ma- 
terial is  called  n-type.  A deficiency  of  one  electron  on  the  impurity  causes  the 
impurity  to  bind  an  electron  tightly  from  the  valence  band  leaving  a hole.  Ihe 
impurity  is  called  an  acceptor.  Ihe  positive  hole  conduction  leads  to  the  term 
p-type. 

HAH  EFTECT 

When  a potential  is  applied  to  a substance,  current  tends  to  flow  parallel  to  the 
electric  field.  If  a magnetic  field  is  applied  perpendicular  to  the  electric  field,  the 
charges  are  deflected  until  the  new  charge  distribution  produces  electric  forces 
equal  and  opposite  to  the  magnetic  forces.  Ihe  resulting  potential  difference  due 
to  the  charge  redistribution  is  the  Hall  voltage.  Because  electrons  and  holes  are 
deflected  in  the  same  direction,  the  Hall  voltage  has  opposite  signs  for  the  two 
IdrKis  of  conduction. 


problems 

1.  Sodium  has  Q body-centered  cubic  structure  with  two  atoms  per  cubic  C©ll.  The  density 

/ 3 

of  sodium  is  0.952  g/cm  , and  it:  atomic  weight  is  23.0.  Calcuiate  the  iength  of 
the  edge  of  a cubic  celi  and  the  smallest  distance  between  atoms. 

Answer:  4.31  Angstroms:  3.73  Angstroms. 

2.  Copper  has  a face-centered  cubic  structure  which  has  on  the  average  four  atoms  per 

3 

cubic  ceil.  The  density  of  copper  is  8.9  g/cm  ,and  its  atomic  weight  is  63.54.  What 
is  the  iength  of  the  edge  of  a cubic  celi,  and  what  is  the  smaliest  distance  between 
atoms? 

Answer:  3.62  Angstroms;  2.56  Angstroms 

3.  Show  that  a body-centered  rhombohedral  iattice  is  equivalent  to  a different  simpie 

rhombohedral  iattice. 

4.  Show  that  Q ba se-c e ntered  tetrogo  10l  la ttic e,  where  the  bases  are  the  square  faces, 
is  equivalent  to  a different  simple  tstrogonal  lattice. 

5.  The  diamond  structure  is  a fa c e-te n-tered  cubic  lattice,  but  with  two  carbon  atoms  per 
lattice  point  so  that  the  crystal  does  not  hove  the  full  cubic  symmetry.  It  has  the  sym- 
metry of  the  regular  tetrahedron  ins.teod  (equilateral  triangle  faces).  It  has  four  simi- 
lar threefold  axes,  three  similar  twofold  axes,  and  six  similar  reflection  planes.  Also, 
there  are  three  similar  axes  for  which  a rotation  of  90  , followed  by  reflection  about 
0 plane  perpendicular  to  the  axis,  returns  the  tetrahedron  to  its  original  configura- 
tion. Find  all  these  axes  and  planer.  If  the  inveisfon  were  added  and  combined  with 
all  these  operations,  one  would  obtain  the  complete  cubic  group  of  symmetry  opera- 


tions. 
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6.  The  rho mbohed ra i lattice  has  a threefold  axis,  three  similar  twofold  axes,  three  simi- 
lar reflection  planes,  and  the  inversion.  In  addition,  there  is  an  axis  such  that  q 60" 
rotation  followed  by  a reflection  about  a plane  perpendicular  to  the  axis  leaves  the 
structure  the  same.  Find  these  axes  and  planes. 

7.  In  liquation  (12.34)  the  results  for  (jC  versus  k were  given  for  the  lattice  vibrations  of 
a one  dimensional  crystal  of  alternate  masses  and  Ma.  Verify  these  results. 

8.  Suppose  a one  dimensional  lattice  consists  of  mOSS6S,  fXQ,  connected  by  springs.  If 
alternate  springs  have  spring  constantsK/a  and  K /O,  show  that  there  are  two 
b ra  nc  hes  g iven  by: 


if  a is  the  equilibrium  distance  between  alternate  mOSSes,  or  twice  the  distance  be- 
tween successive  masses.  To  solve  the  problem,  label  imOSSeS  with  springs  of  constant 
K/oto  the  right  by  displacements  , a nd  the  neighbor!  ng  masses  with  a spring  o f 
constant  K'/a  to  the  right  by  displacements  Write  the  two  equations  of  motion, 
one  for  each  of  these  types  of  mass;  then  assume  solutions  of  the  form; 


i/'n  = A cos(/cna)cos(co/ + ‘f») 

4>n  = 6 cos(/cna  + + 4>) 


where  A and  B am  constants.  The  phase  angle  is  determined  by  using  identities 

such  as  COS  (fcno  + (/cna)C0S  ^ sin  (/cno)  sin  4*0/30d  setting  coeffi- 

cients  of  sin(/cno)and  COs(/cno)  in  the  equations  of  motion  separately  equal  to  zero. 

‘9.  In  the  two  dimensional  lattice  shown  on  the  next  page,  each  mass  is  m,  anal  the 
springs  all  have  spring  c o nsta  nt  K and  equilibrium  tension  T.  The  horizontal  rOWS  are 
laboled  by  Z and  the  verticle  by  n.  For  small  displacements  in  the  plane,  the  forces 
on  the  massare  (displacementsare  ^and7|in  thexand  y directions); 


Fy  = -K{2v^,„  - ~ 


Assume  that^^^„  = i;osin  (nk,  a + i.  kyO  wt),  and  find  CtJas  a function  of/fj^and 
k,.  lf/(y  = 0,  a longitudinal  wave  results,  and  if/c^  = 0,  it  is  a transverse  wave. 
Another  branch  is  given  by  assuming  a similar  form  for  T}^  which  just  interchanges 
the  ro les  of  a nd  k, . 


Answer:  a; 


)t,a  + 
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10.  If  the  lattice  spacing  of  a one  dimensional  lattice  ot  atoms  of  mass  3.7  x 10 

is  3 Angstroms  and  the  effective  spring  conSant  is  15  x 10~^nt^meter,  what  is  the 
maximum  angular  frequency  of  waves  which  can  be  propagated  in  the  lattice?  Of 
what  angular  frequency  are  wcves  0-95  the  wavenumber  of  the  maximum  fre- 
quency waves? 

Answer:  4.03  x 1 0 sec  4.02  x lo'^sec”'. 

11.  The  maximum  phase  speed  of  an  elastic  wave  in  a one  dimensional  crystal  of  atoms 

of  mass  6.3  x 10~^^kg  is  3 x lO^cm/sec.  If  the  atom  density  is  3.14  x IQ®  per 
centimeter,  what  is  the  cutoff  frequency?  Describe  the  motion  of  neighboring  atoms 
at  this  frequency. 

Answer:  V = 3 x lO^^cpS;  180^  out  of  phase. 

12.  In  a one  dimensional  crystal  with  atoms  of  only  one  mass,  when  the  wavelength  of 

oscillations  is  100  times  the  interatomic  distance,  the  phase  speed  is  4 x 10^  Cm/sec. 
What  is  the  phase  speed  and  group  speed  when  k is  tt/o? 

Answer:  2.55  x 1 0^  cm/sec.;  0. 

13.  In  finding  the  kinetic  energy  for  q mode,  it  was  assumed  that 

N-l 

cos^  (kno)  = N if  k - ^ m = 0,  1, 2, 

n = o -2  No 

Prove  this  by  using  cos(kna)  = V2  + e ) and  the  formula  for  the  sum  of  q 

geometric  series  Also,  in  showing  that  modes  do  not  interfere  in  energy,  it  waS 
sumed  that 

N-l 

cos(kna)cos(k'na)  = 0 

n = 0 


if  k 5^  k”.  Prove  this. 

14.  If  the  density  of  vibrational  states  between  k and  k + dk  is  kdk/27r  in  two  dimen- 

sions, find  what  the  high  temperature  lattice  specific  heat  is  in  two  dimensions  and  on 
what  power  of  Tit  depends  at  low  temperatures 
Answer:  2/?/mole;  T^. 

15.  In  the  chapter  on  quantum  statistical  mechanics  it  was  found  that  the  heat  capacity 

per  mole  of  electrons  was  on  the  order  of  Rkg  T/Ef  , where  Ep  is  the  Fermi  energy 
and  R is  the  gas  constant.  To  measure  the  low  temperature  dependence  of  the  specific 
heat  of  a solid  lattice  due  to  phonons,  should  you  use  a conductor  or  an  insulator? 
Why? 
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16.  If  the  energy  in  a band  is  given  by  E{k)  = Eq  + /3[3  COs(k^z)  cos  — 

C0s(/c^o)cos(/f20)  -*“  C0S{/fyO)cos{ilc2O)],  w he  re  ^Qand  are  c o nsta  nts,  find  the  effec- 

tive muss  in  thex,  y and  z directions  at/(^=  ky  = k^  = 0,  and  at  k^,  = t/o,  ky  = 

k,  = 0. 

Answer:  = Wy  = = f>^/(2a  = -h^/(2a^  fi),  niy  = . 

17.  If  in  the  conduction  boild  of  Q conductor,  E = V2  k^/2m  * and  the  density  of 

2 2 3/ 

states  between  k and  k -f-  dk  is  k dk/lT  , show  that  the  overage  energy  is  of  the 

Fermi  energy  Ef , assuming  all  states  below  5fO  re  filled  and  all  states  above  Ef 

are  empty. 

18.  In  diamond,  the  gap  width  is  7 eV.  What  frequency  of  incident  eiectromagnetic  radio* 
tion  would  COUSCan  electron  to  go  from  the  valence  to  the  conduction  band? 

Answer:  1.6  8 9 x 1 C cps. 

19.  The  volence  band  and  conduction  band  of  several  crystals  are  separated  by  3.0  eV, 
0.3  eV,  and  0.00  eV  (overlap).  Describe  the  type  of  electrical  conductivity  exhibited 
by  each  c rysta  I if  the  re  a re  on  even  number  of  electrons  per  cell. 

20.  The  gap  width  of  silicon  is  1.21  ©V,  Arsenic  donor  atoms  in  silicon  have  an  energy 
0.046  eV  below  the  bottOID  of  the  conduction  band.  Make  a sketch  of  the  energy  level 
diagram,  roughly  to  SCO'S,  for  this  situation,  and  estimate  the  temperatures  at  which 
the  donor  levels  would  be  filled. 

Answer:  T « 5 3 3 K 

21 . In  a semiconductor,  the  effective  mass  m*  of  the  holes  and  electrons  are  the  same,  so 

that  the  density  of  states  between  k and  k -i-  dk  for  each  is  k^  dk/lT^ , and  the  energy 
above  the  bottom  of  the  conduction  band  or  below  the  top  of  the  valence  band 
(at  k = 0)  is  . The  Fermi  energyfpis  halfway  between  the  two  bands. 

Assume  that  the  gap  energy  E large  enough  so  that  1 /[e  ~ -i-  ] 

in  the  conduction  band,  and  the  distribution  function  is  approxi- 
mately  1 — e for  f the  valence  band.  If  the  bands  are  wide  compared 

to  kgT,  find  the  number  of  holes  per  unit  volume  in  the  valence  band  and  the  number 
of  electrons  per-unit  Volim6  in  the  conduction  band.  For  £g  = 1 eV  and  m*  equal  to 
the  true  electron  mass,  find  this  number  for  T = 273  K. 

Answer:  2(m/cT/27rfi^ 

22.  When  an  impurity  atom,  such  OS  arsenic,  in  the  fifth  column  of  the  periodic  table, 
replaces  on  atom  of  silicon  in  Q crystal  of  silicon,  there  is  one  extra  electron,  which 
effectively  sees  o charge  -i-e  at  the  position  of  the  arsenic.  Assuming  the  silicon  is  a 
medium  of  dielectric  constant  K = 11.9  and  the  average  effective  mass  is  0.4mj , 
calculate  the  binding  energy  of  the  electron  to  the  arsenic,  atom  in  electron  volts.  Also, 
calculate  the  radius  of  the  lowest  Bohr  orbit. 

Answer:  .038  eV;  is. 7 Angstroms. 

23.  If  a small  amount  of  indium  is  combined  with  germanium  to  make  a semiconductor, 
will  it  be  p-type  or  n-type? 

24.  In  the  semiconductor  germonium,  the  energy  gap  is  0.79  eV  in  width.  What  is  the 
wavelength  of  the  photon  which,  when  absorbed  by  a pure  germanium  crystal,  will 
create  an  electron-hole  pair?  At  what  temperatures  would  these  pairs  be  excited 
thermally  in  appreciable  numbers? 

Answer:  is, 700  angstroms;  9160K,  far  greater  than  the  melting  or  boiling 

po  int  of  G e . 

25.  If  silicon  is  doped  with  Q small  amount  of  aluminum,  would  you  expect  it  to  be  a 
p-type  or  n-type  semiconductor? 


3 probing  the  nucleus 


In  Chapters  8 and  9 atomic  structure  was  discussed  assuming  that  the  nucleus, 
which  actually  contains  over  99.94%  of  the  mass  of  the  atom,  is  simply  a point 
mass  carrying  a charge  7b,  where  Z is  the  atomic  number.  There  it  was  seen  how 
an  enormous  amount  of  experimental  data  can  be  assembled  into  a simple 
conceptual  scheme:  energy  level  structure  and  spectra  of  the  elements,  the 
periodic  table,  chemical  properties  of  the  elements,  x-ray  spectra,  and  so  on. 
These  phenomena  may  be  understood  quantitatively,  by  largely  ignoring  any 
internal  structure  the  nucleus  may  have.  However,  it  is  natural  to  expect  that 
the  nuclei  may  themselves  have  an  internal  structure  and  exhibit  a rich  variety 
of  phenomena,  particularly  if  sufficient  energy  is  given  to  the  nuclei  so  that  they 
can  approach  one  another  and  react  or  scatter  from  each  other. 

The  study  of  nuclear  structure  began  in  1896  with  the  discovery  of  radio- 
activity by  Becquerel,  and  since  fhen  it  has  been  of  major  concern  in  physics. 
In  this  chapter  we  shall  discuss  one  of  the  most  important  methods  used  in  the 
study  of  small  particles:  scattering.  In  a scattering  experiment,  a beam  of 
particles  of  some  type  is  produced,  which  may  be  described  by  some  parameters 
such  as  kinetic  energy,  charge,  mass,  spin  direction,  etc.  This  beam  is  allowed 
to  strike  a selected  target,  and  the  angles  of  deflection,  number  and  type  of 
recoil  particles,  losses  of  energy,  and  other  quantities,  are  observed.  This  in- 
formation may  then  be  used  in  formulating  a theory  of  the  forces  involved; 
or,  with  the  aid  of  a theory  or  model  of  the  scattering  process,  information 
may  be  obtained  about  the  internal  structure  of  the  target  particles.  For  example, 
Laue  spot  patterns  are  observed  when  x rays  are  diffracted  from  crystalline 
solids.  This  may  be  considered  as  a process  involving  scattering  of  the  x-ray 
photons  in  the  incident  beam.  By  observing  the  spot  patterns,  one  may  determine 
the  internal  structure  and  arrangement  of  the  atoms  in  the  crystal. 


3.1  A N UC  LEA  R MODEL 

For  simplicity,  in  our  first  discussions  of  the  nucleus  we  will  consider  a model 
in  which  the  nucleus  is  assumed  to  be  spherical  in  shape,  and  in  which  the  charge, 
Ze,  and  the  mass  are  uniformly  distributed  throughout  the  sphere.  Experiments 
show  that  these  assumptions  are  not  quite  correct  in  general,  but  we  should 
nevertheless  be  able  to  obtain  reasonable  estimates  of  nuclear  dimensions  using 
this  model. 
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Let  the  radius  of  the  sphere  in  this  model  be  R;  this  radius  is  the  distance 
from  the  nuclear  center  at  which  the  mass  and  charge  densities  fall  to  zero,  and 
is  somewhat  of  an  obsti^'OCtioD  because  in  real  nuclei  no  such  sharp  outer 
boundary  exists.  In  order  to  design  a scattering  experiment  which  would  reveal 
some  of  the  internal  structure  of  a nucleus,  one  would  first  like  to  have  a rough 
idea  of  the  radius  R for  a nucleus  of  a given  charge  and  mass. 

Imagine,  for  example,  a point  test  charge  Q,  such  as  an  electnDn,  placed  at  a 
distance  r from  the  center  of  the  spherical  nuclear  charge  distribution.  The  force 
on  this  test  charge  will  be  a function  of  both  r and  R,  and  hence  if  this  force 
could  be  measured.  R COt'ld  be  determined.  If  f is  greater  than  R,  so  that  the 
test  charge  is  outside  the  spherical  distribution,  then  by  Gauss'  law  the  entire 
charge  Ze  of  the  nucleus  may  be  considered  to  be  concentrated  at  the  center 
of  symmetry.  The  force  between  test  charge  and  nucleus  would  then  be  equal  to 
ZeQ/4irtor^.  However,  if  r is  less  than  R,  so  that  the  test  charge  is  inside 
the  nucleus,  then  by  Gauss'  law  only  the  charge  at  radii  less  than  r effectively 
acts  on  the  test  charge.  Since  the  nuclear  charge  is  assumed  to  be  uniformly 
distributed,  the  fraction  of  nuclear  charge  acting  on  the  test  charge  will  equal 

the  fraction  of  nuclear  volume  at  radii  less  than  f.  The  total  nuclear  volume  is 
4/  r»3  4/  3 

/3  irR  . The  volume  at  radii  less  than  r is  Trr  . Therefore,  the  fraction  of  nuclear 

charge  acting  on  the  te^  charge  is  equal  to  (r//?)^.  The  total  amount  of  nuclear 
charge  effectively  acting  on  the  test  charge  at  f < R is  then  equal  to  Zer^/R^, 
and  the  force  on  the  test  charge  is  equal  to  ZeQr/47T€oR^.  Summarizing,  the 
force  is  given  by: 

, ZeQ 

F = r,  for  r > R 

47Ttor'' 


R 2R  3R  4R 


Figure  13.1.  Graph  of  the  force  between  a test  charge  Q and  a spherically  symmetric, 
uniformly  distributed  nuclear  charge  of  finite  radius  R. 
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In  Figure  13.1  the  force  is  plotted  as  a function  of  r.  Thus,  for  a distributed 
charge,  at  small  radii  the  force  does  not  continue  to  approach  infinity  as  1/r^ 
but  approaches  zero  instead.  If  the  edge  of  the  nuclear  charge  distribution  were 
sharp,  there  would  be  a sharp  change  in  the  slope  of  the  graph  of  F(r)  at  a 
value  of  r equal  to  R,  the  nuclear  radius.  Then  if  we  could  place  a test  charge 
in  this  region,  we  could  measure  R.  Actually,  we  cannot  measure  forces  directly 
in  nuclear  physics,  but  we  can  measure  some  of  the  effects  to  be  expected  from 
different  potential  energies  of  interaction. 

2 UMITAT10NS  ON  NUCLEAR  SIZE  FROM  ATOMIC  CONSIDERATIONS 

From  the  above  considerations,  it  is  seen  that  for  radii  r > the  potential 
will  be  a Coulomb  potential.  By  (considering  deviations  between  theory  and 
experiment  for  hydrogen-like  atoms  with  heavy  nuclei,  we  may  obtain  some  idea 
of  the  value  of  R,  at  which  the  potential  ceases  to  be  Coulombic.  Thus,  in  the 
theory  of  the  hydrogen  atom  which  was  developed  in  Chapter  8,  the  calculated 
electron  energies  agree  with  expcriiment  to  at  least  six  significant  figures.  There 
it  was  assumed  that  the  nucleus  is  ci  point  charge,  with  R = 0.  In  the  1$  state 
of  hydrogen,  the  electron  spends  most  of  its  time  in  a region  of  space  at  radii 
comparable  to  the  Bohr  radius,  a = 47r6ot)^/me^  = 0.53  Angstroms.  The  fact 
that  the  agreement  between  theory  and  experiment  is  so  good  means  that  the 
nuclear  radius  R must  be  much  smaller  than  0.5  Angstroms.  To  put  an  upper  limit 
on  R,  we  observe  that  the  order  of  magnitude  of  the  electron  probability 
density,  | \p{r)  \ does  not  change  significantly  for  the  Is  state  for  radii  from 
r ^ 0 to  r ^ a.  Since  the  volurre  of  a sphere  of  radius  r is  47rr^/3,  the 
fraction  of  the  time  spent  by  the  electron  in  the  neighborhood  of  the  nucleus  is 
of  the  order  of  magnitude  and  because  the  theoretical  energy  is  correct 

to  at  least  six  significant  figuies,  we  should  have: 


or  R should  be  less  than  about  10  ^ Angstroms. 

We  can  go  farther.  In  a hydrogen-like  atom  with  nuclear  charge  Z,  the  radius 
of  the  first  Bohr  orbit  is  a/Z  In  the  heavy  elements  where  Z is  around  100, 
this  radius  can  get  as  small  as  about  0.005  Angstroms.  Moseley's  law,  which 
gives  x-ray  frequencies  based  on  a hydrogen-like  model,  is  in  good  agreement 
with  experiment.  The  argument  used  above  in  connection  with  the  hydrogen 
atom,  would  then  indicate  that  nuclear  radii  cannot  be  greater  than  around 
1 0 ^ Angsboms 

A fu.  meson  is  an  elementary  particle  which  has  charge  -e  and  a mass 
about  200  times  that  of  an  electron.  It  is  possible  for  a ^ meson  to  be  attracted 
to  a nucleus,  and  to  replace  an  electron  in  an  atom  to  form  a relatively  stable 
atom  with  the  ^ meson  in  a Is  Sta^^e.  The  equation  for  the  radius  of  the  Bohr 
orbit  is  the  same  as  for  the  hydrogen  atom,  but  with  the  mass  of  the  fx  meson 
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leplacing  the  mass  electron.  Ihis  radius,  is  inversely  proportional 

to  the  mass  and  is  around  0.00025  Angstroms  for  a Z of  10.  Ihe  binding  energies 
of  jx  mesic  atoms  may  be  determined  by  various  means,  and  it  is  found  that 
the  energies  begin  to  differ  from  that  expected  for  a pure  Coulomb  potential 
by  10%  or  so,  for  Z ^ 10.  This  means  that  the  ^ meson  is  spending  a significant 
part  of  its  time  at  radii  r inside  the  nucleus.  Using  the  argument  above,,  we 
find  very  roughly  that  (R/o^)^  < so  the  nuclear  radius  is  less  than  around 
0.00025/10^'^^  Angstroms,  or  about  10~^**  meters.  This  is  probably  an  over- 
estimata  of  the  nuclear  :;izo,  sirKe  \ if/  ^ is  largest  near  the  origin,  which  was  not 
taken  into  account 

The  point  here  is  that  in  the  ]$  state,  the  wavefunction  does  not  vanish  at  the 
nucleus  but  approaches  the  constant  value  l/'ioo  = '\/Al? ja^  as  r — ► 0.  Hence 
there  is  some  finite  probability  of  finding  the  electron  (or  meson)  in  the  region 
of  the  nucleus,  and  herice  the  internal  structure  of  the  nucleus  may  have  some 
effect  on  the  atomic  energy  levels.  In  lead,  for  example,  a Is  /X  meson  spends 
most  of  its  time  inside  the  nucleus  and  the  atomic  energies  are  changed  by 
large  factors.  For  lead,  Z = 82,  and  the  first  Bohr  orbit  of  a /i  mesic  atom  of 
lead  would  be  ^4x  10  ^ Angstroms. 

Historically,  nuclear  radii  were  known  to  be  of  this  general  order  of  magnitude 
long  before  mesic  atoms  were  discovered.  These  radii  were  found  by  Rutherford 
and  his  co-workers  by  allowing  a beam  of  heavy  charged  particles  of  high 
speeds  to  strike  a thin  foil,  and  observing  that  a few  of  the  incident  particles  W6T6 
deflected  through  large  angles.  To  produce  a large  deflection  requires  a lorQe 
force.  From  Figure  13.1  it  can  be  seen  that  the  maximum  possible  Coulomb  force 
i$  inversely  proportional  to  R^,  Hence  the  smaller  R is,  the  larger  is  the  maximurri 
possible  force,  and  to  hove  a large  force,  and  hence  a large  deflection,  R must  be 
very  small.  Quantitative  considerations  show  that  if  the  nuclear  charge  'were 
Spread  out  over  the  whole  atom-i.e.  R 1 Angstrom-then  the  particles  in  the 
incident  beam  should  sufFer  only  very  slight  deflections  due  to  Coulomb  forces. 
The  feet  that  large  deflections  ate  observed  means  that  the  nucleus  must  be  much 
smaller  than  an  Angstrom  in  radius.  Of  course,  it  is  possible  that  forces  other 
than  Coulomb  forces  are  present.  However,  as  will  be  discussed  later  in  this 
chapter,  Rutherford's  scattering  formula,  based  only  on  Coulomb  forces,  com- 
pletely explained  the  scatbering  results  down  to  very  small  radii. 

Because  of  the  rather  small  lengths  that  occur  in  nuclear  physics,  it  is  con- 
venient to  introduce  a jnil  of  length  comparable  to  nuclear  radii.  A unit  called 
the  fermi  (named  after  the  nuclear  physicist;  Enrico  Fermi)  is  frequently  used: 


1 fermi  =10  meters  = IQ  ^ Angstroms 


Thus  nuclear  radii,  on  the  basis  of  our  above  rough  estimates,  must  be  of  the 
order  of  several  fetmis. 
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3 SCATIERING  EXPERIMENTS 

A great  deal  of  useful  information  may  be  obtained  by  allowing  particles  to 
collide  with  various  targets.  In  investigating  the  structure  of  some  object  by 
means  of  a scattering  experiment,  it  is  desirable  to  use  a beam  of  incident 
particles  whose  de  Broglie  wavelengths  are  either  of  the  same  general  order 
of  magnitude  as,  or  less  than,  the  size  of  the  structures  being  investigoted . 
For  example,  in  the  scattering  of  > rays  by  a crystal,  Laue  spot  patterns  are 
formed  when  the  wavelengths  of  the  incident  photons  are  comparable  to  the 
lattice  spacings.  Similarly,  in  scattering  off  of  nuclei,  interesting  phenomena 
should  occur  when  the  wavelengths  of  the  incident  particles  are  of  the  same  order 
of  magnitude  as  the  lengths  characterizing  nuclear  structure,  a few  fermis.  If 
the  incident  particles  are  protons  of  wavelengths  \ 10  fermis,  the  protons' 

momenta  would  be  about  p = h/\  = 6.6  x kg  m/seC.  The  kinetic  energy 

would  be  p^l2m.  Since  the  proton  rest  mass  mo  = 1-67  x 10”^^  kg,  the  corre- 
sponding kinetic  energy  is  1.3  x 10  joules,  or  8.3  MeV,  This  is  roughly  the 
kinetic  energy  of  the  incident  particles  used  by  Rutherford,  Geiger  and  Marsden 
in  their  early  experiments.  To  decrease  the  proton  wavelength  to  X ^ 1 fermi, 
the  required  kinetic  energy  is  roughly  600  MeV,  in  the  relativistic  range.  The 
speed  of  the  protons  would  be  c^p/£  = 0.8c,  comparable  to  the  speed  of  light. 
To  get  electrons  of  wavelengths  X 1 fermi  requires  an  energy  of  this  same 
order  of  magnitude,  and  hence  the  electrons  would  have  speeds  very  close  to  that 
of  light.  The  smaller  X is,  the  larger  the  kinetic  energy  of  the  incident  particles 
must  be.  Therefore,  the  smaller  the  features  of  nuclear  structure  are  thot  we  wish 
to  detect,  the  larger  the  incident  kinetic  energies  muS  be. 

The  scattering  process  will  usually  depend  on  the  kinetic  energies  of  the 
incident  particles  in  an  important  woy.  Hence,  the  incident  beams  should  be 
beams  of  definite  known  energies  as  nearly  as  possible.  If  the  energy  is  really 
very  sharply  defined,  so  is  the  momentum,  and  so,  according  to  the  uncertainty 
principle,  the  position  of  an  incoming  particle  is  unknown.  The  incoming  beam 
would  then  be  described  by  a wavefunction  like  that  of  a plane  wave.  Consider 
a beam  of  particles  of  known  energy  traveling  in  the  x direction,  as  shown  in 
Figure  13.2.  Since  = 0,  the  uncertainty  in  is  zero,  and  the  y positions  of 
the  particles  are  unknown.  The  same  is  true  for  the  z positions.  Hence,  if  this 
beam  falls  on  some  target,  the  exact  positions  at  which  the  incident  particles 
will  strike  the  target  will  be  unknown.  The  target  may  consist  of  a solid  chunk 
of  material  or  a vial  of  liquid;  this  will  be  a piece  of  matter  of  macroscopic 
size  because  in  practice,  we  cannot  put  one  nucleus  in  a given  position  and  hold 
it  there,  unless  it  is  attached  rigidly  to  the  laboratory  apparatus.  In  a solid 
piece  of  material  as  big  as  1 mm  , we  do  not  know  exactly  where  the  nuclei 
are.  We  will  only  know  that  the  nuclei  are  distributed  in  some  fashion  through- 
out the  target.  Hence,  we  would  not  know  how  close  a particular  incident 
particle  could  come  to  a nucleus  6/60  if  we  knew  exactly  the  position  of  the 
incident  particle. 
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Hgure  13.2.  A beam  of  particles  traveling  in  the  x direction  and  ^king  a target 

Because  of  these  positional  uncertainties,  it  is  necessary  to  describe  the 
scattering  process  in  terms  of  probabilities.  If  the  beam  intensity  is  uniform 
across  the  target,  we  must  assume  that  an  incident  particle  is  just  as  likely  to 
fall  at  one  DOSition  on  the  taraet  as  on  anv  other.  In  Figure  13.3,  a target  of 


A3 

A2 


I 

Hgure  13.3.  Ihe  relative  probability  of  an  incident  particle  striking  an  area  A is  pro- 
portional to  the  area  A. 

area  1 m is  represented  as  it  would  appear  to  the  incoming  beam.  It  is 
oriented  with  its  area  perpendicular  to  the  beam,  and  divided  up  into  elements 
of  area  A,.  If  element  A2  has  twice  the  area  of  A,,  on  the  average  twice  as 
many  particles  should  fall  on  A2  as  on  A].  In  general,  the  probability  that  an 
incident  particle  falls  on  an  area  A is  proportional  to  A.  Suppose  that  a total 
of  N,  particles  per  square  meter  per  second  are  incident  on  the  target.  This 
number  N,  is  called  the  jnCfc/en/  densHy.  Then  the  number  of  particles  irKident 

on  the  area  A per  S6C0rid  would  be  given  by: 

Number  itKident  on  A per  second  = N,A  (13.2) 


13.4  CROSS-SECHONS 

Suppose  the  target  consisted  of  a large  number  of  circular  scatterers  of  ecjual 
area  o',  as  indicated  in  f’igure  13.4,  randomly  placed  throughout  the  target,  and 
all  oriented  so  that  the  circles  are  broadside  to  the  incident  beam.  If  there  are 
7)  of  these  scatterers  per  unit  area,  and  O is  so  small  that  no  two  circles 
overlap,  the  total  area  covered  by  the  circles  in  one  square  metBr  of  target  would 
be  Just  equal  to  7](T.  Then,  according  to  Equation  (13.2),  the  number  of  particles 
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o 0 

0 
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Hguie  13.4.  laiget  consisting  of  randomly  placed  circular  scattereis  of  area  (7. 
incident  on  the  circles  per  square  meter  per  second  is 

N,  = (13.3) 

The  area  (7  in  this  expression  is  called  the  fatal  scattering  cross-section.  We  may 
suppose  that,  whatever  the  scattering  process  actually  is,  one  may  represent  the 
probability  of  the  process  in  terms  of  an  effective  cross-sectional  area  (7,  in 
such  a way  that  the  number  of  particles  scattered  is  given  by  Equation  (13.3). 
A particle  in  the  incident  beam  falling  inside  (7  then  is  scattered,  a particle 
falling  outside  is  not  scattered.  In  actuality,  the  scattering  probability  may  be 
a rather  complicated  function  of  the  distance  of  the  incident  particle  from  the 
target  particle.  Equation  (13.3)  nevertheless  serves  as  a definition  of  (7,  If  (7  is 
not  known.  Equation  (13.3)  may  be  used  to  measure  (f  experimentally,  provided 
that  Tj  is  known  and  and  Nj  can  be  measuied. 

5 DIFFERENTIAL  CROSS-SECTION 

In  practice,  when  an  incident  particle  is  scattered,  it  may  be  deflected  through 
any  angle  d from  zero  up  to  180”.  The  scattering  angle  0 is  defined  in  Figure 
13.5.  A great  deal  more  information  about  the  scattering  forces  can  be  gained 
by  studying  the  number  of  scattered  particles  as  a function  of  angle,  than  from 
an  experiment  in  which  only  (7  is  found. 


IrKident  beam 
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We  can  think  of  the  area  (J  as  being  composed  of  nonoveilapping  infinitesimal 
areas,  c/o'  with  (7=y^da  da  is  that  part  of  the  total  cross-section  which 
corresponds  to  the  scattering  of  particles  into  some  small  range  of  angles  about 
6.  It  is  convenient  here  to  consider  the  number  of  particles  scattered  per  unit  solid 
angle,  into  some  small  range  of  scattering  angles  near  0.  The  solid  angle  dQ 
subtended  by  a section  of  a spherical  surface  of  radius  R,  between  the  angles  6 
and  0 + d6,  is  defined,  (IS  in  Figure  13.6,  by  c/12  = dA/R^,  where  dA  is  the 


Rgure  13.6.  Solid  angle  conesponding  to  an  increment  in  polar  scattering  angle  0. 

area  cut  off  on  the  sphere's  surface  between  the  two  cones  of  central  angles 
0 and  0 + d0.  In  terms  of  d0,  the  diffierential  solid  angle,  dU  is 

^^  = 27rRsin  d dd  (13.4) 


Thus,  dff{d)  is  the  cross-section  for  scattering  into  dl2. 

The  ratio  d(7/dQ  is  called  the  differential  cross-section.  If  c/Nj/c/12  is  the 
number  of  particles  scattered  per  unit  solid  angle,  per  unit  area  of  target 
material,  then  by  analogy  with  Equation  (13.3),  the  differential  cross-section  is 

dcr  c/Nj/c/12 

d 12  Nj-rj 

or  the  fraction  of  particles  scattered  into  angles  near  8,  per  unit  solid  angle, 
divided  by  the  number  of  scatterers  per  unit  area.  The  total  cross-section  is  then 


(7 


(27t  sin  0)  d0 


(13.6) 
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Suppose,  for  example,  that  the  scatterers  were  hard  spheres,  and  that  point 
masses  in  the  incident  beam  weie  scatbeied  elastically  upon  striking  the  spheres. 

Then  the  areas  ds  would  be  the  projections  of  thin,  ring-shaped  areas  on  the 
surfaces  of  the  spheres,  concentric  about  lines  through  the  center  of  the  spheres, 
parallel  to  the  incoming  beam,  as  in  Figure  13.7.  Since  the  various  ring-shaped 


Hgure  13.7.  Differential  scattering  area,  dff,  fora  hard  sphere. 

areas  ore  inclined  at  different  angles  to  the  beam,  they  scatter  the  particles 
through  different  angles. 

imple  If  the  areal  density  of  scatterers  is  7^  = 10^^  per  square  meter,  and  the  differen- 
tial cross-section  for  scattering  at  89.5"  is  da/dil  = 10“^'  m'  what  is  the 
fraction  of  the  particles  scattered  into  angles  between  89"  and  90  ? 

uflon  One  degree  is  about  1/57.3  radians.  The  solid  angle  between  89"  and  90"  is 

then  about  27T  sin  (89.5°)  A0  A(T  = d(r/dQ  Ai]  = 10 

The  effective  scattering  area  per  square  meter  of  target  material  is  then  T]A(T  = 
(1  1 0 = 10-s.  This  is  the  fraction  of  particles  scattered. 

mp/e  Suppose  a differential  cross-section  is  given  by  d(X/dQ  = COS^  0.  Find  the 
total  cioss-section. 

ution  ff  = f ^dU  = cos'  e (27r  ^„ddd)  = ^^  (-cos^d)  = 

J<o  dQ  X 3 0 3 


% 

liKoming 
paitic  les 
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13.6  NUMBER  OF  SCATTERERS  PER  UNIT  AREA 


Consider  a target  made  of  some  solid  material  which  has  a known  number  of 
scattering  centers  per  volume,  n.  If  the  target  is  a thin  slab  of  thickness 
t,  the  total  number  of  scattering  Centers  per  unit  area  will  be 

7]  = nf  (13.7) 

Thus,  the  fraction  of  particles  scattered  when  the  total  cross-section  is  (T,  will  be 

Ms 

^ = nta  (13.8) 


Usually,  the  number  of  scatterers  pet  unit  volume,  n,  is  not  given  directly  in 
tables,  but  the  density  p,  in  grams  per  cubic  meter,  is  known.  Also,  the  atomic 
weight  W is  given.  The  number  of  moles  per  cubic  meter  is  then  p/W.  The  number 
of  particles  in  one  mole  is  Avogadro'r.  number,  Nq  ==  6.022  X 10^^  per  grorn* 
mole.  Hence,  the  number  of  particles  or  scatterers  per  unit  volume  is 


NoP 

w 


(13.9) 


example  For  gold,  the  atomic  weight  is  W = 197.2  grams  per  g-mole,  and  the  density 
is  p = 1.93  X 10'  g/m^.  Since  Avogadro's  number  is  = 6.02  x 10^'\  the 
number  of  particles  per  unit  volume  is 


NoP  (6.02  X 10^^)(1.93x  10') 

W 197.2 


= 5.89  X lO^Vm^ 


Suppose  the  gold  is  a foil  of  thickness  / =6  x 10  ^cm.  If  the  cross-section 
for  scattering  into  angles  greater  than  1"  is  A(7  = 9.0  x 10  then  the 

fraction  of  the  incident  particles  that  ate  scattered  irtta>  angles  greater  than  1 is, 
from  Equation  (13.8), 

AN 

— = ntAa  = (5.89  X 10'®)(6  x 10“')(9.05  x 10''“) 

N, 

= 0.32 

13.7  BARN  AS  A UNIT  OF  C ROSS- SECTION 

In  nuclear  scattering  problems,  many  cross-sections  are  found  to  be  typically  on 
the  order  of  10  to  10  m^.  The  quantity  10  is  a large  cross-section, 

and  in  nuclear  problems  it  is  sometimes  taken  as  a unit  of  cross-section  (area) 


called  the  bum. 
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1 barn  = 10'^® 


Thus  a cross-section  of  4.2  x 10  would  be  0.042  bams. 

vple  If  a nucleus  is  a sphere  of  2.5  fermis  in  radius,  then  what  is  the  cross-sectional 
area  in  bams? 

2 

jfion  The  cross-sectional  area  of  a sphere  of  radius  r is  Tfr  . Here  r is  2.5  fermis,  or 
2.5  X 10~^^  meters.  Then  the  cross-sectional  area  is 

A =a(2.5xl0^'^)^=1.96x  lO"^’ 

= 0. 196  ba  rns 

This  cross-sectional  area  will  not  necessarily  be  the  same  as  the  scattering  CTOSS- 
section  because  the  forces  causing  scatbaring  may  extend  over  a larger  area. 

3.8  a AND  0 PARTICLES 

With  the  definitions  of  scattering  cross-section  given  above,  we  can  now  study 
one  of  the  earliest  experiments  giving  direct  evidence  about  the  nuclear  size.  This 
involved  the  scattering  of  alpha  particles  by  thin  metal  foils.  After  the  discovery 
of  radioactivity  by  Becquerel,  Rutherford  and  his  co-workers  studied  the  radi- 
ations given  off  by  uranium  and  found  there  were  two  types:  one  type  which  was 
easily  absorbed  by  thin  sheets  of  material,  and  another  type  which  was  very 
penetrating.  The  first  type  was  called  alpha  radiation  and  the  second  was  called 
beta  radiation.  Both  alpha  arxl  beta  rays  were  deflected  by  a magnetic  field,  but 
in  opposite  directions.  Also,  they  both  left  visible  tracks  when  they  passed  through 
a cloud  chamber.  Hence,  one  could  conclude  that  both  radiations  must  consist  of 
charged  particles.  It  has  since  been  established  that  beta  rays  are  high  speed 
electrons,  and  alpha  rays  are  the  nuclei  of  helium  atoms.  We  are  interested  here 
particularly  in  alpha  particles. 

In  Figure  13.8  is  a reproduction  of  a typical  cloud  chamber  photograph  of 
the  Ci  radiation  emitted  by  radioactive  nuclei.  The  (X  rays  leave  tracks  consisting 
of  tiny  droplets  of  liquid  condensing  on  ions  caused  by  the  passage  of  the 
particles.  By  studying  the  length  of  a track  (called  the  range),  the  initial  kinetic 
energy  of  the  (X  particle  may  be  determined.  From  a study  of  the  characteristics 
of  the  vapor  molecules,  it  has  been  determined  that  on  the  average  it  takes  about 
32  eV  of  energy  to  form  an  ion  pair.  Since  a small  droplet  condenses  around 
each  ion,  by  counting  droplets  0116  may  measure  the  total  energy  lost  by  the 
(X  particle.  It  has  been  found  that  the  number  of  ions  formed  per  unit  of  track 
length  is  neariy  constant,  except  near  the  end  of  the  path,  so  the  initial  kinetic 
energy  of  the  particle  is  a well-defined  function  of  the  range.  If  all  (X  particles 
coming  off  have  the  same  range,  then  one  could  infer  that  all  the  particles  have 
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Figure  13.8.  Cloud  chamber  photograph  of  alpha  rays,  showing  two  distinct  ranges 
corresponding  to  two  different  energies  of  the  emitted  alpha  particles. 

equal  kinetic  energies.  In  Figure  13.8  we  see  that  there  are  cj;  particles  of  two 
different  initial  kinetic  energies.  In  general,  the  (x  particles  emitted  by  nuclei  all 
have  discrete  energies.  These  kinetic  energies  have  been  determined  to  be  of  the 
order  of  magnitude  of  a few  million  electron  volts.  For  example,  one  a particle 
emitted  by  polonium  has  an  average  range  of  3.84  cm  in  air  at  15  C,  and  has  a 
kinetic  energy  of  5.30  MeV. 

Let  us  denote  the  charge  of  the  Oi  particle  by  Q and  its  mass  by  M.  The  chorge- 
to-mass  ratio,  Q/M,  may  be  determined  by  observing  the  deflection  of  the 
particles  in  both  electric  and  magnetic  fields.  The  charge  Q may  be  determined  in 
another  type  of  experiment  in  which  a known  number  of  particles,  N,  are 
captured  in  a chamber  and  the  total  charge  NQ  is  measured.  The  results  of  these 
experiments  are: 

Q=  +3.2  X 10' coulombs 
Q/M  = 4.84  X 10^  coul/kg 

SO 

M = 6.6  2 X 10“^^  kg 

The  mass  of  the  proton  is  = 1-67  x kg,  so  the  Ot  particle  mass  is  very 

closely  four  times  that  of  the  hydrogen  nucleus.  Also,  the  charge  Q is  two  times 
the  magnitude  of  the  electronic  charge.  This  suggests  that  an  OL  particle  is  a 
helium  nucleus.  Rutherford  established  that  this  is  the  case  by  collecting  (X 
particles  in  a tube,  where  they  attracted  electrons  to  form  atoms.  Then  he 
observed  the  emission  spectrum  of  these  atoms,  and  found  it  identical  to  that  of 
heliium. 
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3.9  RirtHERFORD  MODEL  OF  THE  ATOM 

Until  191  1,  the  structure  of  the  atom  and  the  size  of  the  nucieus  were  compieteiy 
unknown.  Many  physicists  feit  that  the  nuclear  material  occupied  most  of  the 
region  in  the  interior  of  the  atom,  i.e.  was  spread  over  a region  of  approximately 
one  Angstrom  in  diameter.  In  1911,  Rutherford  proposed  that  the  nucleus  occu- 
pied only  a small  region  compared  to  atomic  dimensions.  In  1913,  Geiger  and 
Marsden  reported  experiments  which  compieteiy  confirmed  the  predictions  of 
Rutherford’s  model  of  the  atom.  In  these  experiments,  aipha  particles  were 
scattered  from  thin  foils  of  various  metals.  While  quantum  mechanics  was  un- 
known at  that  time,  we  can  calculate  the  wavelength  of  the  (X  particles  used,  to 

see  with  hindsight  that  these  particles  were  suitable  to  use  in  the  experiments. 
The  a particles  had  an  energy  of  about  8 MeV,  Since  the  rest  energy  Mc^  is 
about  3750  MeV,  the  rest  energy  is  much  larger  than  the  kinetic  energy;  so  a 
nonrelativistic  treatment  of  the  motion  may  be  made.  Then  p = V 2M T,  where 
T is  the  kinetic  energy,  8 MeV.  Then,  numerically,  p = [2(6.6  x 10~^^)(8x 
1.6  X 10  j/MeV)]'^^  = 1.3  X 10”'*'  kg-m/sec.  The  de  Broglie  wavelength 

corresponding  to  this  momentum  is  = h/ p = 5 x lO  '^tTI  = 5 fermis,  about 
the  size  of  a nucleus  as  we  know  it  today.  In  the  experiment  of  Geiger  and 
Marsden,  a source  emitting  the  8 MeV  Oi  particles  wos  placed  behind  slits,  as 

shown  in  Figure  13.9.  These  slits  gave  a collimated  beam  of  particles  of  a single 


Figure  13.9.  Collimation  of  a beam  by  a slit-system,  to  produce  a beam  going  in  a 
well-defined  direction. 

energy,  all  traveling  along  essentiolly  parallel  paths.  Because  of  the  small  wave- 

length of  the  particles,  diffraction  by  the  slits  had  negligible  effect. 

When  a's  of  kinetic  energies  of  a few  McV  collide  with  an  atom  having  a 
nuclear  charge  Ze  and  Z electrons,  the  mass  of  the  electrons  is  around  Z/7000 

times  the  mass  of  the  cr.  Hence  the  (x  particle  simply  smashes  right  on  through  the 
electrons  without  any  appreciable  loss  of  energy,  somewhat  like  an  ortillery  shell 
passing  through  a wad  of  newspapers.  Thus  the  presence  of  atomic  electrons 
may  be  neglected  when  discussing  scattering  of  (X  particles.  We  may  then 
calculate  the  distance  of  closest  approach  between  a nucleus  and  an  8 MeV  (X 
particle,  assuming  that  the  force  of  interaction  all  the  way  in  is  a purely  electro- 

static Coulomb  force.  The  Coulomb  potential  energy  for  an  alpha  particle  of 
charge  2e  and  a nucleus  of  charge  Ze  is  2Ze^/47r£ol')  where  r is  the  distance 
between  centers.  If  all  the  kinetic  energy  were  converted  into  potential  energy, 

the  two  particles  would  be  as  close  together  as  they  can  get.  This  can  occur  only 
if  the  particles  collide  heodon,  and  even  then  only  in  the  frame  of  reference  in 
which  the  center  of  mass  is  at  rest.  In  any  other  frame  of  reference,  there  is 
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motion  of  the  center  of  mass  and  thus  some  kinetic  energy  which  cannot  be  con- 
verted into  potential  energy.  However,  if  the  nucleus  is  very  heavy,  as  is  the  case 
for  gold-which  was  often  used  in  the  early  experiments-the  nuclear  mass  is 
around  fifty  times  that  of  the  alpha  particle,  and  only  a few  percent  error  is 
made  using  the  laboratory  rather  than  the  center  of  mass  frame.  For  gold,  Z is 
79;  also,  l/(47Tto)  is  9 x 10^  numerically.  Therefore,  if  we  set  the  initial  Ct  par- 
ticle kinetic  energy  equal  to  the  potential  energy  at  closest  approach,  we  have: 

(8MeV)(  1.6  X l(D-"j/MeV)  = 9 x 10''(2)(79){  1.6  x 10“''’)Vf 

or  r = 28  fermis.  With  o target  made  of  silver,  the  smallest  possible  distoriiC6 
between  particles  is  17  fermis.  Since  these  distances  are  greater  than  the  sizes 
of  the  nuclei  (as  we  now  know),  it  is  quite  reasonable  that  the  Geiger-Marsden 
experiments  confirmed  Rutherford’s  predictions,  which  were  based  on  the  as- 
sumption that  the  nucleus  is  very  small;  so  the  forces  are  Coulombic  down  to 
very  small  distances.  If  the  nucleus  had  been  greater  in  size  than  around  20 
fermis,  if,  in  particular,  it  were  around  an  Angstrom  or  10^  fermis  in  size,  then 
the  scattering  experiments  would  hove  given  quite  different  results.  Thus  the 
agreement  of  the  experimental  results  with  Rutherford's  predictions  indicated  that 
the  nuclear  radii  were  less  than  17  fermis.  Actually,  we  know  today  that  the  radii 
are  a little  smaller  than  this.  The  results  of  many  experiments  on  measuring 
nuclear  sizes  by  electron  scattering,  OL  scattering,  etc.,  may  be  summarized  in 
the  approximate  formula: 

R =:  Ro  W'/®  (13.10) 

where  Rq  = 1.1  fermis  ond  W is  the  atomic  weight  of  the  nucleus.  We  shall 
discuss  the  physcal  significance  of  this  equation  later. 

13.10  RU'THERFORD  THEORY;  EQUATION  OF  ORBIT 

We  shall  now  give  an  example  of  a fheOfCticol  calculation  of  a cross-section  by 
discussing  the  Rutherford  Coulomb  scattering  theory  in  more  detail.  In  this  discus- 
sion, we  will  assume  that  the  scattering  nucleus  is  a point  charge,  7e,  fixed  at  the 
origin.  The  results  obtained  will  be  only  approximate  in  the  laboratory  system, 

because  the  nucleus  rebounds  to  some  extent  but  will  be  exact  in  the  center  of 

mass  system  if  the  particle  mass  is  replaced  with  the  reduced  mass  of  the  alpha 
nucleus  system. 

In  Figure  13.10  the  dashed  line  ||  represents  the  path  that  an  incoming  (x 
particle  would  follow  if  it  were  not  deflected  by  the  nucleus  at  0,  whereas  the 
actual  path  of  the  particle  along  the  heavy  curved  line  IS.  The  angle  of  scatter- 
ing, which  is  the  angle  between  the  incident  and  scattered  directions,  is  lob6l6cl 

in  the  diagram  by  the  symbol  Q,  The  shortest  distance  between  the  line  II  and 
the  origin  0 is  called  the  impact  parcimetef.  It  is  labeled  b on  the  diagram.  At 
any  point  on  the  trajectory  of  the  O'  particle,  the  position  may  be  labeled  by  the 
radial  distance  r and  the  angle  shown  in  Figure  13.8.  As  the  particle  Cip- 
prO'QcheS  the  nucleus  and  then  recedes  to  infinity,  $ decreases  from  7T  to  the 
final  scattering  angle. 
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Hgure  13.10.  F^th  of  an  alpha  particle  scattering  from  an  infinitely  massive  nucleus  of 
charge  Zb. 


Since  the  de  Broglie  wavelength  of  the  alpha  particle  is  smaller  than  the 
distance  of  closest  approach,  we  may  use  classical  mechanics  rather  than 
quantum  mechanics  to  analyze  the  motion.  Also,  the  speeds  involved  are  much 
less  than  c.  so  no nre la tivistic  mechanics  may  be  used.  The  equation  of  the 
(X  particle  path  may  be  obtained  from  two  conservation  equations,  conservation 
of  energy  and  conservation  of  anciular  momentum.  The  latter  conservation  law 
holds  because  the  Coulomb  force  is  a central  force,  so  there  is  no  torque  about 
the  origin.  The  resulting  expression  for  the  scattering  angle  in  terms  of  impact 
parameter  and  energy  is  given  in  Equation  (13.23);  we  shall  now  derive  this 
equation. 

Initially,  before  the  collision,  all  the  energy  is  kinetic,  Tq  = where 

Vq  is  the  initial  speed  of  the  alpha  particle.  Setting  the  sum  of  the  kinetic  energy 
and  potential  energy,  V = / Att , equal  to  the  initial  kinetic  energy,  we 

find  that 


(13.11) 


Here  dr/df  and  rd^/df  are  the  radial  and  tangential  components  of  velocity. 
The  initial  angular  momentum  about  the  origin  is  Th^f^  3t  all  times  the 

angular  momentum  is  the  same: 


M r 


d^> 

= Mvob 

df 


(13.12) 


We  can  solve  Equation  (13.12)  for  d ^/df,  and  express  dr/dt  in  the  energy  equa- 
tion, Equation  (13.1  1),  as  dr/df  - (dr/d^)(d^/df).  The  result  is: 


/drV  (vobf 
\d<r>/  r" 


+ 


+ 2Ze^ 
4x£of 


(13.13) 
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We  may  simplify  the  notation  by  defining  a constant  y as  follows: 

1 _ 

2^  l2ZeV47reo) 


Thus,  y is  twice  the  ratio  of  initial  kinetic  energy,  to  the  potential  energy  the 
alpha  particle  would  have  at  a distance  b from  the  nucleus.  Then  Equation 
(13.13)  can  be  written: 


Solving  for  d 


bdr/r^ 


(13.14) 


(13.15) 


The  integral  of  this  function  of  r may  be  found  in  most  integral  tables.  The  result 
is: 


<[>  - $0 


. -1  [(by/r)  + 1 

,in  ' 

_V  1 + y\ 


(13. 16) 


The  constant  of  integration  $q  may  be  evaluated  by  noting  that  at  the  initial 
position,  $ = a and  r - SO 


Hence. 


$0  = + sin  ' , 

Vi  + t' 


$ = 7T  h-  sin 


VT  + y^ 


+ 1 

. v^l  + y\ 


Solving  for  the  reciprocal  of  the  radius  r,  we  obtain: 

- = vT”  + sin  - sin“'  — ^ 1 ^ 

''by  y ^ yij  vT+  7^ 


(13.  I7j 


(13.18) 


(13.19) 


13.11  RUTHERFORD  SCATTERING  ANGLE 


The  outgoing  particle,  long  after  the  collision,  is  at  a distance  r = x , or  l/r  = 0. 
We  see  that  this  will  occur  in  Equation  (13.19),  when 


o r 


V 1 + 7* 


I 

\/"l  + 7^ 


(13.:20) 


= 2 sin  ^ - — - 

Vl  + 7^ 


(13.21) 
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This  value  of  $ corresponds  to  the  scattering  angle  19.  Thus, 


Also. 


sin 


1 


1 

-\/T~+ 


cot 


sin  16  & 


To 


47reob 

Ze' 


(13.22) 


(13.23) 


Equation  (13.23)  implies  that  for  a given  Jg,  the  smaller  b is,  the  larger  is  the 
angle  of  scattering.  If  b approaches  zero,  corresponding  to  a heodoD  collision, 
the  angle  of  scattering  approaches  180";  the  alpha  particle  is  scattered  straight 
backwards.  If  b approaches  infinity,  d approaches  zero,  corresponding  to  no 
collision  and  no  deflection. 


12  RUTHERFORD  DIFFERENTIAL  CROSS-SECTION 


Now  that  a relationship  between  the  scattering  angle  0 and  the  impact  param- 
eter b has  been  obtained,  we  may  proceed  to  derive  the  differential  cross-section 
d(r/di2.  Imagine  drawing  a circle  of  radius  b around  the  nucleus,  as  seen  by  an 
incoming  (X  particle.  This  is  depicted  in  Figure  13.1  1.  All  which  hit  inside  the 


Figure  13.1  1.  Circle  of  radius  b;  particles  striking  inside  the  circle  will  be  deflected 
through  angles  greater  than  that  given  by  Equation  (13.23). 


circle  of  radius  b will  be  scattered  through  angles  greater  than  the  angle  given 

by  Equation  (13.23), 


cot  - 6 
2 


4irf.Q 


(13.24) 


Hence,  the  cross-section  for  scattering  through  angles  greater  than  or  equal  to  d, 
which  will  be  denoted  by  6),  will  be  just  the  area  of  the  circle.  In  terms  of  b, 

this  is 

a[>  d)  = Trb^  (13.25) 


Using  Equation  (13.23)  to  express  b in  terms  of  we  find  the  cross-section  for 
scattering  through  angles  >6  to  be 


a(>0) 


,/Ze^y 

cot  ('/2  d) 

\47reoy 

^0 

(13.26) 


Consider  particles  which  hit  inside  the  ring  bounded  by  circles  of  radius  b and 
b + db,  shown  in  Figure  13.12.  Such  particles  will  be  scattered  into  angles 
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Figure  13.  12.  Differential  area 
within  the  range  of  angles  c/0. 

between  0and  d + dd.The 
differentiate  Equation  (13.23) 
of  scattering  angles  dd.  Sine  e 

db 


a re  a ofthisring  is  da 
to  find  db  in  terms  of 
d(cot  6)  = ~dd/s\r\^  0, 

1 / Ze^  \ dO 

2 \47T£oTo/  sin’  (Vi  d) 


corresponding  to  scattering 

= 27rbdb.  Also,  we  may 
the  corresponding  range 


(13.27) 


Therefore,  with  c/fi  = 2n  sin  d d6,  in  terms  of  d and  d6  the  differential  scattering 
cross-section  is 

da  _ I 2-!rbdb  \ if  Ze’  V cos('/2  d)  _ i / ze' _ i 

dU  dU  = 2\  4;rforo  sin’ (Vi  0)  sin  6 4 y42rfoTo/5in'‘ (V2  19) 


(13.28) 

since  sin  0-2  sin  (16  d)  cos  (16  d).  For  large  b,  cos  8/2  ~ 1 and  sin  8/2  8/2, 

SO  for  large  impact  parameters,  the  differential  cross-section  do/dQ  approaches 
infinity.  In  fact  if  we  tried  to  integrate  da  to  find  the  total  cross-section  a,  we 
would  find  that  (j  is  infinite.  This  reflects  the  fact  that  the  Coulomb  force  de- 
creases relatively  slowly  as  distance  increases.  We  say  it  is  a long-range  force.  In 
practice,  the  electrostatic  force  between  nucleus  and  alpha  particle  is  not  really 
long-range,  because  if  the  alpha  nuclear  distance  is  greater  than  a few  Ang- 
stroms, the  nuclear  charge  is  screened  out  by  its  bound  electrons.  Thus,  for  impact 
parameters  which  are  too  big  our  assumptions  break  down,  and  Equation 
(13.23)  no  longer  holds;  there  will  be  no  scattering. 


13.13  MEASUREMENT  OF  THE  DIFFERENHAL  CROSS-SECHON 

Figure  13.13  shows  how  the  differential  cross-section  might  be  measured  by  a 
movable  detector  of  fixed  area.  The  scattered  (X  particles  are  counted  by  a de- 
tec:tor  at  some  fixed  distance  i from  the  target,  which  is  arranged  so  that  it  may 
be  placed  at  various  angles  d relative  to  the  incident  direction.  The  detector  has 
an  area  AA.  Hence,  if  6 is  small,  the  detector  may  detect  all  of  the  particles  going 
into  dd,  but  if  0 is  large,  the  detector  may  detect  only  a small  fraction  of  the 
particles  going  into  dd.  This  is  simply  because  the  detector  area  is  fixed,  and  the 
scattering  is  azimuthally  symmetric;  that  is,  it  is  symmetric  about  the  direction  of 
the  incoming  beam.  The  5;olid  angle  subtended  by  ^ small  area  A at  a distance  [ 
from  the  target  is  AA/L^.  The  integral  of  Equation  (13.28)  over  this  solid  angle 
would  be  proportional  to  the  number  of  cv's  counted  in  the  experiment.  This 
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Detector  of  fixed 

area  Aa 


fractional  cross-section  times  the  number  of  particles  incident  per  unit  area  per 
second  should  give  the  number  of  particles  hitting  the  detector  per  second  per 
target  nucleus. 

The  result,  Equation  (13.28),  is  called  the  Rutherford  scattering  formula.  It  says 
that  the  effective  differential  scattering  cross-section  is  proportional  to  1 /stn^  0/2. 
If  this  result  is  combined  with  the  expression,  Equation  (13.8),  relating  the 
scattering  cross-section  and  the  numbers  of  pcirticles  scattered,  then  if  the  incident 
flux  density  is  N,-,  the  number  AN  scattered  into  the  detector  per  second  from  a 
target  of  area  1 square  meter,  thickness  and  n scatterers  per  unit  volume, 
will  be: 


for  AA/L^  small,  or 


A N . 


(into  detector)  AA  da 

~N,  " 


AN, 

N, 


AA  nt. 

f Ze^  ^ 

[8tt€oToJ 

^ sin"*  ('/2  0) 

(13.29) 


(13.30) 


The  most  important  result  here  is  the  sin  * (^/2)  dependence.  The  factors 
{AA/L^)nt  express  the  choice  of  detector  size,  geometrical  setup  in  the  lab,  choice 
of  scatterer,  and  thickness  of  scatterer.  The  quantity  dff/dQ  depends  on  the 
incident  particle  energy,  and  on  the  nature  of  the  interaction  between  a and 
nucleus.  Surprisingly,  quantum  mechanical  calculations  of  dcr/dQ  give  the  same 
result  for  the  cross-section  as  we  have  obtained  here  using  classical  mechanics. 

Let  us  summarize  our  derivation.  We  have  obtained  a specific  formula  for  the 
number  of  (x  particles  detected  if  the  force  between  nucleus  and  is  a Coulomb 

force.  The  problem  was  treated  by  using  classical  mechanics.  For  an  Oi  of  incident 
energy  Jq  and  impact  parameter  t>f  the  angle  of  scattering  is  given  by: 


COS 


1 

2 


47reoTo^ 
' Ze' 


(13.31) 
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All  particles  falling  within  a circle  of  radius  b,  drawn  centered  on  the  nucleus, 
will  be  scattered  through  an  angle  greater  than  6.  Particles  falling  in  the  area 
between  b and  b + db  will  be  scattered  into  the  angles  dd  where  dd  is  obtained 
from  db  by  differentiating  the  above  equation: 


|db  I 


Ze^  1/2 

4t(oTo  s\n^d/2 


dd  I 


(13.32) 


the  differential  ctDss-section  for  scattering  into  dd  is  then 

^ _ 27Tb  db  _ / Ze^  \ dd 
dfi  dil  \87r£oTo/ sin'*  ^/2 


Since  the  detector  area  AA,  i meters  from  the  target,  is  fixed,  the  detector  always 
subtends  a solid  angle  AA/L^.  So  the  fractional  cross-section  for  scattering  into 
the  detector  of  area  AA  is 


AAdff  _ AA/  Ze^  Y 1 

~ "F  \87r£oV 


For  an  incident  flux  of  N,  particles  per  unit  area  per  see,  the  number  of  particles 
scattered  into  the  detector  at  0,  from  a target  of  thickness  / and  n scatterers  per 
m^,  will  be  given  by: 


A.N;  _ AA  nf  Ze^  V 1 
~N~  ~ ~F  \8ireoW 


13.14  EXPERIMENTAL  VERIFICATION  OIF  THE  RUTHERFORD 
SCATTERING  FORMULA 

The  above  prediction  cori  be  used  in  several  ways.  The  number  of  a's  detected 
perS6Care  proportional  10: 

(1)  the  reciprocal  of  'in'*  (^/2); 

(2)  the  recipiocal  of  kinetic  energy  squared; 

(3)  the  square  of  the  nuclear  charge  Z 

There  are  other  dependences,  but  these  are  the  most  important.  Let's  consider 
them  in  order.  In  Table  13.1  are  given  some  experimental  results  for  scattering 
from  gold  foil  as  a function  of  scattering  angle.  According  to  the  theory,  the 
product  of  AN,  and  sin‘*(i9/2)  should  be  constant.  The  agreement  between  theory 
and  experiment  shown  in  the  last  column  is  reasonably  good;  that  is,  AN,  is  pro- 
portiona  I to  1 /sin'‘(0/2). 

In  another  set  of  experiments,  (X  particles  of  varying  velocity  were  scattered 
into  a detector  held  at  a fixed  angle.  According  to  the  scattering  formula,  AN, 
is  inversely  proportional  to  To,  snd  Tq  = (V2  A/Ivq)^.  So  AN,  is  inversely  propor- 
tional to  Vq.  In  Table  13.2  are  given  the  experimental  results  in  dimensionless 
form.  The  results  agree  well  with  the  formula. 
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TABLE  13.1  Scattering  of  Alpha  Particles  From  Gold  Foil 


Angle  of 
Deflection 

Number  of 
Scintillations 
in  Unit  Time 
AN, 

1 

sin^  6/2 

AN,  X sin"  6/2 

150” 

33.1 

1.15 

28.8 

135” 

43.0 

1.38 

31.2 

120” 

51.9 

1.7’9 

29.0 

105” 

69.5 

2.53 

27.5 

75” 

211 

7.25 

29.1 

60” 

477 

16.0 

29.8 

45” 

1435 

46.6 

30.8 

37.5” 

3300 

93.7 

35.3 

30” 

7800 

223 

35.0 

22.5” 

27,300 

690 

39.6 

15” 

132,000 

3445 

L 

38.4 

TABLE  1 3.2  Variation  of  Scattering  with  Velocity 


Range  of 
Alpha  Particles 

Relative  Values 
of  1 /v2 

Number  of 
Scintillations 
in  Unit  Time 
AN, 

AN,  X vj 

5.5 

1.0 

24.7 

25 

4.76 

1.21 

29.0 

24 

4.05 

1.50 

33.4 

22 

3.32 

1.91 

44 

23 

2.51 

2.84 

81 

28 

1.84 

4.32 

101 

23 

1.04 

j 

9.22 

255 

28 

In  another  set  of  experiments,  performed  by  Chadwick  in  1920,  copper,  silver 
and  platinum  foils  were  used  with  a's  of  fixed  energy  and  at  fixed  scattering 
angles  with  carefully  measured  geometrical  factors  AA/L^,  in  an  attempt  to 
determine  the  values  of  Z for  these  elements.  The  results  are  given  in  Table  13.3. 


TABLE  13.3  Nuclear  Charges  Determined  by 
a-Pcirticle  Scattering 


1 

Element 

1 

Nuclear  Charge 
Ze 

Atomic  Number 
Z 

Cu 

29.3e 

29 

Ag 

46. 3e 

47 

Pt 

77.4e 

78 

These  results  agree,  within  the  experimental  error,  with  the  Rutherford  scattering 
formula,  and  are  additional  evidence  for  the  extremely  small  size  of  the  nucleus. 
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13.15  PARTICLE  ACCELERATORS 

The  experiments  discussed  in  this  chapter  employed  Oi  particles  from  naturally 
occurring  radioactive  elements.  While  these  were  useful  for  the  pioneering 
scattering  experiments  in  nuclear  physics,  for  a detailed  investigation  of  nuclear 
forces  it  is  desirable  to  have  a wide  range  of  different  types  of  particles  avail- 
able. with  variable  energies  which  go  much  higher  than  the  8 MeV  available  in 
natural  (x  particles.  Therefore,  a number  of  methods  have  been  developed  for 
accelerating  particles  in  the  laboratory.  The  earlier  efforts  were  aimed  at 
obtaining  a high  difference  of  potential  between  two  points,  and  letting  charged 
particles  accelerate  between  the  two  points.  The  Van  de  Graaff  generator  was 
the  most  successful  of  these  accelerators.  It  utilizes  electro^atic  induction  methods 
to  obtain  the  high  voltages.  However,  it  is  limited  to  energies  only  slightly  higher 
than  the  8 MeV  CK  particles,  due  to  difficulties  in  insulating  between  even  widely- 
spaced  points,  at  several  million  volts  potential  difference. 

An  accelerator  called  the  cyclotron,  which  overcame  these  difficulties,  was 
developed  by  E.  0.  Lawrence  around  1932.  In  this  machine,  lower  potential 
differences  are  used,  but  the  particles  move  through  the  potential  differences 
many  times,  eventually  picking  up  a large  energy.  This  is  accomplished  by  in- 
jecting the  charged  particles  into  a magnetic  field  with  lines  of  force  oriented 
perpendicular  to  the  particle  velocities.  The  resulting  force  causes  the  particles  to 
move  in  circular  orbits.  The  particles  move  as  shown  by  the  dashed  line  in  Fig- 
ure 13.14,  inside  hollow  semicircular  conductors  called  dees.  An  alternating 
voltage  is  applied  between  the  dees,  with  a frequency  equal  to  that  of  the 
circular  motion  and  synchronized  with  the  passage  of  the  particles  across  the 
gap  between  the  dees,  in  such  a way  that  every  time  a particle  crosses  the  gap,  it 
is  accelerated  by  the  electric  field  in  the  gap  and  gains  an  energy  corresponding 
to  the  maximum  value  of  the  alternating  voltage.  One  may  easily  calculate  the 
necessary  frequency.  If  the  particle  has  charge  Cj,  speed  v and  mass  m,  and 
moves  in  a magnetic  field  6 with  a radius  r and  angular  frequency  w = v/r,  then 
the  magnitude  of  the  magnetic  force  is: 

f = qvB  = qrwB  ('i  3.36) 

2 

This  equals  the  mass  times  the  centripetal  acceleration,  a;  r.  So 

= qrwB  ( 13.37) 

o r 

w = qB/m  (1  3.38) 

The  frequency  is  then  This  result  is  independent  of  radius  if  relativistic 

changes  of  mass  with  speed  can  be  neglected.  This  is  very  desirable,  since  as  the 
particles  pick  up  energy,  their  radius  increases  until  they  eventually  get  to  the 
edge  of  the  dees,  where  they  are  extracted  to  give  the  particle  beam.  The 
limitation  on  the  energy  of  particles  accelerated  by  a fixed-frequency  cyclotron 
occurs  primarily  because  of  the  relativistic  increase  of  mass  as  energy  increases. 
Since  the  frequency  w is  inversely  proportional  to  mass,  the  particles  tend  to  get 
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Figure  13.14. 
of  the  figura. 


out  of  phase  with  the  applied  alternating  potential  at  higher  energy,  and  cease 
to  be  accelerated. 

One  way  to  overcome  the  relativistic  effect  is  to  make  the  magnetic  field  in- 
crease with  radius,  so  that  B/m  is  constant.  However,  this  tends  to  make  the 
particle  motion  along  the  magnetic  field  lines  unstable,  so  that  particles  are  lost 
by  hitting  the  dees.  This  may  be  cured  for  energies  up  to  a few  hundred  MeV,  if 
the  particles  are  nuclei,  by  making  the  magnetic  field  vary  periodically  around 
the  circular  path. 

One  way  of  overcoming  the  relativistic  increase  of  mass  effect  is  to  accelerate 
the  particles  in  bunches,  with  the  frequency  of  the  applied  potential  decreasing 
as  the  bunch  of  particles  gains  energy.  Such  machines  are  called  synchro- 
cyclotrons. When  one  bunch  gains  maximum  energy  and  leaves  the  machine,  a 
new  bunch  is  introduced. 

In  modern  high-energy  machines  in  the  billion  electron  volt  energy  region  or 
higher,  the  charged  particles  travel  in  evacuated  circular  tubes  which  may  be 
comparable  to  a mile  in  diameter.  Carefully  designed  magnetic  fields  keep  the 
particles  in  the  proper  path. 

Electrons  are  more  difficult  to  accelerate  for  high  energies  than  more  massive 
particles,  because  for  a given  kinetic  energy,  they  tend  to  lose  more  energy  in  the 
form  of  radiation  when  they  undergo  centripetal  acceleration.  Therefore,  elec- 
trons are  ordinarily  accelerated  to  very  high  energies  in  a linear  accelerator. 
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The  electron  beam  moves  down  the  center  of  a straight  line  of  cylindrical  metal 
segments.  The  length  of  each  segment  is  such  that  an  electron  spends  the  same 
time  inside  each  segment.  Thus,  if  an  alternating  potential  with  period  equal  to 
twice  that  time  is  applied  between  segments,  the  particle  can  go  through  the 
maximum  potential  change  every  time  it  crosses  a gap  between  segments.  To 
obtain  electron  energies  in  excess  of  10  billion  electron  volts,  the  linear  acceler- 
ator has  to  be  several  miles  long. 


siimmarv 


a PARnCLES 

Some  radioactive  heavy  elements  emit  a particles  with  energies  of  the  order  of 
4 to  8 MeV,  They  have  0 charge  Q = 2 e and  a mass  nearly  four  times  the 

proton  mas.  They  have  been  identified  as  helium  nuclei. 

SCATTERING  C RDSS-SECTION 

An  infinitesimal  scattering  cross-section  d(T  for  scattering  into  a given  range  of 
angles  c/fi  is  the  number  of  particles  scattered  into  dil  per  scattering  particle, 
divided  by  the  number  of  particles  incident  per  unit  area.  Hence  d 0 is  the 
effective  area  of  the  scatterer  for  scattering  into  dfi.  The  quantity,  d(r/dQ,  is 
called  the  differential  croSS-section.  If  the  scatterer  is  a thin  foil  of  thickness  i 
containing  n scattering  centers  per  unit  volume,  then  the  fraction  of  incident 

particles  scattered  into  dQ  is  ntdcf.  The  totol  cross-section  is  d(T,  and  is  the 

total  number  of  particles  scattered  per  scattering  particle,  divided  by  the  number 
incident  per  unit  area.  \\  is  the  total  effective  area  of  the  scatterer.  The  unit  of 
scattering  cross-section  the  barn:  1 barn  = 


DENSITY  OF  SCATTERERS 

The  density  of  scatterers  n per  is  given  by  n = pNo/W  where  p is  the  density, 
Nq  is  Avogodro's  numoer,  6.02  X 10^^  per/gm-mole,  and  W is  the  gram 
molecular  weight. 


RUTHERFORD  SCATTERING 


The  differential  cross-section  d(T/dii  for  particle  scattering  from  nuclei  of 
charge  Z is  given  by: 


\87r(o7'o, 


1 


d a 

dU 


sin’  d/2 
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NUCLEAR  SIZES 

Experiments  with  high-energy  electron  scattering  show  that  nuclei  are  roughly 
spherical,  and  have  radii  given  by  R = where  Rq  =1.1  fermis  and  W 

is  the  atomic  weight  of  the  element 


problems 


1.  Ihe  cross-section  for  interaction  of  neutrinos  with  nuclei  is  approximately  bams, 

What  thickness  of  itDn  could  cause  1 % of  the  neutrinos  in  a neutrino  beam  to  inter- 
act? For  iron,  p = 7.9  g/cm^. 

Answer:  1.2  x 10^^  meters,  or  around  10.7  million  miles  or  about  0.1  light  years. 

2.  Using  the  value  of  the  nuclear  radius  aS  given  in  Equation  (13.10),  calculate  the 
average  density  of  nuclear  matter. 

Answer:  3 x 10"  kg/m^. 

3.  Calculate  the  rest  energy  of  one  cubic  Angstrom  of  pure  nuclear  matter. 

Answer:  2.7  x 10^  joules 

4.  Scattering  of  particles  with  the  wavelength  h/p  by  an  obstacle  is  essentially  a dif- 
fraction effect.  If  the  obSacle  is  (j  hard  sphere  of  radius  a and  p » h/a,  argue 
that  the  total  cross-section  should  be  greater  than  ttq^.  As  p — > x the  cross-section 
approaches  27Ta^.  The  cross-section  increases  as  p decreases  Explain  why  this 
might  be.  As  p — ► 0 the  cross-section  approaches  47T0  four  times  the  geometrical 
cross-section. 

5.  A beam  of  electrons  with  10^^  electrons  per  second  per  square  meter  is  incident  on 

a gcs  The  scattering  cross-section  due  to  a gas  atom  is  How  many  elec- 

trons ore  scattered  per  second  by  ci  gas  atom? 

Answer:  100. 

6.  A solid  has  n atoms  per  unit  volume.  A beam  of  gamma  rays  incident  on  the  solid 
sees  a scattering  cross-section  of  o’.  In  going  the  infinitesimal  length  dx  out  of  N 
photons,  how  many  are  scattered?  What  fraction  of  the  gamma  rays  are  unscattered 
after  going  the  distance  x? 

Answer:  Nnadx, 

7.  An  alpha  particle  with  a speed  of  10*m/sec  moves  in  a circle  perpendicular  to  a 
magnetic  field  of  2 weber/m^.  Find  the  frequency  of  rotation  and  the  radius  of  the 
circle. 

Answer:  1.5  x 1 0^  rotations/sec;  1.03  cm. 

8.  Calculate  the  distance  of  closest  approach  to  a silver  nucleus  (Z  = 47)  of  12  MeV 
deutrons  with  charge  e 1 and  mass  about  twice  that  of  a proton. 

Answer:  5.6  fermis 

9.  An  alpha  particle  of  speed  1.55  x lO'^  m/sec  is  scattered  through  an  angle  of  25" 
from  a silver  nucleus.  What  was  the  impact  parameter? 

Answer:  61  fermis. 

10.  What  is  the  distance  of  closest  approach  of  Q 6 MeV  Cl  particle  to  a uranium 
(Z  = 92)  nucleus? 

Answer:  44  fermis 

A beam  of  8.3  MeV  a particles  is  incident  on  aluminum  foil,  and  significant  devi- 


11. 
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otions  from  the  njtherfoid  scattering  fomiula  aie  observed  for  scattering  angles 
gieater  than  60".  Assume  the  Q particle  has  Q radius  1.1  X \/4f  ermis,  atfo  e^mate 
the  radius  of  the  aluminum  nucleus. 

Answer:  4.6  femii& 

12.  Suppose  a beam  of  spherical  particles  of  radius  r is  ItKident  on  a material  consisting 
of  fixed  spherical  particles  of  radius  R if  the  scattering  is  the  same  as  that  of  elastic 
collisions  of  hard  spherical  particles  following  classical  mechanics,  show  that  the 
infinitesimal  cross-section  for  scattering  angle  fj  is 

da  = 7r(r  + R)^  sin  I/2  6 cos  I/2  6 = V2  Tr{r  t R)^  sn  6 dS 

VUhat  is  the  difforential  cross-section?  Integrate  to  show  that  the  total  cross-section 

is  7r(r  + 

13.  A plane  WQV6  e'^  representing  a beam  of  particles  with  momentum  p = in  the 
X direction,  can  be  expressed  Q$  a sum  of  woveflinctions,  each  with  definite  angular 
momerfiuTi: 

where  is  a constant  deperxiing  on  the  angular  momentum  quantum  number,  t , 
and  0 is  the  angle  relative  to  the  x axis  with  r the  radial  distance  (x  = f cos  0). 
The  scattering  can  then  be  found  for  the  individual  and  the  combination  gives 

the  total  scattering.  | [ a scattering  center  gives  scattering  out  to  radius  R and  none 
for  greater  radii,  argue  that  there  will  be  negligible  scattering  for  a \l>' ^ when 
t » kR.  As  the  momentum  goes  to  zero,  argue  that  we  need  to  consider  only  \pQ . 

14.  Compute  the  difFereritiol  scattering  cross-section  da/dU  for  scattering  of  protons 

off  gold  nuclei  into  the  angles  near  45°,  if  the  IrKident  proton  energy  is  4 MeV. 
Assume  Coulomb  forces. 

Answer:  94  barns/stereradians. 

15.  A silver  foil  of  thickness  10  ^ mm  and  area  4 mm^  is  used  as  a target  in  on  Oi  par- 
ticle scattering  experiment  with  a's  of  6.5  MeV  kinetic  energy.  The  irKident  flux  of 

particles  is  25  per  mm  per  minute.  How  many  a S per  minute  should  be  scattered 

2 

into  the  detector  of  area  1 cm  , placed  at  45"  relative  to  the  incident  beam  a dis- 
tance  5 cm  away  from  the  target?  For  silver,  p = 1X).5  9/cm  . 

Answer:  3 x 10”^  per  minute. 

16.  For  a certain  type  of  scattering  process,  particles  are  scattered  uniformly  in  all 
directions.  Ihen  how  should  do  depend  on  angle? 

17.  Alpha  particles  from  polonium  (Velocity  = L6  x lO*  m/sec)  are  directed  normally 

against  a gold  foil  of  thickness  4 x 10~^  cm.  Ihe  density  of  gold  is  19.32  g/cm^. 
VUhat  fraction  of  the  alpho  particles  are  scattered  through  angles  greater  than  135°? 
Answer:  5.9  x 1 0~*. 

18.  VUhat  fraction  of  5.7  MeV  a:  particles  incident  on  copper  foil,  p = 8.929  g/cm^,  of 

thickness  10~^  tnm,  will  be  scattered  through  angles  greater  than  90°? 

Answer:  1.4  x 10"^ 

19.  For  the  series  in  Problem  13,  take  \pQ{r,  0)  = (sin  kr)/kr,  and  assume  that  Aq  = 1 

with  the  other  A ^ negligible,  if  a hard  sphere  of  radius  R were  placed  in  the  path 
of  the  plane  wave,  the  wavefurKtion  would  then  be  0)  with  the  COO- 

. sin  (kr  + 6) 

stant  Bq  the  only  one  of  appreciable  szs.  For  the  "t  = 0 case,  \pQ  = . 

Show  that  to  satisfy  the  boundary  condition  at  r = R — 6 = kR,  Now  sin  (kr)  = 
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’/2  — e and  sin  ( k r -f  5)  = 72  i e Since  the  time  dependence 

is  e~'“^,  the  terms  in  parentheses  correspond  to  outgoing  and  incoming  waves 
spectively.  Thus,  for  the  incoming  WOVeS  to  be  the  same  with  and  without  the  sphere, 
- e '^Y2/  = — Bq  72  i e Find  Bq.  If  we  say  that  the  number  of  incident  particles 

per  unit  areo  unit  time  is  proportional  to  I argue  that  the  number 

scattered  per  unit  area  per  unit  time  is  proportional  to  l/(2/cr)^  ^ for 

k 0,  and  thus  the  differential  cross-section  is  — ! — (2  --  2 cos  2 k R ) = 111] 

4k^  k=0  ’ 

Show  that  for  k — ► 0,  the  total  cross-section  is  4ttR\ 
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The  experiments  on  (x  particle  scattering  give  direct  evidence  that  the  force 
between  a nucleus  and  on  (X  particle  is  a Coulomb  force,  proportional  to 
1/r^,  down  to  distances  of  the  order  of  several  fermis.  Hence  the  size  of  the 
nucleus  has  to  be  of  this  order  of  magnitude  {1  fermi  = 10  meters).  Later 
experiments  with  other  types  of  incident  particles  from  accelerators  have  estab- 
lished that  the  matter  in  the  nucleus  is  di^ributed  throughout  the  nuclear  volume 
with  nearly  constant  density,  and  that  the  radius  R of  a nucleus  of  an  element 
of  atomic  mass  W (in  amu)  may  be  expressed  by:  R = TqW'^^,  where  Tq  ~ 1.1 
fermis.  Nuclei  are  thus  seen  to  be  extremely  small,  compared  to  the  size  of  the 
atom.  In  fact,  in  an  ordinory  piece  of  lead,  99.978%  of  the  mass  is  contained 
in  about  0.000  000  000  000  000  04%  of  the  volume. 

It  is  the  aim  of  nuclear  physics  to  understand  the  internal  structure  of  these 
tiny  objects-how  they  are  held  together,  what  they  are  made  of,  and  how  they 
interact  with  each  other.  This  study  is  very  active  at  present,  and  there  are  a 
great  many  unsolved  problems.  In  contrast  to  atomic  physics,  where  the  basic 
principles  of  wave  mechanics  are  well  understood  and  where  these  principles 
have  almost  invariably  led  to  o quantitatively  precise  explanation  of  atomic 
phenomena,  in  nuclear  physics  the  basic  principles  are  only  qualitatively  under- 
stood and  accurate  numerical  calculations  are  extremely  difficult.  We  shall  begin 
by  looking  at  some  of  the  simplest  experimental  data.  Then  we  shall  discuss  the 
properties  of  stable  nuclei  and  some  models  by  which  we  can  understand 
qualitatively  the  gross  features  of  nuclear  structure. 


14.1  N UC  LEA  R M A SSES 

Over  a thousand  different  kinds  of  nuclei  are  now  known  to  exist.  Two  nuclei 
are  different  in  kind  if  their  charges  or  masses  are  different.  The  charge  Ze 
on  a nucleus  can  be  determined  in  a number  of  ways-by  particle  scattering,  by 
x-ray  production,  or  simply  by  chemical  or  spectral  identification  of  the  element 
whose  atoms  are  formed  by  electrons  surrounding  the  given  nucleus.  Nuclei  with 
about  100  different  values  of  Z are  found  in  nature.  All  nuclei  having  equal 
values  of  Z are  called  isotopes.  For  example,  the  element  calcium  (Z  = 20)  is 
found  in  nature  with  6 clifFerent  nuclear  masses  which  are  stable,  and  others 
which  are  not  Sable.  Therefore,  calcium  has  six  different  Sable  isotopes. 
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Some  nuclei  are  stable,  while  others  are  unstable  and  emit  radiations  in  the 
form  of  Oi  particles,  high-speed  electrons  or  positrons,  photons,  or  other  particles. 
In  this  chapter  we  shall  be  primarily  concerned  with  the  stable  nuclei,  those  which 
do  not  emit  radiations.  In  Appendix  3 are  given  the  measured  values  of  the 
atomic  masses  of  the  stable  nuclei  and  a few  of  the  more  interesting  unstable 
ones.  These  masses  are  based  on  the  assignment  of  exactly  12  units  of  mass  to 
the  most  common  carbon  isotope,  which  is  then  used  as  the  standard  of  mass. 
(NOTE:  These  are  not  nuclear  masses,  but  masses  of  the  entire  electrically  neutral 
atom.)  The  reason  atomic  masses  are  given,  rather  than  nuclear  masses,  is  that 
it  is  atomic  masses  which  ate  usually  measured  directly.  For  example,  the  mass  of 
22.4  liters  of  helium,  containing  Nq  particles,  could  be  directly  measured  and  the 
atomic  mass,  or  mass  of  one  atom,  could  be  derived  from  the  measurement. 
Another  way  atomic  masses  are  measured  is  by  ionizing  an  atom  (removing  one 
or  more  electrons)  and  then  accelerating  the  atom  through  an  electric  field,  thus 
giving  it  a known  energy.  The  charged  ion  is  then  allowed  to  pass  through  a 
magnetic  field.  By  measuring  the  deflection  of  the  ion  in  the  magnetic  field,  the 
ion's  momentum  can  be  determined.  If  both  momentum  and  kinetic  energy  are 
known,  the  ion  mass  and  then  the  atomic  mass  may  be  determined.  The  art  of 
using  electric  and  magnetic  fields  for  determining  atomic  masses  has  been 
developed  to  a high  degree. 

If  the  atomic  mass  is  known,  then  to  find  the  mass  of  the  nucleus  by  itself, 
one  should  subtract  the  masses  of  the  electrons  in  amu  from  the  atomic  mass: 

= 9.108  ><10~^^kg  = 0.000549  amu 

strictly  speaking,  the  mass  of  an  electron  bound  to  a nucleus  is  effectively 
slightly  less  than  the  electron's  rest  mass,  because  the  electron  has  more  negative 
potential  energy  than  it  has  kinetic  energy.  However,  these  binding  energies  are 
only  a small  fraction  of  the  electron's  rest  energy  and  can  be  neglected  when 
using  atomic  mass  tables.  A common  notation  is  to  denote  the  value  of  Z as  a 
subscript  to  the  left  of  the  symbol  of  the  element.  Thus,  iron  (Z  = 26)  is  denoted 
by  26^^®-  Oxygen,  with  Z = 8,  would  be  denoted  by  gO.  If  is  the  atomic 

mass  of  a nucleus  having  charge  Z,  and  if  is  the  electron's  rest  mass,  then 
the  nuclear  mass  is  given  to  sufficient  accuracy  by: 

zM  = zM„,  - Z m , (14.1) 

From  the  table  of  atomic  masse!,,  it  is  seen  that  the  atomic  masses  are  nearly 
integers,  when  the  masses  are  measured  in  atomic  mass  units  (amu).  The  integer 
nearest  to  the  atomic  mass  W is  called  the  mass  number  and  is  denoted  by  A. 
Thus  the  mass  number  of  the  isotope  of  zirconium  (Z  = 40),  with  an  atomic 
mass  W = 91.9046  omu,  is  A = 92.  For  a nucleus  of  a given  Z and  A,  in  addi- 
tion to  writing  Z as  a subscript  to  the  left,  the  value  of  A is  written  as  a super- 
script  to  the  right:  . Thus  the  Zirconium  nucleus  mentioned  above  would 

be  denoted  by 

jmple  From  the  table  in  Appendix  3,  the  atomic  mass  of  53!^^^  is  126.90435  Omu.  The 
mass  of  one  electron  is  the  mass  of  a proton,  1.0078  Omu,  divided  by  the  ratio 
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of  proton  to  electron  mass,  1836,  or  rrig  = .000549  amu;  so  the  mass  of  the 
electrons  in  53!*^^  Is  (0.00055)(53)  = 0.0292  omu.  Therefore,  the  nuclear  mass 
of  53!'^^  is  126.9044  - 0.0292  = 126.8752  aiDU. 


14.2  NEUTRONS  IN  THE  NUCLEUS 


The  fact  that  the  nuclear  masses  are  so  nearly  integral  multiples  of  a basic  unit 
suggests  that  a nucleus  of  mass  number  A is  built  out  of  A smaller  particles  of 
equal  or  nearly  equal  masses.  It  is  now  known  that  nuclei  are  basically  composed 
of  protons  and  neutrons.  Neutrons  are  electrically  neutral  particles  having  a mass 
nearly  equal  to  the  proton  mass.  However,  for  a time  it  was  thought  that  a 
nucleus  of  mass  number  A might  be  composed  of  A protons  plus  a number  of 
electrons  which  resided  in  the  nucleus,  thus  canceling  out  a part  of  the  protonic 
charge.  We  shall  consider  two  of  the  most  important  reasons  why  this  cannot  be 
an  accurate  picture  of  the  nucleus,  and  shall  then  discuss  the  properties  of 
nuclei  based  on  a proton-neutron  composition. 

A nucleus  has  a very  small  size,  several  fermis  in  diameter.  If  an  electron 
exists  inside  the  nucleus,  then  the  magnitude  of  the  uncertainty  in  position  of  the 
electron  will  be  roughly  Ax  m.  For  such  a small  uncertainty  in  position, 

the  momentum  uncertainty  will  be  very  large;  the  average  momentum  will  be  of 
the  order  of  magnitude  of  the  uncertainty  in  momentum,  and  from  this  the 
average  kinetic  energy  of  the  electron  in  the  nucleus  can  be  estimated.  For  an 
uncertainty  Ax,  the  uncertainty  in  momentum  will  be  Ap  ^ b/{4irAx).  The 
average  momentum  would  then  be  raughly 


P 


6.6  X 

(12.6)(10  '^) 


5x10^°  kg-m/sec 


100 


MeV 

C 


For  an  electron  with  rest  energy  of  about  0.5  MeV,  this  is  an  extreme  relativistic 
momentum,  so  the  energy  is 


£ = V(pc)'  + (macy  p c = 100  MeV 


Thus,  from  the  uncertainty  principle,  if  an  electron  is  confined  to  a region  around 
a fermi  in  size,  it  will  have  a very  large  kinetic  energy.  In  order  for  the  electron 
to  remain  in  the  nucleus,  it  must  be  bound  by  an  even  greater  negative  potential 
energy.  Since  the  negative  potential  energy  due  to  Coulomb  attraction  is  at  be^ 
a few  MeV,  that  would  mean  that  there  would  have  to  exist  a very  strong 
attractive  force  between  proton  and  electron  of  some  entirely  new  type.  There  is 
no  other  independent  evidence  in  nature  for  sjch  a Srong  force  between  electron 
and  proton. 

Also,  the  proton-electron  model  of  the  nucleus  does  not  give  good  values  for 
nuclear  magnetic  moments.  An  electron  has  an  intrinsic  magnetic  moment, 
ef)/2rr]  = l Bohr  magneton.  If  there  were  an  odd  number  of  electrons  inside  the 
nucleus,  then  the  unpaired  electron  should  give  rise  to  a nuclear  moment  of  1 
Bohr  magneton.  Instead,  nuclear  moments  are  more  nearly  of  the  order  of 
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eh/2Mp,  w h e re  Mp  is  the  proton  mass.  In  Bohr  magnetons,  et/2Mp  = 
0.00054  eh/2m. 

When  the  neutron  was  discovered  by  Chadwick  In  1932,  Heisenberg  immedi- 
ately suggested  that  nuclei  must  be  composed  of  neutrons  and  protons  Chadwick 
had  found  that  when  Ot  particles  are  incident  on  nuclei  of  486^,  a very  penetrating 
radiation  is  given  off.  Since  this  radiation  leaves  nO  visible  tracks  in  a cloud 
chamber,  it  is  uncharged.  Also,  the  radiation  has  the  property  that  when  passing 
through  any  material  containing  a large  proportion  of  hydrogen,  protons  are 
knocked  out  with  about  5 MeV  of  kinetic  energy.  Clhodwick  showed  that  these 
and  other  similar  experiments  could  be  understood  by  assuming  that  the  radia- 
tion consisted  of  uncharged  particles  called  neutrons  having  a mass  nearly  equal 
to  the  mass  of  the  proton.  The  neutron's  mass  has  been  determined  to  be 

1.0086652  amu,  Th^  neutron  is  denoted  by  the  symbol  qD  \ which  means  the 

mass  number'of  the  neutron  is  one.  Neutrons  have  been  found  to  take  part  in  a 

number  of  nuclear  reactions 

A nucleus  of  mass  number  A CCin  then  be  considered  to  be  composed  of  N 
neutrons  and  Z protons,  with 

N + Z = A (14.2) 

The  number  of  neutrons  in  a nucleus,  N,  is  called  the  neutron  number. 

The  different  kinds  of  stable  nuclei  may  be  characterized  by  giving  them  the 
numbers  N.  Z and  A.  Since,  from  Equation  (14.2),  there  is  one  equation  connect- 
ing N.  Z and  A,  it  is  necessary  to  give  only  two  (any  two)  of  these  three 
numbers.  Knowing  the  two  numbers  Z and  A corresponds  to  knowing  the  charge 
and  mass  of  the  nucleus  in  question.  The  N and  Z values  of  all  the  stable  nuclei 
are  given  in  Figure  14.1.  In  this  table  the  neutron  number  is  plotted  vertically 
and  the  proton  number  horlzontalUy.  A dot  at  a certain  point  with  coordinates 
(Z,  N)  represents  a stable  nucleus,  which  exists  with  Z protons  and  N neutrons. 
We  see  from  Figure  14.1  that  the  Sable  nucleus  2oCo  exiSs,  but  that  the  Sable 
nucleus  does  not  exiS. 

We  also  see,  for  example,  that  there  are  ten  stable  isotopes  of  5oSn.  Nuclei 
having  equal  numbers  of  neutrons  in  the  nucleus  are  called  isotones.  One  way  to 
remember  which  is  which: 

isotopes:  equal  numbers  of  protons 
isotones:  equal  numbers  of  neutrons 

As  an  example,  Figure  14.1  shows  that  there  are  three  stable  N = 14  isotones. 
Since  nuclei  are  conSituted  of  protons  and  neutrons,  these  fundamental  particles 
are  also  called  nucleons. 

.3  PROPERHES  OF  THE  NEUTRON  AND  PROTON 

In  attempting  to  understand  the  properties  of  large  nuclei  containing  up  to  240 
nucleons,  we  need  to  know  fir^t  what  the  fundamental  properties  of  the  nucleons 


Neutron  Number  N 
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themselves  are.  So  far,  we  have  discussed  charge  and  mass.  In  addition,  it  has 
been  found  that  neutrons  and  protons  both  have  intrinsic  spin  angular  momenta 
choractcrized  by  spin  quantum  numbers  of  16  . Nucllcar  spin  quantum  numbers 
are  denoted  by  I,  and  for  both  neutron  and  proton,  \ = V2  . These  spin  angular 
momenta  obey  the  same  rules  we  have  discussed  several  times  for  electron  spin 
and  orbital  angular  momenta.  For  example,  the  eigenvalue  of  the  square  of  the 
spin  angular  momentum  of  a nucleus  would  be  given,  in  terms  of  I,  by 

F = 1(1  + 1)  (14.3) 

Since  a nucleus  may  contain  several  nucleons,  I may  in  general  be  different  from 
V2  . Specifically  for  nucleons,  however,  since  \ = V2  > 


Nuclear  spin  angular  momenta  are  associated  with  the  presence  of  magnetic 
moments.  There  is  a simple  relation  between  magnetic  moment  /4  and  spin  I, 
which  is  customarily  written: 

eh  . 

,,-s— I 

where  Mp  is  the  proton  mass.  The  quantity  is  a unit  called  the  nuclear 

magneton.  It  is  y^33^  of  a Bohr  magneton.  Most  nuclear  magnetic  moments  are 
of  the  order  of  a few  nuclear  magnetons.  When  writing  the  magnetic  moment 
as  in  Equation  (14.5),  the  factor  g — simply  called  the  "gf  factor"-is  a pure 
number  of  the  order  of  magnitude  -5  to  +5,  which  must  be  determined  experi- 
mentally. In  Equation  (14.5),  the  (convention  is  adopted  that  the  mass  of  the 
proton,  rather  than  the  neutron  or  some  other  particle,  is  used  in  the  unit  efi/2Aip. 
Then  g has  some  value  that  cannot  be  predicted  accurately;  at  present,  there  is 
no  acceptable  theory  of  nuclear  moments. 

The  relation  between  and  I is  such  that,  if  the  nuclear  spin  can  have  21-1-1 
different  Z components  along  some  chosen  z direction,  then  the  number  of  differ- 
ent values  of  is  also  2/  + 1.  Thus,  if  a nuclear  spin  is  placed  in  a magnetic 

field,  the  energy  E = • B,  has  2/  -f  1 different  volues.  Hence,  in  a magnetic 

field,  isolated  protons  and  neutrons  have  two  different  energy  states.  The  gf 
factors  of  various  nuclei  can  be  measured  by  observing  the  frequencies  of  the 
photons  which  are  absorbed  as  the  nuclei  make  transitions  between  different 
states  in  a magnetic  field.  For  example,  in  a magnetic  field  of  0.5  w/m^,  protons 
absorb  electromagnetic  radiation  of  frequency  2.13  x 10'  cps  in  making  a 
transition  from  the  spin-down  to  the  spin-up  state.  Here,  AE  = hl^  = 2fJ.B. 
With  eh/2Mp  = 5.051  X 10”^^  joule/(weber/m^ ) and  / = ¥2  , the  proton's  g 
factor  is 

^ hv  ^ (6.62  X 1Q-^")(2.13  X 10^)  ^ ^ 

1/2  [2(eV2Mp)  6]  (5.05  X 10"^^)(0.5) 
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In  the  case  of  the  3li^  nucleus,  I = % and  the  measured  value  of  g is  2.1688. 
Therefore,  the  maximum  component  in  any  direction  of  the  nuclear  magnetic 
moment  of  3li^  is  (2.1688)  = 3.25  nuclear  magnetons.  Table  14.1  is  a brief 
summary  of  the  numerical  values  of  the  constants  characterizing  nucleons. 


TABLE:  14.1  Properties  of  Neutron  and  Proton 


1 

on 

1 

iP 

Charge 

0 

1 e 1 

Mass  (amu) 

1.008665 

1.007276 

Spin 

g factor 

-3.82  56 

-1-5.5856 

Magnetic  moment 

(nuclear  magnetons) 

-1.9128 

-1-2.7928 

14.4  THE  DEUTERON  ( ,H^) 


The  simplest  nucleus  which  contains  more  than  one  particle  consists  of  one  proton 
and  one  neutron,  and  is  called  a deuteron.  The  Z of  a deuteron  is  one.  Since 
the  deuteron  has  a charge  + e | and  a mass  number  A = 2,  it  is  an  isotope 
of  hydrogen.  Since  the  nuclear  mass  is  different  from  that  of  ordinary  hydrogen, 
the  hydrogen-like  atomic  energy  levels  will  be  shifted  slightly  away  from  the 
values  they  have  in  hydrogen.  These  energy  shifts  can  be  used  to  measure  the 
deuteron’s  mass  in  terms  of  the  proton  mass  Mp.  The  experimental  values 
of  the  Rydberg  constants  in  cm-’  for  ,H'and  iH^are: 

Rh  = 109,677.581  c m - ‘ , for  ,H' 

Rd  = 109,707.419cm  for  ,H' 


The  ratio  of  these  two  numbers  is  just  the  ratio  of  the  reduced  masses,  so: 


From  this  we  can  calculate  the  ratio  of  mass  of  the  deuteron  to  mass  of  the 
proton.  With  m,/Mp  = we  obtain: 

— = 1.9985 
A^p 

Then,  in  amu,  the  deuteron  mass  is  2.013.  This  illustrates  how  information  about 
nuclei  can  be  obtained  by  studying  the  interaction  of  nuclei  with  electrons. 

More  accurate  mass  values  for  the  deuteron  may  be  obtained  by  observing  the 
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deflections  of  deuterons  in  electric  and  magnetic  fields,  or  by  observing  the 
behavior  of  deuterons  in  nuclear  reactions.  Ihe  value  of  the  deuteron's  mass, 
from  Appendix  3,  is: 

1 Mg,  — me  = 2.014102  — 0.000549  = 2.013553  amu 

Ihe  deuteron's  mass  is  not  equal  to  the  sum  of  the  neutron  and  proton  masses, 
whic  h is: 

Mp  = 1.007276  amu 
+ Mm  = ^008665 

= 2.015941  amu 

Thus,  the  total  rest  mass  of  the  deuteron  is  less  than  the  sum  of  the  rest  masses 
of  its  constituent  particles.  This  means  that  the  system  is  bound.  This  is  due  to  an 
attractive  force  between  neutron  and  proton,  and  a negative  potential  energy  of 
interaction.  If  the  system  is  bound,  then  it  is  necessary  to  add  energy  to  the 
system  to  separate  it  into  its  component  parts.  The  amount  of  energy  needed  to 
separate  the  system  into  its  constituents  and  place  them  at  rest  infinitely  distant 
from  each  other  is  called  the  binding  energy,  E^.  The  binding  energy  of  a bound 
system  is  always  positive. 

The  binding  energy  of  the  deuteron  may  be  computed  as  follows:  The  re^  mass 
after  separating  the  nucleus  into  parts  = Mp  + = 2.015941  omu;  the  rest 

mass  before  separating  the  nucleus  into  parts  = = 2.013553  amu;  the 

difference  between  these  masses  is  due  to  the  addition  of  energy,  in  this  case  an 
amount  equal  to  the  binding  energy;  therefore,  the  binding  energy  will  be  given 
by  ffa/c^=  A4p  + Mn  ™ M(j  = 0.002388  omU;  since  1 omu  is  equivalent  to 
931.48  MeV,  we  find  that  the  binclillQ  energy  in  MeV  is  E^j  ~ 2.224  McV.  This 
is  extremely  large  compared  to  atomic  binding  energies. 

The  existence  of  a large  value,  2.224  MeV,  for  the  deuteron's  binding  energy 
indicates  the  presence  of  a strong,  attractive  force  between  neutron  and  proton. 
The  deuteron  can  be  made  to  disintegrate  by  irradiating  it  with  a beam  of  high 
energy  y-ray  photons.  If  the  energy  of  a photon  is  greater  than  the  binding 
energy,  the  deuteron  can  absorb  the  photon  and  be  dissociated  into  a proton 
and  a neutron  with  some  kinetic  energy.  This  process  is  called  photodisintegration 
and  is  observed  experimentally  to  occur,  provided  the  incident  y energy  is 
greater  than  the  minimum  2.224  MeV,  called  the  threshold  energy. 

The  spin  and  magnetic  moment  of  the  deuteron  are  also  of  interest.  The 
nuclear  force  between  nUcleODS  is  i^ound  to  depend  very  strongly  on  the  relative 
orientation  of  the  spins;  for  a neutron  and  a proton,,  the  state  of  lowest  energy 
is  one  in  which  the  nuclear  spins  are  lined  up.  The  spin  quantum  numbers  of  both 
n and  p are  V2  If  the  spins  are  parallel,  then  assuming  there  is  no  orbital 
angular  momentum,  the  spin  quantum  number  of  the  deuteron  should  be  Iq  = 1. 
If  is  found  experimentally  that  this  is  the  spin  quantum  number  of  the  deuteron. 
In  contrast  to  the  hydrogen  atom,  which  has  infinitely  many  bound  states,  the 
deuteron  has  only  this  one  bound  State  with  spins  parallel. 

let  us  next  consider  the  magnetic  moment  of  the  deuteron.  From  Table  14.1, 
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the  magnetic  moment  of  the  neutron  is  antiparallel  to  its  spin.  The  magnetic 
moment  of  the  proton  is,  on  the  other  hand,  parallel  to  its  spin.  So  if  the  spins 
of  n and  p are  parallel,  the  two  magnetic  moments  should  therefore  be  in 
opposite  directions,  or  antiparallel.  If  this  is  the  case,  then  we  might  expect 
that  the  magnetic  moment  of  the  deuteron  would  be  equal  to  the  difference 
between  the  magnetic  moments  of  proton  and  neutron.  This  difference  is 

Mp  Mn  = 2.7928  ^ 1.9128  = 0.8800  nuclear  magnetons 

The  actually  measured  value  of  the  moment  of  the  deuteron  is  +0.8574  nuclear 
magnetons.  This  agiees  quite  well  with  the  above  lesult  but  theie  is  a diffiBience 
of  0.0226  nuclear  magnetons,  which  has  not  yet  been  explained. 


14.5  NUCLEAR  FORCES 

In  order  for  a neutron  cind  a proton  to  form  a bound  state,  it  has  been  said 
that  a strong  attractive  force  must  exist  between  the  two  particles,  and  that  the 
force  will  be  spin-dependent.  Although  from  experimental  studies  of  the  scatter- 
ing of  nucleons  off  nucleons,  semi-quantitative  statements  can  be  made  about 
such  strong  interactions,  the  basic  force  law  is  not  completely  known.  One  way 
to  study  the  interaction  is  by  scattering  neutrons  off  proton  targets.  A way  to 
interpret  the  data  is  to  assume  the  potential  energy  of  interaction  between  the 
particles  is  a certain  matihematical  function,  then  solve  the  Schrodinger  equation 
to  find  what  the  scattering  cross-section  should  be  for  that  potential.  If  the  piedk- 
tions  agiee  with  experiment,  this  would  be  evidence  that  the  assumed  potential  is 
correct.  Thus  we  do  not  deal  directly  with  a force,  but  rather  with  a potential 
eneigy  in  nuclear  physics.  In  Hguie  14.2  is  given  a potential  eneigy  as  a function 
of  distance  r between  neutron  and  proton,  which  explains  the  scattering  data  for 
incident  neutron  energies  up  to  10  MeV  or  so.  The  potential  varies  somewhat, 
depending  on  the  relative  spins  of  the  two  particles.  The  interaction  potential  is 


V(r) 


Figure  14.2.  Neutron-proton  interaction  potential. 
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essentially  zero  until  the  particles  come  to  within  ^ 2 fermis  of  each  other,  and 
then  drops  down  to  a very  low  value,  about  -22  MeV.  Such  a function  is  called 
a pofenfial  we//.  The  exact  shape  of  the  well  is  not  too  important;  in  fact,  one 
could  draw  several  other  curves  which  have  the  same  general  shape  as  that  in 
the  figure,  and  which  explain  the  data  equally  well.  They  might  differ  in  details, 
such  as  in  the  sharpness  of  the  bend  upwards  at  r = 2 fermis,  in  whether  the 
bottom  of  the  well  slants  a little,  and  so  forth.  One  of  the  most  important 
features  of  this  potential  is  that  it  is  of  very  short  range  and  goes  to  zero  at 
a range  of  about  2 fermis. 

In  proton- proton  scattering  experiments,  as  contrasted  with  neutron- proton 
scattering,  it  is  to  be  expected  that  if  the  distance  of  closest  approach  is  greater 
than  the  proton  diameter,  the  potential  energy  of  interaction  should  be  just  a 
Coulomb  potential.  It  is  found  that  if  the  incident  proton's  kinetic  energy  is  large 
enough  for  the  protons  to  penetraie  the  repulsive  Coulomb  potential  and  come 
within  a few  fermis  of  each  other,  then  the  potential  energy  of  interaction  be- 
comes large  and  negative.  This  conclusion  is  reached  by  interpreting  the  scatter- 
ing data  in  a fashion  similar  to  that  used  for  neutron- proton  scattering.  The 
potential  of  interaction  is  plotted  in  Figure  14.3.  Apart  from  the  Coulomb 
V(r) 


Figure  14.3.  Proton-proton  interaction  potential. 

repulsion  of  protons,  the  interaction  between  two  protons  is  essentially  the  same 
as  that  between  a neutron  and  proton.  That  is,  the  ^'nucleor^'  ^ the  potential 

is  the  same  in  both  cases.  Exporimerits  on  neubon-neubon  scattering  also  indicate 
that  the  neutron- neutron  potential  is  the  same  as  the  neutron- proton  potential. 
Thus,  the  nuclear  part  of  the  interaction  between  two  nucleons  is  charge- 
independent;  that  is,  the  nuclear  potential  between  two  nucleons  does  not 
depend  appreciably  on  the  charge:;  of  the  nucleons.  The  intemuclear  potential 
between  any  two  nucleons  is  of  thci  form  of  a potential  well.  The  range  of  the 
potential  is  approximatsly  2 fermis,  and  the  well  depth  is  about  22  MeV. 

While  the  description  of  low-energy  interactions  of  two  nucleons  may  be  ex- 
plained by  a simple  potential  model,  when  many  nucleons  interact  the  theory 
becomes  much  more  difficult.  One  rriight  expect  that  with  the  two-body  potential 
discussed  above,  each  of  the  nucleons  in  a nucleus  would  be  attracted  by  every 
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other  nucleon,  and  all  would  be  within  about  2 fermis  of  each  other.  This 
contradicts  the  fact  that  the  observed  radii  of  nuclei  increase  as  W so  that 
the  nuclear  density  is  approximately  constant.  Thus,  the  nucleons  in  a nucleus 
actually  tend  to  stay  a distance  apart  about  equal  to  the  range-2  fermis-of 
the  interaction.  If  all  nucleons  in  the  nucleus  stay  an  average  distance  from  their 
nearest  neighbors  which  is  — 2 fermis,  and  the  range  of  the  force  is  2 fermis,  a 
given  nucleon  can  jnt6rOCt  with  only  a few  other  nucleons  at  any  given  instant. 
This  is  partially,  but  not  completely,,  accounted  for  by  the  exclusion  principle, 
which  tends  to  prevent  identical  spin  particles  from  being  at  the  same  position 
with  the  same  spin.  Also,  nucleon-nucleon  scattering  data  at  higher  incident 
kinetic  energies  reveals  thot  at  even  shorter  distances,  less  than  1 fermi, 
the  nucleon-nucleon  potential  becomes  repulsive  rather  than  attractive;  this  also 
tends  to  keep  nucleons  in  a nucleus  from  staying  too  close  together. 


14.6  YUKAWA  FORCES 

In  1935,  H.  Yukawa  proposed  that  the  nuclear  force  was  produced  by  emission 
and  absorption  of  particles.  The  following  mechanical  analogy  might  make  this 
seem  reasonable:  Imagine  two  people  standing  on  carts  and  throwing  bricks  at 
each  other,  as  in  Figure  14.4.  When  one  throws  a brick,  he  acquires  a net 


Hguie  14.4.  A repulsive  force  between  two  objects  is  generated  by  a mass  thrust  back 
and  forth. 

momentum  in  the  backward  direction.  When  the  other  catches  the  brick,  he  also 
acquires  a momentum  in  the  backward  direction.  If  they  throw  and  catch  many 
bricks,  there  will  tend  to  be  a net  repulsive  force  between  them.  In  order  for 
there  to  be  an  attractive  force,  rather  than  a repulsive  one,  they  must  not  throw 
bricks  away,  but  they  must  pull  bricks  awoy  from  each  other;  in  other  words, 
the  force  between  a man  on  a cart  and  a brick  muA  be  attractive. 

Similarly,  if  nucleons  interact  by  exchanging  particles,  as  indicated  in  Figure 
14.5,  an  attractive  force  could  be  produced.  We  can  make  some  rough  ord6r*of- 
magnitude  estimates,  based  on  the  uncertainty  principle,  for  the  mass  of  the 
exchanged  particle.  Suppose  we  have  two  nucleons,  about  2 fermis  apart, 
interacting  by  emitting  and  absorbing  particles.  There  will  be  an  uncertainty 
in  position  of  an  emitted  particle  Ax  2f,  so  the  uncertainty  in  momentum 
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Figure  14.5.  Nucleons  are  attracted  by  exchange  of  particles  pulled  back  and  forth. 


will  be  given  by  the  uncertainty  principle,  ApAx  ft.  We  may  assume  that 
the  order  of  magnitude  of  the  momentum  is  roughly  the  same  OS  the  uncertainty 
in  momentum,  so  p ft/Ax.  We  can  use  this  estifTHate  for  the  momentum  to 
estimate  the  mass,  if  we  make  some  reasonable  assumption  about  the  speed.  The 
speed  can  approach  V2  c or  so  without  the  particle's  mass  changing  much  from 
its  rest  mass.  So  assume  the  particle’s  momentum  is  just  p Me,  where  M is 
the  rest  mass.  Then,  combining  p ft/Ax  and  p Me,  we  obtain  for  the  mass: 


(14.8) 


This  estimate  should  only  be  good  tO  within  a factor  of  ten  or  so.  Let  us  calculate 
the  rest  mass  in  terms  of  the  rest  moss  of  the  electron: 


cAxm.  ( 3 X 10®)(2  x 10‘'^)( 

By  making  slightly  different  assumptions  about  the  speed  or  about  Ax,  this 
estimate  can  be  made  to  vary  by  a factor  of  2 or  so.  That  is,  the  theory  predicts 
a rest  mass  of  the  order  of  magnitude  ft/cAx,  where  Ax  is  the  range  of  the 
force.  Thus,  a new  particle  is  predicted  that  has  a rest  mass  a few  hundred 
times  that  of  the  electron. 

A particle  of  mass  about  206m.,  called  a fi  meson,  was  later  discovered,  and 
it  was  thought  at  first  that  the  fi  meson  was  the  particle  whose  existence  was 
predicted  by  Yukawa.  However,  there  were  difficulties  with  this  interpretation, 
because  the  fX  was  not  attracted  strangly'to  nuclei;  it  could  spend  a great  deal 
of  time  inside  a nucleus,  as  in  a /i-mesic  atom,  without  being  absorbed.  It  was 
not  until  some  time  later  that  the  particle  responsible  for  the  strong  nuclear 
interaction  was  discovered.  In  fact,  three  different  types  of  these  so-called 
7T  mesons  have  been  found:  two  charged  and  one  neutral.  Some  of  their 
properties  are  listed  in  Table  14.2. 


TABLE  14.2  Some  Properties  of  tt  Mesons 


IT 

charge 

+ |e| 

0 

-Ie| 

mass 

273.23m. 

264.4m,. 

273.23m. 

spin 

0 

0 

0 

magnetic  moment 

0 

0 

0 
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The  fact  that  these  7T  mesons  have  zero  spin  allows  them  to  be  emitted  and 
absorbed  readily  by  nucleons  without  any  difficulties  involving  conservation  of 
angular  momentum.  The  jjL  meson  on  the  other  hand  has  spin  and  could  not 
be  emitted  alone  from  a nucleon  without  causing  the  nucleon  to  change  its  spin 
to  an  integral  value.  However,  all  nucleons  have  spin  Vi  . 

A 7T^  meson  tends  to  be  repelled  by  a nucleus  due  to  its  charge,  so  a free 
7T^  of  low  kinetic  energy  does  not  come  near  the  nucleus,  but  decays  into  a 
^ meson  and  a neutrino  in  around  10  ^ seconds;  the  /i,  in  turn,  decays  into 
an  electron  and  two  kinds  of  neutrinos  in  around  10  ^ seconds.  A typical 
7T  fJi  — e decay  is  shown  in  Figure  14.6.  A tt  meson  ordinarily  decays  into 
2 'Y  rays.  If  a TT  meson  does  not  enter  a nucleus,  then  it  decays  into  a fi~  and 
a neutrino.  However,  a tt'  meson  is  attracted  to  a nucleus  and  can  be  absorbed 
by  it,  giving  up  all  its  rest  energy  to  the  nucleus  and  causing  it  to  disintegrate. 
Such  an  event  is  shown  in  Figure  14.7.  We  shall  discuss  such  decays  in  more 
detail  later. 

The  discovery  of  the  new  particle  predicted  by  Yukawa  was  a great  triumph 
of  theory.  With  this  theory,  Yukawa  was  also  able  to  write  an  approximate 
expression  for  the  intemucleon  potential  energy  of  the  form  — Ce  where 

C and  a are  constants  and  r is  the  internuclear  diStaiDCe.  This  potential  can  be 
used  to  explain  the  low  energy  scattering  data,  just  0$  well  as  the  potential  of 
Figure  14.2.  This  potential  is  thus  an  approximation  to  the  true  nuclear  potential, 
and  is  called  a Yul^wa  potantial.  If  the  range  of  the  nuclear  interaction  is  about 
2 tennis,  then  one  would  expect  that  in  the  Yukawa  potential, 

a ^ 2 fermis 


7 MODELS  OF  IHE  NUCLEUS 

Because  our  present  knowledge  of  the  internal  structure  of  the  nucleus  and  of  the 
forces  between  nucleons  is  incomplete,  many  models  of  the  nucleus  have  been 
constructed  to  explain  particular  nuclear  properties.  A model  is  a mathematical 
construct  which  supposedly  contains  all  the  features  essential  to  explain  some 
physical  phenomenon.  Each  of  the  models  of  the  nucleus  which  has  been  con- 
sidered is  useful  in  explaining  a certain  portion  of  the  existing  experimental 
data  on  nuclei,  but  no  one  of  them  can  be  used  to  explain  all  of  the  data.  In 
this  section  we  shall  consider  some  of  the  nuclear  models  which  have  been  at 
least  partially  successful. 

7 Liquid  Drop  Model 

The  facts  that  nuclei  have  constant  densities  and  moderately  well-defined  sur- 
faces, and  interact  with  short  range  forces,  suggest  that  nuclei  might  be  similar 
in  structure  to  solids  or  liquids.  If  one  considers  a nucleus  to  be  a crystalline 
aggregate  of  nucleons,  then  it  turns  out  that  the  zero-point  vibrations  of  the 
nucleons  about  their  equilibrium  positions  are  much  too  large  for  the  nucleus  to 
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example 


remain  bound  together.  So  a nucleus  cannot  resemble  a crystalline  solid.  How- 
ever, we  can  think  of  ^he  nucleus  as  similar  to  a drop  of  liquid  in  which  the 
particles  aie  able  to  move  about  inside  the  diop,  but  aie  pievented  from  leaving 
the  nucleus  by  an  effective  surface  tension.  This  model  can  be  used  to  explain 
qualitatively  the  observed  binding  energies  of  the  stable  nuclei,  let  us  First  see 
how  the  binding  energies  are  calculated.  Ihe  binding  energy  of  a bound  system 
is  the  energy  required  to  break  the  system  into  its  constituents  and  place  them  at 
rest  infinitely  dislant  from  each  other.  For  a nucleus  of  N neutrons  and  Z protons, 
of  rest  masses  /Vt,,  and  Mp  respectively,  the  rest  mass  of  the  nucleus  after  it 
is  broken  into  its  constituent  parts  will  be  NM.  + ZM,.  If  the  rest  mass  of  the 
original  nucleus  is  then  A =:  N + Z,  and  the  difference  in  rest  mass 

between  the  constituents  and  the  nucleus  will  be  proportional  to  the  binding 
energy  Ej,.  Therefore, 

^ = NiM„  + ZM  , ~ (14.9) 

This  formula  is  not  very  convenient  for  calculation,  because  the  binding  energy 
is  expressed  in  terms  of  nuclear  masses,  whereas  tables  such  as  that  in  Appendix 
3 contain  atomic  masses.  To  a sufficient  approximation,  neglecting  electronic 
binding  energies,  and  using  for  the  electron's  rest  mass, 

= (14.10) 

Similarly,  in  terms  of  th€!  rest  mass  of  a hydrogen  atom, 

Mp  :=  m,  (14.11) 

and  therefore, 

ZM,  = Z,Ml  - Zm,  (14.12) 

Substituting  for  and  AM,  and  simplifying,  we  get 

~=  NM,  + (14.13) 

Thus,  due  to  the  cancellation  of  all  the  electron  rest  masses,  the  atomic  masses  of 
the  given  element  and  of  hydrogen  can  be  used  in  calculating  the  binding 
energy. 

For  iron  ^ ^ ^ ^ 

30Mn  = 30  X (1.1308665)  amu  = 30.25995  amu 
26(,M„,)  = 26  X (1.007825)  amu  = 26.20345  gmu 

sum  = 56.46340  amu 
26^of  = 55.93493  amU 

Thus,  NM,  + Z iMal  --  = 0-52847  QmU.  Since  1 amu  = 931.48  MoV, 

the  binding  energy  of  the  26 nucleus  is  492.3  MeV. 
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The  binding  energy  per  particle  of  a nucleus  is  the  average  binding  energy 
of  one  particle  and  is  just  defined  as  Et^/A.  So  from  the  example  for  26^®^*/ 
the  binding  energy  per  particle  is  492.3/56  = 8.79  MeV.  Likewise  the  binding 
energy  per  particle  for  is  7.97  MeV. 

The  binding  energy  per  particle  can  be  computed  in  a like  manner  for  all  the 
stable  nuclei.  The  results  are  shown  in  Figure  14.8.  A fairly  smooth  curve  is  found, 


which  has  a maximum  at  about  the  position  of  iron,  but  there  are  a number 
of  peaks  at  lower  values  of  A.  From  around  A = 20  on  up  to  A = 200,  the  curve 
is  nearly  a constant  at  a value  of  E^/A  equal  to  about  8 MeV  per  particle. 
This  constancy  of  the  binding  energy  per  particle  is  very  similar  to  that  of  a 
liquid.  For  example,  to  boil  water  requires  80  kilocal/kg,  a constant  value. 
However,  nuclei  do  not  contain  10^^  particles,  but  more  like  250  particles  at  most. 
Hence  there  will  be  important  surface  effects.  If  a nucleus  held  a very  large 
number  of  particles,  then  because  of  the  short  range  of  nuclear  forces  and  be- 
cause of  the  constant  density  of  nuclei,  one  nucleon  in  the  interior  would  interact 
with  only  a few  others  and  would  have  about  8 MeV  binding  energy.  Nucleons 
near  the  surface  would,  however,  not  interact  with  so  many  others  and  would 
have  less  binding  energy.  The  amount  by  which  the  binding  energy  will  be  less 
than  8 MeV  should  be  proportional  to  the  number  of  nucleons  “near”  the  surface. 
Since  nuclear  densities  are  constant,  the  number  of  nucleons  near  the  surface 
should  be  proportional  to  the  surface  area.  Because  nuclear  radii  are  propor- 
tional to  or  the  correction  to  the  totol  binding  energy  from  the 

presence  of  the  surface  should  be  proportional  to  Then  the  correction  to 

the  binding  energy  per  particle  should  be  proportional  to  A The  correction 
to  the  binding  energy  will  be  negative. 
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For  smaller  values  of  A,  where  the  surface-to-volume  ratio  is  larger,  this  effect 
should  be  more  important.  In  fact,  as  A — ^ this  correction  approaches  zero, 

while  as  A — 0,  it  becomes  very  large.  This  explains  why  the  binding  energy 
per  particle  becomes  small  at  low  A.  At  large  A,  the  binding  energy  per  particle 
again  gets  small,  principally  due  to  Coulomb  repulsion  of  protons  in  the  nucleus. 
Since  a nucleus  has  Z protons,  which  are  on  the  average  distributed  uniformly 
throughout  the  nucleus,  these  protons  tend  to  repel  each  other  and  make  the 
nucleus  fly  apart.  This  is  an  “unbinding"  effect.  Thus,  there  will  be  a negative 
correction  to  the  binding  energy  per  particle,  which  is  proportional  to  the 
electrostatic  self-energy  of  a spherical  charge  of  magnitude  Ze.  This  energy  is 
{Zg)^/R,  Since  R is  proportional  to  the  correction  to  the  binding 

energy  per  particle  will  be  proportional  to  This  Coulomb  repulsion  does 

not  occur  for  neutrons.  This  means  that  heavy  nuclei  can  consistently  contain  more 
neutrons  than  protons  without  the  unbinding  Coulomb  repulsion  which  tends  to 
make  the  nucleus  unstable.  For  example,  ^ Z of  82  arxl  an  N of  126. 

For  small  nuclei,  the  Coulomb  contribution  is  small,  but  for  large  nuclei,  it  Is 
large.  In  fact,  as  Z — ^ co,  this  term  becomes  larger  in  magnitude  than  8 MeV/ 
particle.  Hence  it  is  not  possible  to  have  bound  nuclei  for  Z too  large,  because 
of  the  Coulomb  repulsion  between  the  protons  in  the  nucleus.  The  binding  energy 
per  particle  should  then  be  given  by  the  sum  of  three  terms: 

— = 8 Me  V - (14.14) 

A A’/' 

where  Ci  and  C2  are  constants.  The  curve  in  Figure  14.8  con  be  fit  reasonably 
well  by  these  three  terms.  The  three  separate  contributions,  and  their  sum,  are 
shown  in  Figure  14.9. 
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Figure  14.9.  Binding  energy  per  nucleon  in  on  atomic  nucleus  QS  O function  of  atomic 

number. 
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7.2  Alpha  Particle  Mode/ 

Inspection  of  the  binding  energy  curve.  Figure  14.8,  shows  sharp  relative  peaks 
at  the  positions  of  jHe^,  460*,  gO'^,  and  loNe^^.  and  the  feet  that  some 

heavy  nuclei  emit  (x  particles^  suggests  that  paiis  of  neutrons  and  protons  become 
associated  together  inside  the  nucleus,  as  (x  particles.  The  binding  energy  per 
particle  of  2He^  is  about  7 MeV.  Thus,  if  nuclei  consisted  of  OL  particles,  about 
87%  of  the  binding  energy  would  be  accounted  for.  Presumably,  then,  the 
remaining  energy  should  be  due  to  relatively  weak  binding  between  ot  particles. 
However,  this  model  has  not  been  very  successful.  For  example,  in  scattering  of 
(X  particles  off  (X  particles,  the  data  cannot  be  satisfactorily  explained  in  terms 
of  an  interaction  between  two  (X  particles.  Rather,  it  seems  necessary  to  assume 
that  the  two  Oi  particles  combine  into  a larger  nucleus,  and  then  break  up  into 
two  new  a's.  Thus,  the  OC  particle  model  has  a veiy  limited  range  of  application. 

7.3  She//  Model 

In  describing  the  electronic  structure  of  atoms,  it  was  seen  how  a great  deal 
of  data  could  be  explained  on  the  basis  of  a set  of  electronic  shells  and  sub- 
shells. The  electrons  had  spin  V2  and  obeyed  the  Ffeulii  exclusion  principle,  so  that 
into  any  state  such  as  a IS,  only  two  electrons  could  go  with  their  spins  anti- 
parallel. There  is  considerable  evidence  that  a shell  structure  exists  in  nuclei. 
For  example,  the  numbers  2,  8,  20,  50,  82  and  126  appear  to  have  special 
significance  in  nuclear  structure.  W6  only  mention  part  of  the  evidence  here. 
Calcium  (Z  = 20)  has  six  stable  isotopes  (see  Figure  14.1),  an  unusually  large 
number.  Sn  (Z  = 50)  has  ten  stable  isotopes,  more  than  any  other  element.  The 
largest  group  of  stable  isotones  OCCUTS  at  N = 82.  The  heaviest  stable  nuclei 
are: 

(Z  = 82,  N = 126) 

a nd 

Bi  ’°’  (N  = 126) 

The  numbers  2,  8,  20,  50,  82,  126  are  called  magic  numbers,  because  to  earlier 
investigatois  their  significance  was  so  puziing. 

In  the  shell  model,  this  and  similar  data  may  be  understood  by  assuming  that 
each  nucleon  moves,  nearly  independently  of  other  individual  nuclei,  inside  a 
spherically  symmetric  potential  well  which  is  due  to  all  the  other  nucleons. 
Then  a nucleon  moving  in  this  potential  will  have  ^tes  described  by  a principal 
quantum  number  n,  orbital  angular  momentum  (S,  P,  D,  F,.  . .)  and  total  angular 
momentum  This  is  very  similar  to  the  situation  in  atoms.  In  nuclei  the  spin-orbit 
interaction  is  very  laige,  and  when  the  spin-oibit  interaction  is  included,  this  leads 
to  the  sequence  of  single-particle  slates  of  incieasing  energy  shown  in  lable  14.3, 
which  are  grouped  into  shells  and  subshells  matching  the  experimental  magic 
numbers. 
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TABLE  14.3  An  (Oidering  of  Subshell  States  V\/hk:h  leads  to  the  Obsen/ed 

Magic  Numbeis 


No.  of 

Total 

Spectroscopic  Configuration 

States 
in  Shell 

No. 

(1*1/?)^ 

(2p3/2)*(2pi/2)^ 

2 

2 

6 

8 

(Sc/s/j)  *(3^3/2)  ^(2s,/j  j^ 

12 

20 

(4^7/2)  ‘(4/5/2)‘(3p3/2)T3pv2)'(5g,/,)’'’ 

30 

50 

(5g7/2)*(4d5/2)*(4c/3/2)  (3s,/2)  (6/111/2) 

32 

82 

(6/I9/2)  '**(5/7/2)  *(5/5/2)  (4p3/2)  (4pi/2)  (7/13/2)  4 

4 

126 

When  using  the  information  in  Table  14.3,  one  should  remember  that  both  pro- 
tons and  neutrons  have  spin  16.  Hence  they  are  both  fermions  and  obey  the 
exclusion  principle.  However,  protons  are  distinguishable  from  neutrons.  Thus, 
two  protons  could  go  into  the  1 S)/2 Likewise,  two  neutrons  could  go  into 
that  state.  When  the  lSi^2  state  contains  2 protons  and  2 neutrons,  the  shell  is 
filled  up.  This  corresponds  to  an  ot  particle.  When  the  l$i/2,  ^p3/2/  ^nd  2pi/2 
levels  are  all  filled  up  with  both  neutrons  and  protons,  the  resulting  nucleus  is 
sO*^.  Notice  the  peak  of  the  binding  energy  curve.  Figure  14.8,  at  the  positions 
of  2He^  and  gO 

in  applying  these  ideas  to  the  explanation  of  the  properties  of  stable  nuclei, 
it  would  at  first  appear  that,  on  the  average,  the  number  of  neutrons  in  a 
nucleus  should  be  about  equal  to  the  number  of  protons  in  a nucleus.  However, 
from  Figure  14.1  it  is  seen  that  there  are  more  neutrons  than  protons  in  heavy 
nuclei.  As  mentioned  previously,  this  is  because  of  the  Coulomb  repulsion  between 
protons:  since  protons  ore  charged  whereas  neutrons  are  not,  the  potential 
energy  of  an  extra  proton  added  to  a nucleus  would  be  greater  than  that  of  an 
added  neutron,  other  things  being  equal.  Therefore,  in  the  shell  model,  the 
potential  well  used  to  calculate  the  neutron  energy  states  will  be  deeper  than 
that  used  for  the  protons.  Hence  the  neutron  energy  levels  will  generally  lie 
lower  than  those  of  the  protons 

The  shell  model  can  also  be  used  to  explain  many  features  of  the  spin  and 
magnetic  moments  of  stable  nuclei.  If  a nucleus  had  two  protons  in  a lS]/2  state, 
the  total  angular  momentum  should  be  zero.  If  a nucleus  had  any  even  number 
of  protons,  it  is  not  unreasonable  to  suppose  that  these  would  be  paired  off, 
two  in  each  state,  so  that  the  total  spin  should  be  zero.  Then  the  contribution 
to  the  total  magnetic  moment  from  these  paired  protons,  provided  their  net 
orbital  angular  momentum  is  zero,  should  be  zero.  This  is  found  to  be  the  case. 
Similarly  for  a nucleus  with  even  N,  the  spin  and  magnetic  moment  are  zero, 
because  the  neutrons  are  paired  off  with  opposite  spins  in  each  pair. 

A nucleus  with  even  Z and  even  N is  called  an  even-even  nucleus.  In  Table  14.4 
are  given  the  numbers  of  stable  nuclides  (nuclei)  as  a function  of  whether  Z and 


N are  even  or  odd. 
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TABLE  14.4  Effect  of  Evenness  and  Oddness  of  Z and  N on  9abilrty  of  Nuclides 


Z N Number  of  Sable  Nuclides 


even 

even 

160 

even 

odd 

56 

odd 

even 

52 

odd 

odd 

4 

It  appears  that  nuclei  have  greater  stability  when  bath  protons  and  neutrons 
are  paired,  then  if  there  is  an  unpaired  neutron  or  proton  or  both.  The  only 
examples  of  stable  odd-odd  nuclides  are  the  lightest  possible  odd-odd  ones, 
which  are  311^,56^^  and  7N  A nucleus  with  even  Z,  odd  N or  odd  Z, 

even  N,  has  an  odd  number  of  ntcleons,  and  therefore  should  have  values  of 
net  angular  momentum  of  V7  tl,  % t,<,  % ti,  ^/2  h,  • • • • Usually,  only  the  lower  values 
of  the  net  angular  momentum  quantum  numbers  actually  occur  in  nature;  this  is 
evidence  for  the  pairing  of  like  nudeons  within  the  nucleus. 

The  lightest  odd  Z,  even  N,  nucleus  is  One  would  expect  the  neutrons 

to  be  paired  with  opposite  spins  in  an  S state,  and  the  proton  in  the  S state  then 
gives  the  nucleus  spin  V2  . The  magnetic  moment  should  be  about  that  of  the 
proton,  2.79  nuclear  magnetons.  Experimentally,  it  j|$  2.98  nuclear  magnetons. 
Likewise,  an  estimate  of  the  magnetic  moment  of  the  even  Z,  odd  N,  2Ho^ 
nucleus  would  be  that  of  the  neutron,  — 1.91  nuclear  magnetons.  The 

experimental  value  is  -2.13.  An  odd-odd  nucleus  hos  one  unpaired  neutron, 
one  unpaired  proton.  The  lightest  example  of  this  is  the  deuteron,  where  the 
nuclear  forces  are  such  that  the  spins  of  the  n and  p line  up,  the  net  spin 
being  1.  In  general,  for  an  odd-odd  nucleus  the  net  angular  momentum  should 
be  integral.  The  actually  observed  values  of  spin  quantum  numbers  for  odd-odd 
nuclei  aie: 

Wb  shall  not  puisue  the  discussion  of  nuclear  models  any  further.  So  far,  we 
have  just  scratched  the  surface  in  discussing  the  types  of  experimental  data 
which  aie  observed.  Some  of  this  will  be  discussed  in  the  next  chapter.  Wb  have 
not  mentioned  all  the  different  models  which  are  used  to  explain  different  types 
of  data  such  as  scattering  and  absorption  of  incident  particles,  and  excited 
slates  due  to  overall  rotation  of  the  nucleus. 


summary 


NUClfAR  MASSES  AND  BINDING  ENERGIES 

The  nuclear  mass  of  a given  nucleus,  is  obtained  by  subtracting  from  the 

atomic  mass  the  rest  mass  of  Z electrons.  The  nucleus  consists  of  Z protons  and 
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N = A --  Z neutrons.  Nuclei  having  equal  Z are  called  isotopes;  those  having 
equal  N are  called  /sofones.  "Hie  mass  number.  A,  is  the  integer  nearest  to 
the  atomic  mass.  The  binding  energy  of  a nucleus  is  defined  as  the  energy  which 
must  be  added  to  the  nucleus  in  order  to  separate  it  into  its  constituent  neutrons 
and  protons,  and  place  them  at  rest  infinitely  distant  from  each  other.  The 
binding  energy  E^,  is  given  by 

^'  = N M , ^ 

c 

where  is  the  neutron  mass,  is  the  atomic  mass  of  hydrogen,  and 

zMai  is  the  atomic  mass  of  the  nucleus  in  queSion. 

MAGNETIC  MOMENTS 

The  magnetic  moments  of  nuclei  are  measured  in  nuclear  mognetons.  1 nuclear 
magneton  = e1^/2Mp  = 5.05i  x 10”^^  joule  (weber/m^)”’,  where  Mp  is  the 
proton  mass.  Nuclear  moments  are  written  in  the  form  fi  = g eh/2Mp  I,  where  I 
is  the  spin  (total  angular  momentum)  of  the  nucleus.  The  magnetic  moments  vary 
from  about  -5  to  +5  nuclear  magnetons,  and  must  be  measured  experimentally. 

NUCIEAR  FORCES 

The  forces  between  nucleons  are  short  range  and  strongly  attractive.  A nucleon 
in  a nucleus  interacts  with  only  a few  others  at  a time  and  stays  about  2 fermis 
away  from  the  other  nucleons.  For  many  purposes,  the  interaction  potential 
between  two  nucleons  mciy  be  treated  as  a potential  well  of  range  about  2f  and 
depth  of  22  MeV.  Yukawa  proposed  that  nuclear  forces  were  due  to  the  ex- 
change of  particles  called  7T  mesons,  and  predicted  that  the  7T  rest  mass  should 
be  a few  hundred  times  the  electron  rest  mass. 

UQUID  DROP  MODEL 

The  liquid  drop  model  can  be  used  to  explain  qualitatively  the  behavior  of 
binding  energy  as  Q function  of  A.  Due  to  nuclear  saturation,  a nucleon  in  the 
interior  of  a nucleus  interocts  with  only  Q few  others  and  has  a constant  binding 
energy  per  nucleon,  due  to  the  nuclear  forces  Nucleons  near  the  surface  do  not 
interact  with  QS  many  other  nucleons,  and  hence  there  is  a surface  correction 
which  decreases  the  binding  energy.  The  resulting  binding  energy  formula  is 

^ = c - 

A ° A'/' 

for  the  binding  energy  per  particle,  where  Cq,  Ci  and  C2  are  constants. 
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SHELL  MODEL 

In  the  shell  model  the  nucleons  are  treated  as  througih  they  move  in  a spherically 
symmetric  potential  well,  which  is  deeper  for  neutrons  than  for  protons.  This  gives 
rise  to  a set  of  energy  levels  described  by  quantum  numbers  n,  K,  and  the  total 
angular  momentum  j.  Neutrons  and  protons  are  both  fermions,  and  satisfy  the 
exclusion  principle;  hence  only  two  neutrons  and  two  protons  can  go  into  each 
orbital  state.  Filled  levels  are  more  stable  configurations  and  this  leads  to  excep- 
tional preference  in  nature  for  nuclei  with  N or  Z equal  to  2,  8,  20,  50,  82,  126. 
Nuclei  with  even  Z have  their  protons  paired  off  with  opposite  spins,  and  there 
is  no  net  contribution  to  spin  or  magnetic  moment  from  these  particles.  Similarly 
for  nuclei  with  even  N.  There  are  more  stable  even-even  nuclei  in  nature  than 
any  other  type.  Nuclei  with  both  odd  N and  odd  Z are  rare,  and  have  spins 
1 or  3.  Even-odd  and  odd-even  nuclei  have  at  least  one  unpaired  particle  and 
have  spins  '/^ , % , % , . 


problems 


In  nuclear  magnetic  resonance  experiments,  nuclear  magnetic  moments  in  a strong 
magnetic  field,  with  energy  — ^ . B,  are  caused  to  go  from  a state  with  one  spin 
orientation  to  a state  with  a different  spin  orientation  and  energy,  by  absorption  of 
rodio  frequency  photons.  The  following  three  problems  are  based  on  this. 

1.  In  a field  of  0.2  webers/m^,  what  photon  frequency  will  cause  a proton  to  go  from 
a state  with  spin  component  l/j  in  the  direction  of  the  field  to  one  of  spin  component 

V2? 

Answer:  8.5  1 x 1 0^  cycles/sec. 

2.  If  hydrogen  fluoride  has  an  18-megacycle  electromagnetic  field  applied  to  it,  by  how 

much  must  the  strong  applied  static  magnetic  field  be  changed  to  go  from 
absorption  of  photons  by  fluorine  to  the  absorption  by  hydrogen?  Use  Appendix  3. 
Answer:  0.0266  webers/m^. 

3.  In  a field  of  0.35  webers/m  , at  what  frequency  is  there  photon  absorption  by 

the  5 B^'  nucleus,  corresponding  lOthe  Sj  = Appendix  3 and 

note  that  the  maximum  magnetic  moment  listed  corresponds  to  Sj  = ^2 

Answer:  4.78  x 1 0 cycles/sec. 

4.  What  is  the  gfactorofthe  35Br^^  nucleus?  Use  Appendix  3. 

Answer:  1.4039. 

59 

5.  Find  the  nuclear  mass  of  27C0  from  Appendix  3. 

Answer:  58.9184  omu. 

6.  Treat  the  deuteron  as  if  it  were  a particle  in  a cubic  box  of  side  i and  mass  equal 

to  the  reduced  mass  MnMp/(A^n  + Mp)-  According  to  the  data  in  this  chapter, 
how  for  is  the  deuteron  energy  above  the  potential  energy  of  interaction?  Let  this 
be  equal  to  the  ground  state  energy  of  the  particle  in  the  three  dimensional  box 
to  get  and  thus  a rough  estimate  of  the  nuclear  diameter. 
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7.  A A"  meson  decays  into  two  gamma  rays.  If  the  ?T  is  at  rest,  what  is  the  energy  of 
each  gamma  ray? 

Answer:  67.5  MeV. 

f + 

8.  If  the  mass  of  the  ^ meson  is  and  that  of  a ?T  is  m,,  find  the  kinetic 

energy  of  the  11^ , and  the  neutrina  energy  for  a decaying  at  rest.  The  neutrina 

has  KID  test  mass. 

Answer:  ( m , {rr>l  — ml) 

9.  Find  the  binding  energy  per  nucleon  of  chlorine  35  from  Appendix  3. 

Answer:  8.5  MeV. 

18  19  20 

10.  Find  the  binding  energies  per  nucleon  for  F ^ p and  p from  Appendix  3.  Which 
is  likely  to  be  the  more  stable? 

Answer:  7.63  MeV;  7.78  MeV;7.7i  MeV. 

11.  From  the  data  in  Appendix  3,  decide  which  of  the  following  should  be  the  more 

kil7  ^17  rl7 

stable:  jN  ; sO  ; 9F 

Answer:  gO 

12.  From  Appendix  3,  calculate  the  energy  necessary  to  remove  one  proton  from  7N 
Compare  this  with  the  energy  to  fiSITIOVe  one  neutron  and  also  with  the  average 
binding  energy  per  nucleon.  Why  are  these  different? 

Answer:  7.54  MeV;  10.55  MeV;  7.47  MeV. 

13.  Find  the  energy  necessary  to  remove  the  least  tightly  bound  nucleon  from  the  follow- 

kiilO  rl9  /-\18  /^17  /-\16  k.il5 

ing  stoble  nuclei:  i 9'  / 8^  > 8^  i 8^  > 7^  ■ Compare  this  energy  for  even 

A with  that  for  neighboring  nuclei  of  odd  A,  and  explain  in  terms  of  filling  proton 
and  neutron  levels. 

Answer:  6.9  MeV;  8.0  MeV;  8.1  MeV;  4.1  MeV;  12.1  MeV;  10.2  MeV. 

14.  By  considering  brin9iri9  in  inflnitesimol  spherical  shells  of  charge  from  infinity  to 
build  up  a total  sphere  of  charge  e and  radius  R,  show  that  the  work  necessary  is 

e /47T£o^-  Thus,  show  that  to  bring  into  superposition  Z uniformly  charged 

2 

spheres  of  radius  R,  the  work  is'/,  Z|2  — 1)  6 /47T(:qR.  Use  the  relationship  between 

1 /3 

the  nuclear  radius  and  A to  show  that  this  energy  is  0.79  Z(Z  — 1)  A MeV.  Com- 
paie  this  0.79  with  the  constant  C2  in  the  discussion  of  the  liquid  drop  model. 

15.  In  terms  of  the  olpho- pOrticle  model,  explain  why  there  are  no  stable  nuclei  of 
A = 5 or  A = 8. 

16.  On  the  basis  of  the  shell  model  levels  in  Table  14.3,  explain  why  ^nd 

should  both  have  spin  zero. 

17.  On  the  basis  of  the  shell  model  levels  in  Table  14.3,  explain  why  it  is  reasonable  that 

. ,14 

7FN  should  have  a nuclear  spin  of  1. 

18.  On  the  basis  of  the  shell  model,  explain  why  you  might  expect  to  have  a nuclear 

spin  of  y2  and  a nuclear  magnetic  moment  near  3 nuclear  magnetons. 
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Of  the  approximately  1200  different  nuclides  known  to  exist,  only  about  270  are 
stable;  the  remainder  decay  sportaneously  into  lighter  fragments.  Further,  some 
nuclei  may  be  induced  to  undergo  such  decomposition  by  irradiating  them  with 
beams  of  particles  of  various  types.  Under  certain  conditions,  two  or  more  nuclei 
may  combine  to  form  a heavier  nucleus.  The  study  of  such  processes  is  of  great 
importance  in  attempting  to  understand  the  structure  of  nuclei  and  of  the  ele- 
mentary particles,  and  has  led  to  a wide  variety  of  applications  in  other  scientific 
fields. 

We  shall  study  here  only  some  of  the  more  important  fe  a tu  re  s of  these 
processes  and  their  applications. 


5.1  LAW  OF  RADIOACUVE  DECAY 

The  spontaneous  decay  of  a nucleus  into  lighter  particles  is  called  natural  radio- 
activity. An  example  of  this  process  is  the  emission  of  alpha  particles  by  the 
uranium  nucleus,  92U^^®.  A given  (unstable  nucleus  may  decay  in  more  than  one 
way;  for  example,  336!^'^  may  emit  either  an  alpha  particle  or  an  electron;  this 
latter  process  is  called  beta  decay.  Nuclei  may  also  emit  gamma  rays  (photons) 
of  discrete  energies  All  of  these  procesS6S  are  fundamentally  statistical  in  nature. 
That  is,  it  is  impossible  to  predict  when  any  one  given  nucleus  will  decay,  and 
the  process  must  be  described  in  terms  of  a probability  of  decay  per  unit  time, 
or  a tra  nsition  rate. 

Consider  a sample  of  N nuclei  of  a given  type,  where  N is  sufficiently  large 
that  statistical  variations  in  the  decay  rate  will  average  out.  Suppose  we  count 
the  number  of  decays  in  a small  time  interval  dt,  starting  with  N nuclei,  and  ^udy 
the  number  of  decays  as  dt  and  N are  varied.  Let  us  describe  the  number  of 
decays  in  terms  of  the  change  in  the  number  of  nuclei  during  dt.  If  c/N  is  the 
increase  in  N in  the  time  dt,  then  the  number  of  decays  is  -dN.  The  number  c/N 
is  negative  because  N is  decreasing  due  to  the  decays.  When  -dN  is  observed 
experimentally,  then  over  short  time  intervals  the  sample  is  observed  to  decay 
at  a constant  rate.  That  is,  if  in  dt  a certain  number  of  decays  are  observed,  then. 
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on  the  average,  in  2dt  twice  as  many  decays  will  be  observed,  and  so  we  may 
conclude  that  -dN  is  proportional  to  dt. 

Another  observed  fact  is  that  nuclei  in  atoms  decay  independently  of  each 
other;  the  proximity  of  one  atom  to  another  does  not  affect  the  nuclear  decay 
rate.  Thus,  if  starting  with  N nuclei,  -dN  decays  were  observed  in  df,  then 
with  5N  nuclei,  the  number  of  decays  in  dt  should  be  increased  by  a factor  of 
five.  Thus,  on  the  average,  -dN  is  proportional  to  both  dt  and  to  N.  These  facts 
may  be  expressed  in  the  equation, 

-C/N  = XNdf  (15.1) 

where  X is  a proportionality  constant,  called  the  decay  constant  or  disintegration 
constant.  The  quantiy  X is  independent  of  t and  N,  and  depends  only  on  the 
particular  type  of  decay. 

example  If,  in  a sample  of  2.52  X 10^^  atoms,  of  (one  milligram),  740  CX  particles 

are  produced  per  minute,  what  is  the  decay  constant  in  sec~^? 

solution  -AN/NA/=  740/(2.52  X 10'“)(60sec) 

= 4.9  X 1 0“ sec 

Equation  (15.1)  is  a differential  equation  which  expresses  the  rate  of  change 
of  N with  time.  We  can  solve  the  differential  equation  to  find  N as  a function  of 
time  as  follows:  divide  by  N to  obtain 

c/N 

= -\di  (15.2) 

N 


In  this  form,  we  can  integrate  each  side  separately  and  equate  the  results.  Apart 
from  a constant  of  inteQrcition, 


Also, 


In  N 


f — Xdi  = — X f + c 


where  C'  is  some  constant  of  integration.  Therefore, 


In  N = - Xf  + C ' 


(15.3) 


(15.4) 


(15.5) 


We  take  exponentials  of  both  sides  of  this  equation  to  obtain  the  number  of 
pa  rtic  ies: 

N = Ce“^'  (15.6) 

C' 

where  C = eisa  constant.  Lastly,  we  may  express  the  constant  C in  terms 
of  the  number  of  nuclei  Nq  which  are  present  at  the  initial  instant  t = 0.  If 
N = Nq  at  f - 0,  then  Nq  = Ce^  or  C — Nq.  Hence,  in  terms  of  Nq  and 
Xf,  the  number  of  particles  remaining  undecayed  at  time  f will  be  given  by: 

N ==  No  e'^' 


(15.7) 
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This  is  the  fundamental  equation  describing  the  average  way  in  which  samples 
of  radioactive  nuclei  decay. 


5.2  HALF-LIFE 


Decay  rates  are  usually  given  in  terms  of  the  decay  constant  A,  or  else  in  terms 
of  a closely  related  number  called  the  ha/f-life  and  denoted  by  half-life 

is  defined  as  the  time  it  takes  for  half  the  nuclei  in  a sample  to  decay.  Thus,  if 
we  set  / = J,,,  in  Equation  (15.7),  this  would  correspond  to  setting  N = V2  Nq. 
We  then  find  a relation  between  half-life  and  decay  constant: 

'/2  Ng  = No  e or  = 2 (15.8) 

We  can  solve  Equation  (15.8)  for  T]/^  in  terms  of  A by  taking  logarithms  of  both 
sides  of  the  equation.  Using  the  identities 


we  get 


In  2 = 3.693,  In  e*  » ^ 


0.693 

7,/2  ==  — 


(15.9) 


Tip/e  If  A = 4.90  X 10  sec  \ as  in  the  previous  example,  and  if  1 year  = 
3.15  X 10^  sec.,  then  measured  in  yeurs. 


0.693 


0.693 


' 1/2 


A [(4.9  X 10-'^)(3.15  X lO'sec/yr)] 


= 4.49  X 10%ei 


This  is  the  number  of  years  it  would  take  until  only  half  the  original  nuclei  were 
left.  The  decay  of  the  remainder  of  the  nuclei  is  still  described  by  the  same 
statistical  law.  Hence,  it  takes  an  additional  half-life,  or  a total  of  8.98  x 10^ 
years,  to  reduce  the  number  of  nuclei  to  14  the  original  number. 


5.3  LAW  OF  DECAY  FOR  UNSTABLE  DAUGHTER  NUCLEI 

When  a nucleus  such  as  emits  an  (.V  particle,  a resultant  nucleus  of  thorium 

is  left,  9Q  In  this  case,  the  uranium  is  called  the  parent  nucleus  and  the 

thorium  is  called  the  daughter.  For  every  U nucleus  which  decays,  one  daughter 
is  formed.  So  if  at  time  f,  N = Nq  e uranium  nuclei  remain,  Nq  — N uranium 
nuclei  have  decayed,  and  so  N q — N new  daughter  nuclei  have  formed.  In  terms 
of  the  time,  fnDm  Equation  (15.7)  the  number  N^  of  new  daughters  is 

Nrf  = No(l  - e~^')  (15.10) 

Figure  15.1  shows  a graph  of  number  of  remaining  parents  as  a function  of  time, 
and  Figure  15.2  is  a similar  graph  of  the  total  number  of  daughters  formed  as  a 
function  of  time. 
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Ti/j  2Tt/2  Ti/2  2Ji/2 

Figure  15.1.  Radioactive  decoy  low;  decoy  of  the  parent  nucleus. 

Figure  15.2.  Rcidioactive  decoy  low;  growth  of  a stable  daughter. 


If  the  daughter  is  stable,  then  the  actual  number  of  daughter  nuclei  is  equal 
to  the  number  formed  by  the  parent's  decay.  However,  if  the  daughter  is  itself 
unstable,  the  actual  number  of  daughter  nuclei  will  be  less  than  that  given  by 
Equation  (15.10).  In  this  case,  we  have  to  reconsider  the  rate  of  change  of  the 
number  of  daughter  nuclei.  Suppose  the  daughter  is  unstable  and  has  a 
decay  constant  X^^.Then  f Nj  is  the  number  of  daughter  nuclei  at  a particular 
time,  in  a time  dt  the  number  which  decay  will  be  dt.  This  will  contribute  to 

the  rate  of  decrease  of  Nj.  But  daughters  are  continually  being  formed  by  decay 
of  the  parent;  the  number  formed  in  time  dt  is  Ap  Np  dt.  Therefore,  the  total 
increase  in  number  dN^  of  daughter  atoms  will  be 

c/Nj  = Ap  Np  d t Aj  Nj  d t (15.11) 

The  number  of  parent  atoms  is  Np=  Nq  e ^ , so  we  obtain  the  following 
differential  equation  for  the  rate  of  change  of  daughter  atoms: 

dN^=  (-NjAa+  Ap  No  e^^p')df  (15.12) 

This  differential  equation  can  be  solved  after  some  manipulation.  It  is  easily 
verified  that  the  solution  is: 

Nd  = ApNcA— r ^ (15.13) 

Ap  ” Ad 

To  give  some  feeling  for  the  bohcjvior  of  this  solution,  the  ratio  N^/Nq  is 
plotted  in  Figure  15.3  for  the  particular  choices,  Ap  = 2.0  sec  \ Ad  = 1 0 
sec”'.  From  the  plot,  it  may  be  seen  that  after  a long  time  has  elapsed,  ap- 
proaches zero.  This  is  because  all  of  the  parent  will  have  decayed,  and  all  the 
previously  formed  daughter  nuclei  will  also  decay. 

The  form  of  the  above  result  depends  on  both  Ad  and  Ap . One  interesting  case, 
which  occurs  often  in  nature,  is  that  in  which  the  parent  decays  much  more 
slowly  than  the  daughter.  Then  Ap  is  much  smaller  than  Ad/  and  Ap  — Ad  is 
approximately  equal  to  —Ad-  Also,  e ^ is  much  larger  than  e ” for  large  t. 
Thus,  under  these  assumptions,  Equation  (15.13)  simplifies  to: 
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Figure  15.3.  Radioactive  decay  law,  growth  and  decay  of  an  un^able  daughter,  for 
decay  constants  given  by  Ap  = 2.0  sec  \ Ad  = 1 .0  sec  ' . 

Since  the  number  of  parent  nuclei  is  Nq  e ^ = N,,  the  equotion  states  that 

after  a long  time, 

A.,N,  = ApNp  (15.14) 

Physically,  this  means  that  the  rate  of  production  of  daughter  nuclei  is  equal  to 
their  rate  of  decay.  Hence,  the  net  increase  c/N^  will  be  zero.  Thus,  if  the  decay 

constant  of  the  daughter  nuclei  is  much  larger  than  the  decay  constant  of  the 

parent  nuclei,  at  first  the  number  of  daughter  nuclei  will  increase,  because 
initially  no  daughter  nuclei  are  present;  the  formation  process  dominates.  After 
a long  time  has  elapsed,  the  number  of  daughter  nuclei  will  have  increased  to  the 
point  where  they  decay  as  fast  as  they  are  formed.  The  result  could  also  have 
been  obtained  from  Equation  (15.1  1)  by  setting  dN^  = 0.  When  this  situation 
applies,  the  daughter  is  said  to  be  in  equilibrium  with  its  parent. 

One  application  of  this  result  is  to  the  determination  of  extremely  long  half- 

lives  Equation  (15.14)  can  also  be  written  in  terms  of  half-lives: 


1/2  )d  (^1/2  )p 


(15.15) 


Thus  the  relative  numbers  of  atoms  of  the  two  types  will  be  directly  proportional 
to  their  respective  half-lives. 


p/e  A nucleus  of  95  ^38 

decays  into  9oTh^^'*  by  emitting  an  alpha  particle,  and 
is  also  unstable,  emitting  an  electron  with  a half-life  of  24.1  days.  If 
9oTh'"'‘  is  found  in  rocks  containing  uranium,  with  the  number  of  thorium  atoms 
equal  to  only  1.47  x 10”*^%  of  the  number  of  uranium  atoms,  what  is  the  half- 
life  of  92 in  years? 


ion  (Ti/2)u 


(l”i/2  )rh 


Nxh 


24.1 


365  days/year/ \1 .47  x 10 


= 4.47  X 10^  years. 
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15.4  RADIOACTIVE  SERIES 

The  naturally  occurring  radioactive  elements  with  Z > 82  have  been  found  to 
fall  into  three  series.  Within  a given  series,  the  nuclides  decay  into  each  other 
and  eventually  end  as  some  isotope  of  lead.  There  is  a fourth  series,  which  has 
been  produced  in  the  laboratory.  In  all  of  these  series,  the  decay  particles  are 
either  alphas  (helium  nuclei)  or  betas  (electrons).  On  emission  of  an  alpha, 

z decreases  by  2 
N decreases  by  2 
A decreases  by  4 

By  conservation  of  charge,  the  change  in  Z of  a nucleus  on  emission  of  an  elec- 
tron in  beta  decay  by  the  nucleus,  is  -}-  1.  The  change  in  A is  zero.  Thus,  in  all 
decays  within  a single  series,  A either  decreases  by  4 or  else  does  not  change. 
Hence,  if  n is  some  integer,  all  members  of  a series  have  mass  numbers  given 
by: 

A = 4n,  4n  + 1 , 4n  + 2,  O r 4n  + 3 

These  series  are  nam6C,  respectively,  the  thorium  series,  neptunium  series, 
uranium  series  and  actirium  series.  The  properties  of  the  series  are  given  in 
Tables  15.1,  15.2,  15.3  and  15.4. 

Consider  first  the  4n  + 2,  or  uranium  series.  decays  by  Ot  emission  to 

called  uranium  X,.  The  Th  nucleus  decays,  in  turn,  by  beta  decay  into 
either  uranium  X2  or  uranium  Z;  each  of  these  has  the  same  Z and  A,  and  is  a 
nucleusofthe  element  Uranium  Zmay  be  formed  when  uranium  X2 

emits  a gamma  ray.  Hence,  uranium  Z and  uranium  X2  are  two  different  states 
of  the  same  nucleus,  called  isomers.  From  the  last  column  of  Table  15.3  one  may 
predict  the  energy  of  the  gamma  ray  emitted.  It  is 

l:.|  = 2.31  -0.5  = 1.81  McV  (15.16) 

If  the  earth  was  formed  in  some  process  which  took  place  a long  time  ago,  and 

if  the  naturally  radioactive  elements  were  formed  at  the  same  time,  then  the  fact 

that  not  all  of  these  elements  have  decayed  yet  should  give  some  indication  of  the 

age  of  the  earth.  The  neptunium  series,  for  example,  is  not  found  in  nature. 
Since  the  longest  half-life  of  any  member  of  the  neptunium  series  is  2.2  x 10*^ 
years,  this  means  the  earth  must  be  many  times  as  old  as  2.2  x 10^  years.  On 
the  other  hand,  the  other  three  series  are  found  in  nature.  The  longest  half-lives 
found  in  these  other  series  are  between  about  10'  and  10^*^  years  roughly.  This 
indicates  roughly  that  the  age  of  the  earth  may  be  a few  billion  years.  In 

addition  to  these  series,  there  are  0 few  other  naturally  occurring  radioactive 
nuclides  which  have  been  found,  with  Z < 82.  There  are  possibly  others  whose 
decay  rates  are  so  small  that  they  have  not  yet  been  detected.  Table  15.5  gives 
a list  of  these  known  unstable  elements.  Decay  by  electron  capture  from  an 
atomic  level  by  the  nucleus  is  indicated  by  EC. 


TABLE  15.1  Thorium  (4n)  Series 


Nuclide 

Common  Name 

Particle 

Emitted 

^ 1/2 

£*  (MeV) 

9oTh^^^ 

Thorium 

a 

1.39  X 10'“ yr. 

3.99,3.93 

asRo”® 

i 

Mesothorium, 

1 

H 

6.7  yr. 

<0.02 

A,228 

89 

t 

Mesothorium^ 

Radiothorium 

6.13  hr. 

1.1  1,0.45  - 2.18 

Th”® 
90  ‘ f 

a 

1.90  yr. 

5.42,  5.34 

88Ra“’ 

1 

Thorium  X 

I 

a 

3.64  days 

5.68,  5.44 

86Eit,220^ 

t 

Thoron 

i 

Thorium  A 

(99.987%  ] 0.013% 

a 

54.5  s?C 

6.28,  5.75 

84  “0 

a,fd 

0.16  sec 

a6.77 

82  Pb 

Thorium  By 

a 

10.64  hr. 

0.34,  0.58 

85*' 

^Astatine  ' 

a 

0.3  X 10  ^ sec 

7.79 

8361212 

/ 

1,  ♦ 

Thorium  C 

^33.7%  \ 66.3% 

a,l3 

60.5  min 

iS2.25;  a6.05,6.09 

84  P®  \ 

Thorium  C'x 

a 

3x10^  sec 

8.78 

81  Tl’"* 

83Pb^“‘ 

Thorium  D 

stable 

3.1  min 

1.79,  1.28 

*The  energies  given  ore  those  of  the  most  important  alpha-particle  groups,  or  those  of  the  most  energetic  beta  particles. 
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TABLE  15.2  Neptunium  (4n  + 1)  Series 


Nuclide 

Common  Name 

Particle 

Emitted 

r 1/2 

f * (MeV) 

93 

none 

a 

2.2  X 10‘yr. 

4.79,  4.52  - 4.87 

91  Pa''' 

a 

27.4  days 

0.26,  0.14,  0.57 

11 233 

92  U 

a 

1.62  X 10*  yr. 

4.82,  4.78,  4.73 

TU339 

a 

7300  yr. 

4.85,  4.94,  5.02 

88  Ra"' 

P 

i 4.8  days 

0,32 

89 

a 

10  days 

5.80 

c 221 

87^'’ 

a 

4.8  min. 

6.30,  6.07 

. .217 

85  At 

a 

1 . 8 X 10  ’ sec 

7.02 

83®‘  \ 

2%  ,] 

a,  (S 

47  min. 

81.39;  a5.90 

»iTl’°’/9  8% 

2.2  min. 

bo 

ro 

^Po"' 

Vb'”’ 

83  61’“’ 

a 

4.0  X 10  * sec. 

8.34 

P 

stable 

3.3  hr. 

0.62 

energies  given  ore  those  of  the  most  important  alpha-particle  groups  or  those  of  the  most  energetic  beta  particles. 
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Nuclide 

Common  Name 

Particle 

Emitted 

T 1/2 

E*  (MeV) 

Uranium  1 

a 

4.51  X lO’yr. 

4.18 

Uranium 

24.1  days 

0.19,0.10 

9,  Pa'” 

Uranium  X2 

p 

1.18  min. 

2.31 

i 0.15%A 

\ 99.85% 

91 

Uranium  Zj 

0 

6.66  hr. 

0.5 

..234 

92U 

i / 

Uranium  II 

a 

2.50  X 10^  yr. 

4.76 

,oTh”“ 

Ionium 

a 

8.0  X 10“'  yr. 

4.68,  4.61 

88  RO™ 

Radium 

a 

1620  yr. 

4.78,4.59 

e 222 

S6^'^ 

Radon 

a 

3.825  days 

5.48 

8>a"“ 

Radium  A 

a,  13 

3.05  min. 

a6.00 

1 9 9 . 9 7'o\  0.03% 

82Pb'” 

Radium  B / 

0 

26.8  min. 

0.7 

a.218 
85  ft' 

/ Astatine 

a 

1.3  sec. 

6.63 

83B1'” 

Radium  C 

a,  0 

19.7  min. 

^5.5-10.5 

1 0.04%  i 9 9.9  6% 

pi. 6,  3.17 

84P0’” 

\Radium  C'\ 

a 

1.6  X 10  sec. 

7.68 

8iTI''“ 

Radium  C"j 

0 

1.32  min. 

1.9 

82Pb'’“ 

Radium  D 

0 

20  yr. 

0.02 

Radium  E 

a,  0 

5.0  days 

/31.17;cu4.94 

/ , 5 X 10“^% 

T|206 

81  M 

l Radium  E" 

0 

4.2  min 

1.51 

84Po"“ 

Polonium! 

a 

138  days 

5.30 

82Pb'“" 

t / 

Radium  G 

stable 

*The  energies  given  ore  those  of  the  most  important 

alpha-particle  groups 

or  those  of  the  most  energetic 

beta  particles. 
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TABLE  15.4 

Actinium  (4n  + 3) 

Series 

Nuclide 

Common  Name 

F^rtic  le 
Emitted 

T 1/2 

E*  (MeV) 

92^235 

Actinouranium 

a 

7.1  X 10*yf- 

4.40,  4.58 

90  1 " 

Uranium  Y 

(i 

25.6  hr. 

0.09,0.30,0.22 

91  PO  31 

Protoactinium 

a 

3.4  X lo^y- 

5.0,  4.64-5.05 

. om 

89  Ac""' 

Actinium 

1 1.2%  \ 98.8% 

/jActinium  K| 

a,  li 

22  yr. 

0.046 

Pr223 

13 

22  min. 

1.0,  1.3 

TU227 
90  Ih 

1 Radioactinium 

1 

a 

1 a.2  days 

5.97,  5.65-6.03 

SgRa  223 

'Actinium  X 

a 

11.6  days 

5.70-5.68 

86Em2i9 

Actinon 

a 

3.97  sec. 

6.82,  6.56 

89  Po''' 

Actinium  A\ 

a,  13 

1.8  xlO  ^ sec. 

7.36 

82Pb^” 

i ^ 

/Actinium  B/ 

(3 

36.1  min. 

1.4,  0.5 

a*215 

85  At 

/ Astatine  ^ 

\ ' 
Actinium  C 

a 

1 X 10  ’ sec. 

a. 00 

836:211 

a,  (3 

2.15  min. 

po.35; 

8iTI’°^  I 

^ 99.68%  \ 0.32% 

ctinium  C'l 

3 

4.78  min. 

a6.62,  6.27 
1.45 

84Po“^  ' 

\ . Actinium  C' 

1 

a 

a52  sec. 

7.43 

82Pb^“^ 

1 

Actinium  D 

Stable 

7 7 

"Hhe  energies  given  ore  those  of  the  tno^  important  alpha -particle  groups  or  those  of  the  most  energetic  beta  particles. 
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TABLE  15.5  Naturally  Occurring  Unstable  Nuclides  Not  Found  in  Series 


Element 

Abundance  % 

Type  of  Activity 

Half-life  Years 

19  K 40 

0.0119 

0 

LU 

1 

1.2 

X 10” 

23  V 50 

0.25 

EC 

4 

X to''* 

37^b  a7 

27.85 

6.2 

X 10'° 

49lnii5 

95.77 

/3  , EC 

6 

X lo’" 

syl-o  13! 

0.089 

1.0 

X 10" 

58^6  142 

1 1 .07 

a 

5 

X 10'^ 

6oNd''’'' 

23.87 

a 

3 

X 10'^ 

62Sm  147 

15.07 

a 

1.2 

X to" 

71  Lu  176 

2.60 

4 

X 10'“ 

75Re‘" 

62.93 

4 

X lo'^ 

78  Pt  1)1 

0.78 

a 

' 10'^ 

There  are.  in  addition,  a few  radioactive  elements  continually  being  formed 
near  the  earth’s  surface  due  to  cosmic  ray  bombardment.  These  will  be  discussed 
later. 


5.5  ALPHA-PARTICLE  DECAY 

In  order  for  a nucleus  to  decay  spontaneously,  the  process  must  be  energetically 
feasible.  Since  the  decay  products  come  off  with  kinetic  energy,  the  necessary 
energy  must  be  supplied  at  the  expense  of  energy  of  some  other  form.  This  can 
be  described  quantitatively  in  terms  of  a net  loss  of  rest  mass  of  the  resulting 
particles.  If  the  parent  nucleus  \i  initially  at  rest,  when  the  alpha  is  emitted 
the  remaining  daughter  nucleus  will  have  to  carry  off  some  kinetic  energy  in 
order  to  conserve  momentum.  So  to  account  for  all  energy,  we  muS  consider  the 
motion  of  both  alpha  and  daughter.  Let  us  call  the  re^  mass  of  the  parent, 

the  mass  of  the  daughter,  and  rest  mass  of  the  alpha. 

The  net  decrease  in  rest  energy  in  the  process,  which  is  also  the  total  kinetic 
energy  of  the  a particle  and  the  daughter  nucleus,  is  called  the  Q of  the  decay, 
and  will  be  given  by 

^ - j/Vli  (15.17) 

C 

Suppose  we  wish  to  compute  Z using  a table  of  atomic  masses.  In  terms  of  the 
atomic  mass  A^piof)/  we  have 

Z^p  = zA^p(at)  “ (15,18) 

and  similarly  for  the  masses  of  the  alpha  and  the  daughter.  However,  since 
— Zm^  + ( Z 2)me  + 2m  ^ is  zero,  the  Qof  the  decay  may  be  written  in 
terms  of  atomic  masses: 

Q/C^  = z^p(al)  ~ l-2^d{ai)  ~ 2^He(af)  (15.19) 
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Using  the  table  in  Appendix  3,  we  shall  compute  Q for  the  case  where  the  parent 
nucleus  is  and  the  daughter  is  From  the  table, 

Z-2^dioi)*  = 234.043583 

zMieio.)  = _ ^ °°^603 

sum  = 238.046186 

zA<1p|„,|  = 238.050770 
Sum  of  fina  I 

= 238.046186 

rest  masses 

Q/c^  = difference  = 0.00458  amu 

1 amu  =:  931.48  MeV 

SO 

Q = 4.27  MeV  (15.20) 

ThisOisgreaterthaithe  observed  alpha-pa  rticle  energyof4.18  MeV^ 
because  the  daughter  also  carries  off  :>0ITie  kinetic  energy.  The  final  kinetic  energy 
of  the  decay  products  are  in  the  nonrelativistic  region,  so  Newtonian  mechanics 
may  be  used  to  calculate  the  fraction  of  energy  carried  off  by  the  alpha.  Let 
be  the  final  speed  of  the  alpha,  and  be  the  final  speed  of  the  daughter.  We 
assume  that  the  parent  nucleus  is  in  tially  at  rest,  and  take  the  masses  of  the 
particle  and  residual  nucleus  to  be  proportional  to  their  rest  masses,  approxi- 
mately 4 and  A 4 OITUJ  respectively.  Then,  from  conservation  of  momentum, 
4v„  = ( A - 4)vj , o r 

^ ~ 4) 

Vd  4 


(15.21) 


Then  the  ratio  of  the  kinetic  energies  of  the  alpha  and  the  daughter  nucleus  is 


T.  [’/^(4)(v!)] 


T,-  [y2(A  4)(v^)) 

„ 4) 


(15.22) 


The  n 


Q = - 7„  -f 


47„  ^ A 

A - 4 A - 4 


(15.23) 


For  the  — *’  decay,  we  saw  that  Q = 4.27  MeV.  Then  = 

[(A  - 4)/A]Q  = (234)(4.28)/238  = 4.19  MeV.  7hi  S agrees  well  with  the  ob- 
setved  a-particle  energy]  4.18  MeV. 

example  The  nucleus  of  lo  (or  9o7h^^°)  emits  an  d particle  of  kinetic  energy  4.73  MeV, 
What  is  Q? 


sohthn  Q = A7„/(A  - 4)  = 230(4.73)/226  = 4.81  MeV. 
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p/e  9oTh^^^  emits  an  n particle  of  4.05  MeV.  What  is  the  Q of  the  decoiy? 

lion  Q = 232(4.05)/228  =4.12  MeV. 

i.6  'THEORY  OF  ALPHA  DECAY 

The  potential  energy  of  interaction  of  the  alpha  particle  and  the  daughter 
nucleus,  of  charge  (Z  2)e  and  mass  number  A — 4,  is  frequently  approxi- 
mated by  a constant  nuclear  interaction  potential  energy  out  to  the  nuclear 
radius  Tq,  and  by  a coulomb  potential  energy  for  radii  greater  than  Tq.  The  ex- 
pression for  this  coulomb  potential  energy  in  terms  of  r and  Z — 2 is 

2(Z  2)e' 

V = (1  5.24) 

47Tfor 

This  potential  energy  is  shown  in  Figure  15.4.  The  actual  energy,  Q,  is  indicated 
by  a dashed  horizontal  line  on  the  diagram.  If  the  alpha  particle  is  initially  at  a 


Energy 


Figure  15.4.  Potential  energy  curve  for  on  alpha  particle  emitted  by  on  unstable  nucleus; 

alphas  initially  inside  the  well,  at  radii  r < Tq,  have  a finite  probability  of  tunneling 

out  of  the  well  and  escaping. 

position  inside  the  well,  then  it  is  seen  that  in  classical  mechanics  the  alpha 
particle  could  not  escape  with  this  model  for  the  potential.  However,  in  quantum 
mechanics  it  may  escape  by  tunneling.  In  MeV,  the  potential  coulomb  energy 
may  be  expressed  as  2.88(Z  — 2)/r,  with  r in  fermis.  It  has  been  found  that  a 
good  choice  for  rofor  ctemission  is  1.4(A  4)^^^fermis  (as  compered  with 
1 mentioned  in  Chapter  13).  Then,  in  terms  of  A and  Z the  coulomb  energy 

in  MeV  at  r = To  is 

Vo  = 2.06(Z  2)(A  - - 4)“’^^  MeV  (15.25) 

For  A = 230  and  Z = 90  (9oTh^^°)  this  peak  coulomb  energy  is  29.8  MeV,  Note 

that  this  is  large  compared  to  Q,  which  is  usually  several  McV. 

Because  Q is  less  than  the  maximum  of  the  potential  barrier,  classically  the 
alpha  particle  could  not  get  out.  However,  the  quantum  mechanical  wave  func- 
tion is  not  quite  zero  outside  the  barrier,  so  there  is  a small  probability  of 
finding  the  alpha  particle  outside.  To  find  the  relative  sizes  of  the  wavefunctions 
on  the  two  sides  of  the  potential  barrier,  we  will  deviate  from  our  main  discussion 
to  develop  an  approximate  method  of  solving  a one  dimensional  Schrodinger 
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equation.  The  approximcte  result  is  given  in  Equation  (15.31).  The  reader  rTOy 
skip  directly  there  if  he  is  not  intereSed  in  the  mathematical  details. 

We  shall  suppose  that  the  alpha  particles  are  emitted  symmetrically  in  all 
directions;  this  corresponds  to  assuming  that  the  wavefunction  is  a function  only 
of  the  radial  distance  r,  and  that  there  is  no  angular  dependence.  Then  the 
Schrbdinger  equation  for  the  alpha-daughter  system  is: 

p?  ^(r)  + V(r)^P(r)  = 0^(r)  (15.26) 

Here,  if  the  parent  nucleus  is  initially  Dt  rest,  the  total  energy  of  the  system  is  Q, 
the  reaction  energy,  ano  p,  is  the  radial  component  of  momentum.  fJ.  is  the 
reduced  mass,  given  approximately  by 

^ 27J 

m„  + A 


The  operator  corresponding  to  p,  was  discussed  in  Chapter  8,  and  it  was  seen 
there  that  the  free  particle  eigenfunctions  of  p^,  corresponding  to  outgoing 
waves,  were  of  the  form  | 1 /r)e'^^  Her ce,  if  the  potentia  I va  ries  suffic  iently  slowly 
with  r,  we  would  expect  to  find  solutions  of  this  form  with  k = \/  2/i(Q  — 

when  Q>V,  and  k = i V^2/u(V  - when  Q < V.  In  this  problem,  how- 

ever, V cannot  be  treated  as  a constant. 

tf  V changes  very  slowly  as  r changes,  then  the  change  in  the  phase  of  the 
wavefunction,  as  r varies  fnDm  r to  r Sr,  should  be  ju^  l((r)Ar  = 

\/2jU[Q  ^{r)]/h'^  Sf.  A further  change  in  f to  r -H 


2Ar  should  result 


additional  change  of  phase  /((r  + Ar)Ar  = \/  2 fl[Q  V [r  + Ar)]/fi  ^ Ar. 

Hence,  by  adding  a large  number  ot  such  contributions  in  passing  over  a finite 
distance  up  to  T]  , we  might  expect  the  phase  of  the  wavefunction  to  change  by 
a finite  amount  given  by 

Aphase  = lim  ^^A(r,)Ar,  = / c/rfc(r)  = / dr V 2yLi[Q  ~ v(r)l,% 

-0  , J J 

(15.28) 

This  would,  of  course,  be  exact  if  V were  constant.  ‘Thus  we  expect  an  approxi- 
mate solution  of  the  form: 


, , , ? T / V const 

i^(r)  = - <!'(,-)  =:  exp  ^ ( 

r r 


V2m[Q  - V(r)] 


(15.29) 


That  this  is  an  approximate  solution  may  be  checked  by  substituting  Equation 
(15.29)  into  (15.26).  Then  evaluating  the  first  term,  we  have 


1 


const 


exp 


f 


dr 


\/2fi[Q  - V(r)] 


2n 


Pr 


const 


\/2/u[Q  - V{r)]  exp 


/' 


dr 


V2m[Q  - V(r)] 
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If  V(r)  is  sufficiently  slowly-varying  that  radial  derivatives  of  V O V can  be 
neglected,  this  becomes  approximcitely: 


— v'2m[Q  - V(01  p, 
2m 


{const 
— — exp  I / 


dr 


V2p[Q  - V(r)] 


— |2m[Q  - V(r)]l 

2m 


const  C' 

exp  I I dr 


\'2hIQ  - V(r)] 


Equation  (15.26)  is  then  obviously  satisfied.  Hence  (15.29)  is  an  approximate 
solution  if  d \/ Q --  V/dr  is  negligible  in  comparison  to  V O — V/r. 

To  apply  this  to  the  present  problem,  in  the  region  between  roand  r ] , 
V > Q,  so 


v^m(Q  - V) 

n 


01 


(15.30) 


The  wavefunction  \p(r)  is  then  of  the  form: 


const 

exp 

r 


(15.31) 


The  factor  of  r”'  in  Equation  (15.31)  gives  rise  to  a probability  density  \f/ 
which  is  proportional  to  1/f^,  corresponding  to  the  inverse  squared  radial  de- 
pendence of  intensity  from  a small  radiating  source. 

We  can  now  use  this  wavefunction  to  estimate  the  number  of  alpha  particles 
which  penetrate  the  Coulomb  barrier  and  are  emitted.  The  speed  of  the  alphas 
hitting  the  inside  of  the  barrier  is  not  too  different  from  the  speed  of  the  alphas 
escaping  from  the  other  side  of  the  barrier.  Therefore,  the  fraction  of  particles 
escaping  will  be  approximately  eCjUal  to  the  ratio  of  probabilities  of  finding  cv^s 
in  equal  volumes  at  the  points  and  r^in  Figure  15.4.  The  total  number  of 
alpha  particles  in  a range  of  radii  dr  is  proportional  to  ^ ' Airr^dr, 

because  the  volume  element  corresponding  to  dr  is  a spherical  shell  of  area  47Tr^ 
and  thickness  dr.  Hence  in  terms  of  4^(r)  = n/^(r),  the  number  of  particles  in  dr 
is  proportional  to  47T  ^(f)  ^dr.  The  ratio  of  the  number  of  particles  in  dr  at  f]  , 

to  the  number  of  particles  in  an  equal  dr  at  Cq,  should  be  just  that  fraction  of 
alpha  particles  hitting  the  inside  of  the  barrier  which  get  ovt.  Hence,  from 
Equation  (15.34),  the  fraction  of  particles  which  get  out  should  be 


47T  4>(r,)  ^df  _ r f''  V2m(V  - Q)dr 
47T  <I>(ro)  ^dr  ^ 


(15.32) 


Let  us  call  this  ratio  e * with 


/ = 2 


V%1(V  - Q)dr 


(15.33) 
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Since  the  potentiai  between  [q  and  T]  in  Figure  15.4  is 
the  integral  which  has  ta  be  done  is 


I 


2(Z  - 2)e^ 

Artor 


given  by  Equation  (15.2  1 ), 


Q 


dr 


This  is  a standard  integrai  that  can  be  found  in  mast  integrai  tables.  Let  y =; 
Q/[2(Z  — 2)e^/47TLoFo  1^  the  ratio  of  reaction  energy  ta  barrier  peak  energy. 
The  result  is  then 


/ = 2.53 


Z - 2 
V Q 


7T 

- — tan 
2 


/_x_ 

k(i  - y) 


- vTo 


(1  5.34) 

with  Q in  MeV.  Th®  factor  2.53  arises  from  the  factors  4e^  \/^2niu /(4xCq^), 
with  m,^  the  mass  of  the  ci  particle,  (and  from  the  conversion  of  Q ta  MeV.  The 
factor  \/(A  ™ 4)/A  cornes  from  use  of  the  reduced  mass,  given  in  Equation 
(15.27). 

Let  us  summarize  what  has  been  done.  By  salving  the  Schrddinger  equation 
approximately,  an  expression  has  been  derived  far  the  fraction  of  aipha  particies 
which  actuaiiy  penetrate  and  escape  if  they  hit  the  barrier.  This  fraction  is  ap- 
proximately e"*  where  / depends  an  the  available  energy  Q,  an  the  mass  number 
A,  and  an  the  nuclear  charge  fe.  Because  of  the  exponential  dependence,  's 
an  extremely  sensitive  function  of  Q and  Z 


example  It  was  found  in  a previous  example  that  Q far  the  alpha  decay  of  9oTh'“  is 
4.82  MgV.  Also,  the  peak  of  the  pcential  barrier  was  found  ta  be  29.8  MeV, 
Thus,  7=  4.82/29.8  = 0 1617,  and  from  Equation  (15.33), 


/ ==  2.53 


226  88 
230  vT^’ 


- tan-'{V'0.1 61 7/0.8353)  - V'(0.1617)(0.§383) 


:=  10  0.6 


- 0.4  1 4 -0.3681 

2 y 


:=  7 9.4 

Similarly,  we  found  that  far  the  alpha  decay  of  Q = 4.12  MoV.  Also, 

frem  the  peak  potential  expression  of  Equation  (15.25),  the  peak  of  the  barrier  is 
at  29.7  M©V.  Then  y = 0.1387  and  I = 91.6. 

These  results  can  be  used  ta  predict  quantitatively  same  half-lives.  The  expo- 
nential e~^  is  the  retio  of  the  number  of  particles  getting  out  per  unit  time  ta  the 
number  inside  hitting  the  barrier  per  unit  time.  If  we  think  of  the  particle  as 

bouncing  back  and  forth  inside  the  nucleus,  the  number  of  times  it  hits  the  barrier 
per  unit  time  is  comparable  ta  the  (x  particle's  speed  divided  by  the  nuclear 
radius.  If  we  estimate  its  speed  at  about  c/10  (the  exact  speed  does  not  matter 
much),  and  the  radius,  r„,  as  1 .4  x 10"  '^(A  --  4)*''^  ~ 8 x 10''^  far  A 
around  230,  the  number  of  times  the  alpha  particle  hits  the  barrier  per  second 
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is  comparable  to  10^^  per  second  Then  the  traction  of  particles  coming  out  per 
second  is  comparable  to  This  would  be  the  decay  constant. 

The  half-life  in  seconds  is  then  comparable  to  1 0°'*^'" 


p/e  In  the  last  example  we  found  that  / :=  79.4  tor  9oTh^^°.  The  predicted  halt-life 
is  then  about 

Pq[(0  434)(79  4)^22|j 
T 1 /2  ■■  4 

3.15  X 10^  sec/year 
==  1 X 10^  years 


Likewise  for  9(,Th^^^,  with  / = 91.6,  the  predicted  halt-life  is  about  2 x 10'° 
years.  The  experimental  values  are  80,000  years  and  1.4  x 10'°  years, 
respectively. 


The  agreement  in  this  example  is  somewhat  fortuitous,  since  we  dropped 
various  factors  multiplying  which  were  comparable  to  unity.  Also,  one  should 
take  into  account  the  fraction  of  the  time  the  alpha  particle  exists  in  the  nucleus, 
the  width  of  the  energy  levels,  0 more  accurate  solution  for  the  wavefunction, 
and  so  forth.  This  theory  was  originally  given  by  G.  Gamow  and  E.  U.  Condon, 
and  was  considered  a great  triumph  for  quantum  mechanics,  since  it  was  the  first 
quantitative  prediction  for  nucleai  theory.  Note  that  because  I appears  in  the 
exponent,  the  small  changes  in  A and  Q between  the  elements  9oTh^“  and  9oTh^^^ 
gave  an  enormous  half-life  ratio. 

The  most  important  part  of  the  dependence  of  this  estimated  decay  constant 
is  on  1/\/Q  in  the  exponent,  /.  Thus,  if  we  computed  log  A = - log(T,/2/0.693), 
we  would  find  that  as  far  as  the  energy  is  concerned. 


log  X 


A B(Z  - 2) 

Vq 


(15.35) 


where  A and  B are  slowly  varying  functions  of  A,  Z and  Q.  This  law,  called  the 
Geiger-Nuttall  law,  is  well  verified  experimentally  in  its  dependence  on  energy 
for  a given  radioactive  series. 


.7  BETA  DECAY 

Unstable  nuclei  which  have  an  excess  of  neutrons — that  is,  whose  positions  lie 
generally  above  the  "stability  line  ' on  a plot  of  N versus  Z — tend  to  decay  by 
emitting  an  electron  and  another  particle  called  an  anfineufrino,  which  is 
extremely  hard  to  detect.  The  simplest  such  process  is  the  beta  decay  of  the 
neutron:  When  a neutron  is  not  inside  some  nucleus,  it  is  unstable  and  decays 
with  a half-life  of  12.8  min,  according  to  the  process: 

(a)  on'  ^ ip'  + e~  +17 

The  symbol  T represents  the  antineutrino,  which  hcis  zero  charge.  The  symbol 
e*  represents  the  electron,  which  has  a charge  - e . Similarly,  nuclei  lying 
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well  below  the  stability  line  may  decoy  by  emitting  a positron  (or,  in  other  words, 
a and  a neutrino.  An  example  of  this  is  the  decay  of  the  nucleus: 

( b ) + e+  t II 

The  positron,  designated  by  e^,  has  the  same  rest  mass  and  spin  as  the  electron 
but  a charge  of  4-  e . On  the  N --  Z diagram  im  Figure  15.5  the  positions  of 
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Rguie  15.5.  N-Z  diagram,  showing  that  under  beta  decay,  nuclei  lying  generally  above 
the  ability  line  tend  to  decay  by  emission  (A);  nuclei  lying  below  the  stability  line 
tend  to  decay  by  emission  fS). 

two  unstable  nuclei  are  shown  at  the  points  A,  B.  A undergoes  decay, 

6 undergoes  decay.  The  crosses  indicate  the  final  positions  of  the  nuclei. 

In  these  processes,  all  the  conservation  laws  we  have  discussed  up  to  now  are 
satisfied,  as  well  as  some  new  ones.  For  example,  angular  momentum  and 
mass-energy  are  conserved.  Conservation  of  charge  is  expressed  by  equolity 
of  the  sum  of  subscripts,  together  with  electron  or  positron  charges  on  both 
sides  of  reactions  like  (a  I and  (b).  In  reaction  (a),  the  total  charge  to  start  with 
is  Z = 0,  because  the  neutron  is  uncharged.  The  charge  finally  is  that  of  a proton 
plus  that  of  an  electron,  or  again  zero.  In  reaction  (b),  the  total  charge  finally 
is  6e  4 le  = 7e,  agreeing  with  the  initial  charge.  The  antineutrino  and 
neutrino  both  have  charge  zero.  In  beta  decay,  the  mass  number  of  the  nucleus 
does  not  change;  this  is  expressed  by  equality  of  the  sum  of  superscripts  on 
both  sides  of  (a)  and  (b).  This  means  physically  that  during  a beta  decay,  the 
number  of  neutrons  plus  the  number  ot  protons,  or  N 4 Z,  does  not  change.  Thus 
in  beta  decay  there  is  a new  conservation  law:  The  total  number  of  nucleons  is 
conserved. 

Now  let  us  consider  mass-energy  conservation  in  fj  decay.  Any  mass  decrease, 
due  to  both  the  change  of  nuclear  mass  and  the  creation  of  a /j  particle,  goes 
into  kinetic  energy  of  the  final  particles.  Because  of  the  small  masses  of  the 
electron  and  neutrino  compared  to  nuclear  masses,  most  of  this  kinetic  energy 
goes  to  them  and  little  goes  to  the  daughter  nucleus.  As  in  alpha  decay  dis- 
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cussed  above,  we  shall  designate  ihe  energy  corresponding  to  loss  of  rest  mass 
by  Q.  We  shall  call  the  electron  rest  mass  m^,  the  initial  or  parent  atomic  mass 
M,,  and  the  final  or  daughter  atomic  mass  We  assume  for  the  present  that 

the  neutrino  rest  mass  is  zero.  We  shall  see  evidence  for  the  validity  of  this  as- 
sjmption  later.  Recall  that  atomic,  not  nuclear,  masses  are  given  in  the  tables; 
thus,  if  the  parent  atom  has  Z electrons,  the  nuclear  mass  is  close  to  Mp  — Zm,. 
Likewise,  if  an  electron  is  emitted,  the  daughter  nucleus  has  one  mote  proton,  so 
its  mass  is  — (Z  + 1 )nie  .Then  mass  energy  conservation  is  expressed  by: 

Q 

(M,  - Zm,)  — (Z  + l)fDe  + me  + — (15.36) 

The  electron  masses  cancel,  so  the  equation  is 

Q 

Mp  = + — (15.37) 

In  order  for  jj  decay  to  be  possible  with  an  electron  given  off,  Q must  be  positive, 
so  the  parent  nucleus  must  have  greater  mass  than  the  daughter  nucleus.  It  is 
found  that  whenever  this  condition  is  satisfied,  /j  decay  does  occur,  although  in 
somecases  the  half-life  is  so  large  that  other  decay  processes  ate  more  important. 

ip/e  For  the  decay  T-i',  from  Appendix  3 the  rest  mass  of 

is  16.0  0610  3 amu,  a nd  that  of  gO’*  is  less  at  15.994915  0 171 U,  Thus  Q is 
positive.  The  change  in  mass  is  0.01  118  OITIU,  so  Q(l  Omu  = 931  MeV)  is 
10.4  MeV. 

Two  other  conservation  laws  that  should  be  satisfied  in  jj  decay  are  conser- 
vation of  momentum  and  conservation  of  angular  momentum.  These  two  laws 
lead  to  the  necessity  for  a neutrino  or  antineutrino  lo  be  present  among  the  fi 
decay  products,  even  though  for  many  years  it  was  impossible  to  detect  these 
particles  directly.  For  example,  consider  conservation  of  angular  momentum  in 
connection  with  the  reaction: 

on’“*]p^+e 

The  neutron  and  proton  each  have  spin  V2  Ihe  electron  also  has  spin  V2  . There- 
fore. if  there  were  no  neutrino,  ongulor  momentum  could  not  be  conserved,  be- 
cause the  spin  of  the  end  product;  would  be  integral,  and  could  not  equal  the 
initial  spin  of  V2  . Thus,  if  angular  momentum  is  to  be  conserved,  there  must  be  at 
least  one  more  unobserved  particle.  If  there  is  only  one  particle,  it  must  have 
half-integral  spin.  Experiments  show  that  the  neutrino  indeed  has  spin  Vl 

Now  let  us  consider  the  effects  of  momentum  conservation  along  with  energy- 
mass  conservation.  If  there  were  just  two  end  product  particles,  , and  e~,  in 
the  center  of  mass  system  the  two  particles  would  have  to  have  momenta  of  the 
same  magnitude  but  opposite  in  direction,  because  in  the  center  of  mass  system 
the  initial  momentum  is  zero.  Also,  the  sum  of  the  kinetic  energies  equals  Q. 
This  gives  sufficient  information  to  determine  the  individual  particle  energies. 
Then  the  electron  energies  observed  should  be  discrete,  just  as  alpha  decay  re- 
sults in  discrete  a Ipha -pa  rtic  le  ene'gies.  However,  experimentally  it  is  found  that 
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the  electrons  have  a continuous  ener^^y  distribution  from  0 to  Q.  This  indicates 
that  there  must  be  at  leost  one  more  particle,  in  addition  to  the  proton  and 
neutron,  given  off  in  the  clecoy. 


15.8  PHASE  SPACE  AND  THE  THEORY  OF  BETA  DECAY 


Experimentally  observed  values  of  ^he  number  of  electrons,  per  unit  energy 
interval,  versus  electron  kinetic  energy  for  the  fj  decoy  of  49ln^^'*  are  shown  in 
Figure  15.6.  Similar  results  ore  found  in  other  beta  decays.  Let  us  see  if  we  can 
make  some  simple  arguments  to  exploin  the  shape  of  the  curve  formed  by  these 
points.  We  shall  assume  f rst  that  one  particle,  an  antineutrino  of  zero  rest  mass, 
is  given  off  in  addition  to  the  daughter  nucleus  and  the  electron.  Then  the  rela- 
tionship between  the  energy  and  the  momentum  of  the  antineutrino  is: 

P,  = ^ (15.38) 


just  as  for  a photon.  Likewise,  if  the  kinetic  energy,  momentum  and  rest  mass  of 
the  electron  are  , pg  and  m,,  respectively,  the  relativistic  equation  relating 
these  three  quantities  is 


VJl  + 2T,m,c" 

Pe  = 

c 


(15.39) 


Now  we  make  o probability  argument.  As  in  statistical  mechanics,  we  assume 
thot  the  probability  of  finding  the  particles  in  a given  range  of  momenta  in  the 
final  state,  is  determined  Dniy  by  the  availability  of  final  states.  Hence  we  assume 
their  probability  is  proportional  to  the  corresponding  volume  in  momentum 
space.  Since  two  particles  come  off,  momentum  space  here  consists  of  three 
coordinates  for  each  particle.  Therefore,  the  probability  wili  be  proportional  to: 


d r = {dp,  dp,  dp,),  (dp,  dp,  dp, ),  (1  5.40) 

Thirdly,  we  make  the  assumption  that  there  is  no  correlation  in  direction  between 
the  electron  and  antineutrino.  This  allows  us  to  use  spherical  coordinates  in 
momentum  space,  and  to  ignore  the  angular  dependence  of  the  distribution  of 
decay  products.  Then  the  volume  in  momentum  space  becomes 

c/r  = (47T/3^c/p;,)(47rpg  c/pe ) (15.41) 


From  Equations  (15.38)  and  (15.39).  in  terms  of  energies  E,,  clE^,,  and  dT^, 
the  volume  in  momentum  space  is 


dr  - (47rf 


VT:  + 2 1 


I (Te  + c^)dT,, 


(1  5.42) 


The  antineutrino  energy  £/cannot  be  measured  directly,  so  we  would  like  to 
sum  this  expression  over  all  allowed  values  for  for  a given  7^ , to  find  the 
probability  of  emitting  an  electron  with  kinetic  energy  7^ . The  conservation  of 
energy  and  momentum  equations  lead  to  an  approximate  relationship  between 
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E^,  and  Tg . In  order  to  CCnserve  momentum,  the  nucleus,  in  general,  recoils  with 
a momentum  comparable  in  magnitude  to  that  of  the  electron  and  antineutrino. 
But  then,  because  the  nuclear  mass  is  large  compared  to  those  of  the  other 
particles,  it  will  have  negligible  kinetic  energy.  Thus  the  electron  and  anti- 
neutrino kinetic  energies  must  add  to  approximately  Q.  Hence  by  conservation 
of  energy, 

E,  = Q - Tg  (15.43) 

For  a given  infinitesimal  range  of  electron  kinetic  energies  near  7g , the  anti- 
neutrino energies  are  closely  groupeo  about  the  value  given  by  Equation  (‘15.43). 
The  factor  dE^  may  then  be  absorbed  into  a proportionality  constant  multiplying 
the  factors  in  c/F  which  depend  on  7^.  The  number  of  electrons  emitted  per  unit 
energy  interval,  n,,  is  proportional  to  the  probability  divided  by  dL  . Then, 
gathering  together  the  results  of  EcjUOtion  (15.42)  and  (15.43),  we  see  that 
dropping  multiplicative  consents,  we  have: 

n,a(Q  - T^fVT'i  + 27,  m^c^(7;  + m,  c^)  (15.44) 

Forthe  decay  of  49  Q = 1-09  MeV,  The  expression  in  Equation  (15.44) 

is  plotted  as  the  solid  CUrV6  in  Figure  15.6,  using  this  value  of  Q and  multiplying 
by  the  proper  constant  to  make  the  peak  of  the  curve  match  the  experimental 
peak.  The  excellence  of  the  fit  indicates  strongly  that  only  one  additional  par- 
ticle, the  antineutrino,  is  emitted.  The  dependence  on  (Q  — . arose  from  the 

assumption  that  the  QDtinGUtrinO  rest  mass  is  zero.  The  good  fit  near  7,,  = Q 
indicates  that  this  assumption  is  correct.  Thus  we  conclude  that  the  additional 
particle  emitted  in  jj  decay  (antineutrino  or  neutrino)  has  zero  charge,  zero  rest 
mass,  and  a spin  of  V2  . li  also  has  no  magnetic  moment.  Because  of  these  proper- 
ties, it  interacts  very  little'  with  matter  and  is  very  difficult  to  detect.  It  was  first 
detected  directly  by  Reines  and  Cowan  in  1953.  They  used  a large  antineutrino 
flux  from  a reactor  and  a very  large  liquid  detector.  The  reaction  used  was 
-F  1 p ^ 6^,  and  the  resulting  positron  was  detected. 

While  a good  fit  was  obtained  to  the  data  of  Figure  15.6,  many  jS  decays 
give  a curve  of  different  slope.  This  has  been  explained  in  detail  by  the  presence 
of  correlations  in  the  momenta  of  electron  and  antineutrino;  in  the  above  deriva- 
tion we  assumed  no  such  correlations  existed. 

15.9  ENERGY  IN  0^  DECAY 

Let  us  now  consider  the  condition  cn  parent  and  daughter  atomic  masses  im- 
posed by  energy-mass  conservation  for  decay,  where  a positron  is  emitted. 
Again  let  the  ma sses  of  parent  and  daughter  atoms  be  A4p  and  , with  nig  the 
re^  mass  of  the  positron  (the  same  05  that  of  the  electron).  If  the  charge  number 
of  the  parent  nucleus  is  Z,  that  of  the  daughter  nucleus  is  Z 1.  Then  if  the 
kinetic  energy  of  the  decay  products  is  Q,  energy-mass  balance  is  given  by  the 
equation: 

(Mp  - ZmJ  = [M^  - (Z  - l)m,]  + m,  + 


(15.45) 
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Cancellation  of  Zm,  on  both  sides  leads  to: 

= M,  + 2m,  + ^ (15.46) 

iple  Which  of  the  following  nuclei  COuld  disintegrate  by  decay?  Find  the  Q of 
each  decay: 

5,La'^' 

fjon  From  Appendix  3, 

Mass  of  ,9  K'*®  = 39.964000  amu 
Mass  of  ,g  = 39.962384  amu 
Difference  = 0.001616  Omu 

2m^  = 0.001098  gmu 

Difference  = 0.000518  Omu  > 0 

Thus  the  reaction  may  take  place. 

c?  = (931)(0.000516)  = 0.48  MeV 

For4Be^  3li^  +6^  mass  difference  is  -0.000173  amu,  which  is 

less  than  zero,  and  so  the  reaction  does  not  take  place.  For  57Lo'^^  — ^ 5560^^^  -h 
e’*’  V,  the  mass  difference  is  0.00081  amu,  so  the  reaction  takes  place. 

Q = (931)(0.00081)  =0.75  MeV 

The  positron  given  off  in  cli5Cay  eve  ntua  lly  annihilates  with  an  electron, 
giving  off  two  gamma  rays.  For  a short  time  before  the  annihilation,  the  electron 
and  positron  may  be  bound  together  to  form  a system  called  positronium,  some- 
what similar  to  a hydrogen  atom.  Since  the  reduced  mass,  mgm^/(me  + /Tie),  is 
y2/Tle,  the  binding  energies  are  one-half  the  hydrogen  energies 

The  neutrino  given  off  in  decay  has  the  same  properties  as  the  antineutrino 
except  in  one  respect:  the  spin  of  the  antineutrino  always  points  in  the  direction 
of  its  motion,  and  that  of  the  neutrino  is  always  opposite  to  the  direction  of  the 
motion.  This,  together  with  conservation  of  angular  momentum,  leads  to  the  fact 
that  the  spins  of  the  electrons  or  positrons  emitted  can  be  lined  up,  which  can 
be  detected  experimentally. 

10  ElfCTRON  CAPTURE 

A reaction  somewhat  similar  to  jj  decay  is  that  in  which  an  atomic  orbital 
electron  is  absorbed  by  the  nucleus,  with  a neutrino  being  given  off.  Since  the 
electrons  in  the  K shell  spend  more  time  near  the  nucleus  than  the  other  electrons, 

It  is  generally  a K electron  that  is  captured.  The  general  reaction  can  be  written: 

+ zP*  z-iD*  + V 

The  enetgy-mass  balance  equation  here  is: 

, + [Mp  - Zm,]  = [M,  - (Z  l)mj  + ~ 


m 


(15.47) 
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In  this  case,  there  are  cniy  two  particles  coming  out  of  the  reaction,  so  their 
energies  should  be  discrete.  Careful  measurements,  of  the  recoil  energy  of  the 
daughter  nucleus  show  that  this  Is  the  case  and  that  the  energy  is  of  the  correct 
mugnitude. 

15.11  GAMMA  DECAY  AND  INTERNAL  CONVERSION 

If  a nucleus  is  bombarded  by  particles,  it  may  be  excited  to  higher  energy  levels, 
just  as  electrons  In  atoms  can  be  excited  by  collisions  with  particles.  Also,  if  fV 
or  jS  decay  takes  place,  the  dough’er  nucleus  may  be  left  in  an  excited  state 
rather  than  in  the  ground  ^ate.  Ther  the  nucleus  can  emit  a photon  to  return  to 
the  ground  state.  These  excited  state:  are  typically  on  the  order  of  an  MeV  above 
the  ground  state.  The  wavelength  oF  a 1 MoV  photon  emitted  is  X = hc/E  = 
(6.63  xl0’^'*)(3xl0^)/(1.6x  |0'^joules)=12  xlO^^m,  or  about 
a hundredth  of  an  Angstrom.  Such  high-energy  photons  are  called  gamma  rays. 

The  interaction  that  leads  to  7-ra)’  emission  is  electromagnetic  in  origin.  Thus, 
since  the  interaction  potential  energies  ar^  known,  quantum  mechanical  transition 
probability  theory  may  be  used  to  estimate  the  half-life  for  the  transition.  The 
result  is  that  if  there  are  no  selection  rules  preventing  the  transition,  it  should 
occur  in  about  seconds.  If  there  are  selection  rules  preventing  a ready 

transition,  the  half-life  may  be  quite  large,  possibly  on  the  order  of  days.  When 
there  is  a long  half-life,  say  greater  tian  10  ^ seconds,  the  various  energy  states 
of  the  nucleus  are  called  isomers.  An  alternate  reaction  that  may  take  place  to 
reduce  the  nucleus  to  Its  gtDund  state  Is  interaction  with  external  electrons.  Again 
the  K-shell  electrons  are  most  important  because  they  spend  the  most  time  near 
the  nucleus.  In  this  process  of  internal  conversion,  the  external  orbital  electron 
interacts  with  the  nucleus  and  flies  out  of  the  atom,  carrying  an  amount  of 
kinetic  energy  correspOTiding  to  the  energy  difference  between  nuclear  levels, 
minus  the  electron’s  original  binding  'energy. 

Measurement  of  ^-ray  energies  and  conversion  electron  energies,  along  with 
the  half-lives,  gives  information  about  the  spacing  and  symmetries  of  nuclear 
energy  levels. 

15.12  LOW-ENERGY  NUCLEAR  REACTIONS 

Since  there  are  well  over  1200  different  known  nuclides,  or  types  of  nuclei,  there 
are  many  different  ways  in  which  these  particles  can  combine  and  react.  We  shall 
consider  here  only  the  simplest  type  of  nuclear  reaction,  involving  two  incoming 
and  two  outgoing  particles  of  low  kinetic  energies.  By  low  energy  here  we  mean 
that  the  kinetic  energies  are  smaller  than  about  50  MeV.  The  lightest  nuclear 
particle  (the  proton)  has  a rest  energy  of  about  938  MeV.  Therefore,  the  kinetic 


15.  12  Low-energy  nuclear  reactions  455 


energy  is  small  compared  to  the  rest  energy,  v/c  « 1,  and  so  we  can  use  noD- 
relativistic  mechanics  in  describing  the  motion  of  such  a particle.  A typical  two- 
particle  reaction  is  as  follows: 

^ ,H'  + 

In  this  reaction,  a beam  of  alpha  particles  might  be  allowed  to  fall  on  a nitrogen 
target  at  rest  in  the  lab.  An  a particle  may  combine  temporarily  with  a nitrogen 
nucleus  to  form  a compound  nucleus,  in  this  case  a nucleus  of  fluorine,  which  is 
highly  unstable  and  which  decays  into  two  new  particles.  From  a study  of  such 
reactions,  much  information  can  be  obtained  about  the  energy  levels  of  the  com- 
pound nucleus  and  about  nuclear  interactions.  The  Q of  a nuclear  reaction  is 
defined  as  the  negative  of  the  change  in  rest  energy,  that  is,  Q is  the  initial 
particles'  rest  energy  minus  the  final  particles'  rest  energy.  Let  us  express  Q for  a 
two-particle  reaction  in  terms  of  atomic  masses  of  the  incoming  and  outgoing 
particles.  Assume  there  are  two  particles  initially  of  nuclear  masses  m,  M,  with 
M at  rest.  Let  m be  incident  with  velocity  v or  kinetic  energy  T = ^2  rnv^.  The 
initial  rest  energy  is  (m  -i-  A4)c^.  If  the  final  particles  have  masses  the 

final  rest  energy  is  (m'  -f  M')c^.  Iherefore  the  Q of  the  reaction  is  given  by 

Q = (rr  + M - m'  - A^l')c^  (15.49) 

These  are  nuclear  masses.  However,  atomic  masses  from  the  tables  may  be  used 
in  this  formula,  because  the  electron  masses  cancel  out.  Since  total  energy  is 
conserved  in  the  reaction,  if  T^  and  TA,<’are  the  final  kinetic  energies  of  the  out- 
coming  masses,  we  have: 

7 + ( m -H  M)c^  = (m'  -H  M')c^  + (15.50) 

Therefore,  in  terms  of  kinetic  energies, 

Q = 7^  + Tm  - T (15.51) 

This  gives  another  way  to  define  Q:  Q equals  the  increase  in  kinetic  energy  of 
the  particles  during  the  reaction. 

3mp/e  C a Ic  ula  te  in  MeV,  the  Qofthe  reaction,  + • , H + gO  , 

using  the  atomic  mass  table  of  Appendix  3. 

ilution  Mass  of  ^He'*  = 4.00260131  omu 

Mass  of  = 14.0030744  amu 

Sum  = 18.00567'75  amu 

Mass  of  , H'  = 1.007825  omU 

Mass  of  = 16.999133  omU 

Sum  = 18.006958  amU 
18.005677  amu 
Difference  = 0.001281  omU 

Q = (931)(-0.001281)  = -1.19  MeV 
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The  fact  that  Q is  negative  in  the  above  example  means  that  excess  rest  mass  is 
created  in  the  reaction,  and  that  some  kinetic  energy  disappears.  Such  reactions 
are  called  endothermic.  Reactions  in  which  Q > 0,  or  in  which  excess  kinetic 
energy  is  produced,  are  called  exothermic. 

example  Calculate  the  Q of  the  reaction,  3li^  + , H'  — ► (460^)  2^®"*  + 2^®^ 

so/uf/on  Mass  of  3 Li^  = 7.016004  OmU 

Mass  of  , H'  = 1.007825  gmu 
Sum  = 8.023829  OITIU 
Mass  of  two  2 He^  = 8.005206  amu 
Difference  = 0.018623  amU 

This  is  an  exothermic  reaction  with 

Q =:  (931  )(0.01 8623)  = 1 7 . 3 MeV, 

15.13  THRESHOLD  ENERGY 

In  an  endothermic  reaction,  excess  kinetic  energy  must  be  supplied  in  order  for 
the  process  to  be  allowed  by  energy  conservation;  if  the  kinetic  energy  T of  the 
incident  particle  falls  below  Q , the  reaction  cannot  take  place.  For  the  re- 
action to  take  place,  not  only  must  the  initial  kinetic  energy  be  greater  than 
Q , but  enough  additional  kinetic  energy  must  be  supplied  to  conserve  mo- 
mentum because  the  final  particles  are  not  created  at  rest.  In  classical  mechanics, 
it  is  shown  that  the  total  kinetic  energy  of  a system  of  particles  may  be  written 

Before  After 


Figure  15,7,  Threshold  conditions  for  an  endothermic  nuclear  reaction. 


as  0 sum  of  two  positive  contributions:  kinetic  energy  of  the  center-of-mass 
motion,  plus  kinetic  energy  of  the  motion  relative  to  the  center  of  mass.  The  con- 
tribution from  the  center  O"  muss  motion  is  16  {m’  + hA')V^,  where  V is  the  speed 
of  the  center  of  mass.  This  speed  V j:>  not  zero,  because  for  momentum  to  be 
conserved. 


mv  = (t)'  + M ' ) V 


(15.52) 


Therefore,  the  kinetic  energy  due  to  the  center-of-mass  motion  is 

m 


i 


m'  + 


7 


(15.53) 


The  reaction  will  not  take  place  unless  the  incident  kinetic  energy  T supplies 
I Q ^cm  f very  minimum.  If  T = Q + * there  can  be  no  motion 
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of  the  final  particles  relative  to  the  center  of  mass,  and  the  final  particles  travel 
along  together  with  speed  V.  The  equation  for  an  endothermic  reaction, 


r = I Q I + r,,„ 


-Q  + 


m 

m'  + M' 


T 


can  be  solved  for  7.  fhe  solution  is: 


T = h = 


m ' + A4 ' Q 
m ' + M ' - m 


(15.54) 


(15.55) 


Since  this  is  the  minimum  possible  incident  kinetic  energy  which  allows  the  reac- 
tion to  take  place,  it  is  called  the  threshold  energy.  Hence  the  subscript,  th,  is 
placed  on  7. 

imp/e  Calculate  the  threshold  energy  for  the  reaction  ^ (9^^^)  • 

, H'  + 80'^ 

u/»on  The  m a sse  s and  Qare  given  in  the  next  to  last  example,  Q=  1.19  McV. 
(Tl'-f  M ' ~ 1 8 amu;m*  + A'1^  /r?^14  amu,  assuming  that  the  target 
nucleus  is  initially  at  rest.  Then  7t^,  = (18/14)(  1 .19)  -=  1.53  MeV. 

The  threshold  energies  we  have  been  discussing  are  for  endothermic  reactions. 
There  is,  of  course,  no  threshold  energy  necessary  for  an  exothermic  reaction. 


15.14  NUCLEAR  FISSION  AND  FUSION 

Another  very  important  type  of  nuclear  reaction  occurs  when  a heavy  nucleus, 
far  out  on  the  binding  energy  curve,  divides  into  two  lighter  nuclei  which  them- 
selves have  larger  binding  energies  per  particle.  A typical  example  of  this  is: 

on'  + ->  ->  -h  + 3on'  (15.56) 

This  is  called  fission.  Since  the  overall  binding  energy  per  particle  increases, 
kinetic  energy  is  liberated  in  this  process.  The  Q of  the  fission  reaction  is 

about  200  MeV.  Atomic  bombs  utilize  this  energy  release  when  uranium  or  plu- 
tonium isotopes  undergo  fission.  Again  looking  at  the  binding  energy  curve, 
Figure  14.8,  it  may  be  seen  that  if  a reaction  could  be  made  to  occur  starting 
with  very  light  particles  and  ending  with  heavier  particles  near  the  binding 

energy  per  particle  would  increase  and  therefore  kinetic  energy  would  be  liber- 
ated. Such  reactions  are  called  fusion  reactions,  and  are  used  in  devices  such  as 
the  hydrogen  bomb.  Such  reactions  are  also  responsible  for  the  energy  output  of 
the  sun.  A typical  sequence  of  fusion  reactions  which  occur  in  the  sun,  is  the 
proton-proton  cycle:  Starting  with  pure  hydrogen, 

H'  + H' 

H’  + ^ He''  + 7 

He^  + He"  He“  + 2H'  (15.57) 

Thus,  the  net  result  is  that  4 protons  are  "burned"  to  produce  He'',  with  and 
neutrino  particles  also  appearing.  About  25  MsV  of  energy  is  released.  Such 
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cycles  of  nuclear  fusion  reactions  can  be  used  to  explain  the  genesis  of  heavier 
elements  from  hydrogen  and  the  large  energy  output  from  the  sun.  Reactions 
such  as  these  burn  up  about  1%  of  the  sun's  rest  mOSS  every  10^  years.  They 
also  give  rise  to  a large  flux  of  neutrinos.  From  the  sun,  this  flux  is  about  10"  neu- 
trinos/cm^  sec  measured  at  the  earth's  surface. 

15.15  RADIOACTIVE  CARBON  DATING 

Some  radioactive  materials  are  continually  being  produced  by  collisions  of 
high-energy,  cosmic  ray  particles,  with  nuclei  of  the  earth's  atmospheric  con- 
stituents. An  important  example  of  this  is  the  production  of  radioactive  by 

collisions  of  cosmic  ray  neiitrons  with  nitrogen,  in  the  reaction: 

on'  + ^N'"'  + , p'  (15.58) 

The  carbon  nuclei  formed  in  this  reaction  decay  by  jj  emission  with  a half-life 
of  5568  years,  according  to  the  reaction: 

-►7N'“  + /r  + 1/  (15.59) 

In  a relatively  short  time,  this  radioactive  carbon  becomes  thoroughly  mixed  with 
the  ordinary  atoms  in  the  otmoiiphere  and  near  the  earth's  crust,  and  is 

ingested  by  living  organiSiTIS.  Thus  a certain  fraction  of  the  carbon  in  the  struc- 
ture of  a living  organism  COnsistS  of  radioactive  ^C*'*;the  amount  corresponds 
to  an  activity  of  about  15  disintegrations  per  minute  per  gram  of  fresh  carbon. 
After  the  death  of  the  organism,  the  exchange  of  carbon  with  the  environment 
ceases  and  the  radioactive  carbon  atoms  decay-the  fraction  of  atoms  de- 

creasing by  half  in  one  half-life  of  5568  years.  By  measurement  of  the  carbon 
activity  of  an  ancient  archeological  object  such  as  wood  or  bone,  the  fraction 
of  the  remaining  hence  the  age  of  the  object,  can  be  determined. 

This  method  of  dating  organic  remains  works  well  if  the  age  of  the  object  is  no 
more  than  five  or  six  half-lives,  or  roughly  30,000  years.  Beyond  that,  the  fraction 
of  atoms  has  decayed  to  an  undetectable  level.  This  method  of  dating  is 

called  radiocarbon  dating,  and  was  invented  by  W.  F.  Libby  in  1952. 


summary 


LAW  OF  RADIOACnVE  DECAY 

In  general,  the  decay  rate  for  nuclei  with  decay  constant  A is  given  by  dN/df  = 
-AN.  Of  a sample  of  N,,  nuclei  at  time  t = 0 which  undergoes  spontaneous 
radioactive  decay,  at  time  f there  will  remain  N = nuclei.  The  half-life 

7]/2  is  the  time  it  takes  for  half  the  nuclei  in  a sample  to  decay,  and  is  given  by 

T,/2  = 0.693/X 
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If  there  are  Np  parent  nuclei  having  a decay  constant  Ap , in  radioactive 
equilibrium  with  daughter  nuclei  of  decay  constant  A^ , then  the  rate  at  which 
parent  atoms  decay  is  equal  to  the  rate  at  which  daughter  atoms  decay,  and 

AjNj  = ApNp 


RADIOACUVE  SERIES 

Radioactive  elements  with  Z > 82  fall  into  four  series;  within  each  series  the 
nucleon  numbers  A differ  by  4.  These  series  are  noimed  the  Thorium  (A  = 4n), 
Neptunium  (A  =4n  + l),Uranium  (A  = 4n  + 2)  and  Actinium  (A  = 4n  + 3) 
se  ries.  The  nuc  lei  in  these  series  dec  ay  by  o;  or  fj  emissio  n,  and  ultimate  ly  end  as 
stable  isotopes  of  lead  or  bismuth. 


ALFHA-lWRnC  L£  DECAY 


Alpha-particle  decay  is  a two-particle  decay,  in  which  the  atomic  number  of  the 
parent  nucleus  decreases  by  2 and  the  nucleon  number  decreases  by  4.  An  alpha 
particle  is  given  off  with  discrete  energy.  The  Q of  the  decay  is  the  net  decrease 
in  rest  energy  of  the  particles,  and  is  given  in  terms  of  atomic  masses  by 

Q/C^  = zl'Ap  - - 2-2^d'^2^He 

The  discrete  kinetic  energy  of  the  outcoming  alpha  particle  in  terms  of  the 
nucleon  number  A of  the  parent  is  approximately: 


Ta  = 


4 


Q 


A relation  between  the  half-life,  Q and  Z can  be  obtained  approximately  on  the 
basis  of  an  a Ip  ha -pa  rtic  le  model  of  the  nucleus,  assuming  the  alpha  particle  is 
bound  by  a potential  energy  V{r)  which  is  the  positive  repulsive  Coulomb 
potential  energy  for  r > fQ,  but  regative  for  r < Tq,  where  Tq  = 1.4(A™4)''^^ 
fermis.  The  a Ip  ha -pa  rtic  le  wavefunction  outside  the  potential  barrier  is  given 
approximately  by 


^ ~ 


1 

- exp 
r 


\/2m(V(r)  ~ Q ) 


The  potential  energy  for  r > fg  is  V = 2(Z  — 2)e^/4xeoT-  This  leads  to  a half- 
life: 


whe  re 


- — ta  n 

2 


- y) 


I = 2.53 
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with  'y  the  ratio  of  Q to  the  barrier  peak  energy, 

Q 

^ = 


[2(Z  - 2)e747reo/'oi 


This  result  may  also  be  expressed  in  the  form  (the  Geiger-Nuttall  law): 

A B(Z  ^ 2) 


log  A = 


V'Q 


where  A and  6 are  slowly  varying  functions  of  A,  Z and  Q. 


BE1A  DECAY 

In  beta  decay,  electrons  are  given  of:  with  a continuous  range  of  energies,  indi- 
cating that  in  order  to  conserve  energy,  momentum  and  angular  momentum,  q 
third  particle  must  also  be  given  off.  This  third  particle  has  zero  rest  mass,  zero 
charge,  and  spin  quantum  number  '/2  : it  is  called  an  antineufrlno.  Th®  O of  a 
beta  decay  is  given  in  terms  of  atomic  masses  by 


The  number  of  electrons  per  unit  energy  interval  which  come  off  in  a beta 
decay  process  is  approximately  proportional  to: 

(Q  - j + m^c^) 

wher^  is  the  electron's  kinetic  energy. 

In  ^ decay,  a positron  and  a neutrino  are  given  off,  the  Q of  the  reaction 
being : 

“ = “ Md  2m, 

This  occurs  for  nuclei  lying  generally  below  the  stability  line  on  a n N --  Z 
d ia  g ra  m. 

In  electron  capture,  an  atomic  orbital  electron  is  captured  and  a neutrino  is 
emitted  with  a discrete  energy. 

GAMMA  DECAY 

Transitions  between  excited  states  of  a nucleus  may  occur  with  the  emission  or 
absorption  of  an  energetic  photon,  called  a gamma  ray.  Typical  half-lives  for 
such  processes  are  sec.  Nuclear  states  with  half-lives  longer  than  ^ 1 0 * 

sec  are  called  isomers. 
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IWO-PARUCLE  NUCLEAR  REACHONS 


The  Q of  a nuclear  reaction  is  defined  as  the  negative  of  the  change  in  rest 
energy.  In  terms  of  the  initial  masses  m,  M and  final  masses  m’,  M':  Q = 
(m  + M m’  Q is  also  the  increase  in  kinetic  eneigy  of  the  particles. 

In  an  endothermic  reaction,  Q < 0;  for  an  exothermic  reaction,  Q > 0.  If  Q < 0 
the  reaction  will  not  take  place  unless  the  incident  particle  has  a minimum 
kinetic  eneigy: 


m'  + SA' 

m'  + M'  — 


-Q 

m 


In  a fission  leaction,  heavy  nuclei  increase  their  binding  energy  by  dividing  into 
lighter  nuclei  which  lie  closer  to  the  peak  of  the  binding  eneigy  curve.  In  a fusion 
reaction,  light  particles  are  ^'burned  ' to  produce  heavier  particles  nearer  the 
peak  of  the  binding  eneigy  curve. 


1.  In  the  actinium  series,  the  patent  nucleus  has  o half-life  of  8.8  x years, 

much  longer  than  the  half-lives  in  any  of  the  succeeding  generations.  If  1 gram  of 
u235  jg  jp  radioactive  equilibrium  with  its  decay  products  (14  generations),  what 
would  be  the  total  number  of  decay  particles  per  second  (a's  and  p's)  of  the  sample? 

Answer  8.96  x lO^/sec. 

2.  A parent  nucleus  decays  into  a daughter  with  decay  constant  Ai;  the  daughter 

decays  into  a stable  granddaughter  with  decay  constant  A2.  Find  the  numbers 

N]  N2  and  N3  of  parent;  daughter  gnd  granddaughter  nuclei  if  = 

N3  = 0 initially.  Show  that  if  A2  » Ai,  N]X]  = N2A2  after  a long  time  has 
elapsed. 

K/  / ~ ^ 1 ^ ~ A 2^ 

Answer  N,  = Noe*^'',  Nj  = X,— 

(X2  - X,) 


N3  = No 


3.  Calculate  the  average  lifetime  of  a radioactive  substance  in  terms  of  its  half-life 

Answer:  1.44  7,^2. 

4.  One  curie  is  defined  as  an  activity  of  3.7  x 10  ^ disintegrations  per  second.  Calcu- 

late the  activity  in  curies  of  1 gram  of  radium,  which  has  a half-life  of  7]^2  ~ 

■ 1622  years. 

Answer:  0.98  curies 

5 . U^^^has  a half-life  of  1.62  x 10^  years.  How  long  will  it  take  for  98%  of  the 
original  atoms  to  decay? 

Answer:  9.1  x 10^  years. 
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Transformation  of  nucleus 


6. 


8. 

9.. 

1 0„ 


lip 


12. 


13. 


14. 


15. 


16. 


17. 


Calculate  the  kinetic  energy  of  the  particle  arising  from  decay  of  920^^"*  using 
a to  mic  ma  ss  ta  b les. 

Answer:  4.76  MeV. 

Calculate  the  power  generated  solely  by  (1  decay  of  1 kg  of  radium  of  half-life 
1622  years. 

Answer:  0.028  WQtlS, 

From  Table  15.3,  calculate  the  Qfor  decay  of 
Answer:  6.81  MeV. 

Which  of  the  following  could  decay  by  (i;  decay?  Use  the  atomic  mass  table, 
n 8 t-48  I 1 235 

4 Be  , 22  I ' / 92  U . _ 

Substitute  the  VV/(6  c pproximation, (x)  ~ (const/ ) exp  ( / q K d x ) with  k = 


+ — K = 0 , 


V 2m(V  ~ E)/fi,  into  t h e Schrbdinger  equation,  - 

2m 

to  see  what  the  error  is  in  this  approximation.  Show  that  this  error  is  small  if 
(dK/dx)/K^  and  {d^K/dx^)/K^  are  small  compared  to  one.  Near  K^O  this  ispcita 
good  approximation. 

A particle  is  in  a one  dimensional  bo  K betwt^jn  x = 0and  x = {,lnside  the  box,  its 
potential  energy  is  V = Vqx/{,  . where  is  small  compared  to  the  lowest  energy 
of  the  particle.  Thus  K " ±V^n(V  E)/h  is  purely  imaginary.  Use  a linear 
combination  of  the  W/CB  Qpproxirrations  fo  r positive  and  negative  K to  find  the 
energy  levels,  E,  to  second  order  in  Vq  (See  Problem  10) 

2 2fc2  1 1 _ ^2 

n 7T  n I , I m t 

Answer:  — + - Vq  + . o" 

2m  2 24  n^TT  Ti 

212 


Vl: 


1,2,3  ,.... 


From  Table  15.1,  Po  'decays  with  the  emission  of  an  particle,  of  energy  8.78 
MeV.  Estimate  its  half-life  using  Equation  (1  5.13),  and  compare  with  the  3 X 1 0 ^ 
sec  value  given  in  the  table. 

Answer: 


4 xlO  ^sec. 


?u 
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IS  2.5  X lO^years.  By  trial  and  error 


From  Table  15.3,  the  half-life  of 
using  Equation  ^ 1 5. 1 3),  e st  i m a te  the  a-particle  energy  that  gives  this  half-life. 
Compare  with  4.76  MeV,  os  given  in  the  table. 

Answer:  4.72  MeV. 

Find  the  Q for  decay  of  47Ag’°®,  of  atomic  mOSS  107.9059  Omu. 

Answer:  1.64  MeV. 

Suppose  the  antineutrino  had  a small  rest  mass  m,.  Assuming  no  directional  correla- 
tion between  electron  and  antineutrino  momenta,  show  that  the  /j  spectrum  should 
be  proportional  to: 


V(Q  - L)(Q 


Tg  + 2m^,c^)  vTg(Tg  -h  2m^c^)(Q  - Tg  + m^,c^)(Tg  + m^c^) 


where  Q is  the  moxinum  elsctrOT  kinetic  energy.  Sketch  this  spectrum  for 
near  Q,  when  is  snail. 

The  cross-section  for  the  interaction  between  nuclei  and  neutrinos  is  approximately 
10~'®ba  rn s.  A ssu m e that  atoms  are  a few  Angstroms  apart  in  the  earth,  so  that 
there  are  about  10^^  OtOmS  cubic  meter.  What  fraction  of  the  neutrinos  from  the 
sun,  hitting  perpendicular  to  the  surface  of  the  earth,  are  absorbed  by  the  earth? 
Answer:  l . 3 xl0~^^ 

Find  the  Qfor|d^  decay  of  47  Ag  '^^,ofatomic  mass  107. 9059amu. 

Answer:  0.90  MeV. 
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18.  Find  the  Q for  K capture  in 

Answer:  1 .5  IMeV. 

19.  43lc^^  has  on  atomic  mass  of  97.9071  amu.  Can  it  undergo  a decay;  a d^decay; 
a K capture? 

Answer:  All  are  possible. 

20.  i5p^^  has  an  atomic  moss  of  28.9818.  Can  it  undergo  a K capture;  a decay? 

Answer:  Both  are  possible. 

2 1 . Show  that  for  the  reaction  u -|-  iP^  z- 1 + e A^p  = + 0/c^. 

Is  it  possible  to  have  this  reaction  if  Q is  negative? 

22.  the  radioactive  isotope  of  carbon,  has  q half-life  of  5568  years,  decaying 

by  l3~  emission.  The  ratio  of  to  in  the  earth's  atmosphere  is  nearly 

a constant  in  time,  as  is  produced  at  a constant  rate  by  cosmic  rays  If  the 

fraction  of  in  a sample  of  wood  from  an  archeological  excavation  only  has 

0.30  of  the  normal  fraction  of  radioactive  carbon,  what  is  the  age  of  the  sample? 

Answer:  9,700  years. 

919 

2 3.  83®  decays  by  n-particle  emission,  with  a particles  of  kinetic  energies  5.60, 
5.62,  5.76,  6.07,  and  6.1  1 MeV'.  Some  y rays  observed  following  the  decay  have 
energies  of  0.164,  0.452,  0.492,  0.144,  0.432,  0.472,  0.288,  0.328,  0.040  MeV. 
Construct  an  energy  level  diagram  showing  the  various  q and  y transitions,  and 
calculate  the  difference  in  mass  between  the  33  Bi^^^  nucleus  and  the  3]  nucleus 
Answer:  4.0081  amu. 

24.  Calculate  the  energy  of  the  y ray  produced  by  using  thermal  neutrans  of  negligible 

kinetic  energy,  in  the  n ^ 7 reactions: 

qd’  + 1 H'  ^ + hl';29C[J^^  + 0^  ' 29^0'^*  + 

Answer:  2.23  MeV;  7.06  MeV. 

25.  Calculate  the  7 energy  of  the  electron  capture  reaction: 

460^  + ^ (aLi^)  3li^  + hi/. 


Answer:  0.870  MeV. 

26.  5 MeV  a particles  are  absorbed  in  several  centimeters  of  air;  5 MeV  13  particles 

are  absorbed  in  several  meters  of  air.  The  absorption  coefficient  of  5 MeV  7 rays  in 
a ir  is  0.35  x 1 0~^/cm.  In  what  distance  would  90%  of  these  7 rays  be  absorbed? 
Answer:  658  meters 

27.  In  an  internal  conversion  process,  electrons  of  energies  30.95  keV  and  46.10  keV 

are  ejected,  followed  by  x rays  of  energies  16.3  keV  and  1.0  keV,  respectively.  The 
nucleus  also  COn  smit  a 7 ray  qs  sn  alternate  way  of  going  from  its  excited  to  its 
ground  state.  What  is  the  energy  of  the  7? 

Answer:  47.2  keV. 

28.  Calculate  the  Q of  the  fission  reaction  in  which  a neutron  is  absorbed,  and 

and  36 plus  some  ne'jtronS  are  produced. 

Answer:  1050  MeV. 

29.  Calculate  the  energy  given  off  during  a proton-proton  cycle  in  which  four  protons 

are  burned  to  form  helium. 

Answer:  25.7  MeV. 


16  elementary  particles 


V\/hen  the  kinetic  eneigies  of  two  colliding  particles  are  made  sufficiently  high,  a 
variety  of  particles  having  new  and  interesting  properties  can  be  created  out  of 
the  available  kinetic  energy.  An  enormous  amount  of  effort  has,  in  the  past  few 
decades,  been  poured  into  consbuction  of  high-energy  particle  accelerator  iaciW- 
ties  for  the  production  and  study  of  these  so-called  elementary  particles^  and  into 
attempts  to  classify  them  and  understand  their  properties.  We  shall  in  this 
chapter  present  the  results  of  some  of  these  investigations:  Ihe  successful  pQrticle 
classification  scheme^  newly  discovered  conservation  laws  and  quantum  numbers 
will  be  discussed.  The  broadest  clas:>iflcation  schemes  are  the  groupings  of 
particles  into  different  classes,  such  as  the  baryons  and  lepfons.  Quantum 
numbers  are  assigned  to  the  baryons  in  such  a way  that  the  total  number  of 
baryons  involved  in  any  reaction  among  elementary  particles  remains  constant 
in  time.  Similar  conservaticn  laws  hold  for  leptons. 

16.1  LEPTONS 

Let  us  first  consider  the  class  of  particles  called  leptons.  This  class  includes  the 
electron,  positron,  neutrinos,  antineutnnos  and  the  fu  mesons,  or  muons.  All  of 
the  leptons  have  spin  . In  general,  for  each  particle  of  a given  rest  mass, 

charge,  and  spin  within  this  group  there  also  exists  a particle  of  equal  rest 
mass,  opposite  charge  and  the  same  spin,  called  an  antipaiticle.  This  terminology 
arises  because  of  the  annihilation  process  which  can  occur  when  a particle  and 
its  antiparticle  combine  and  disappear  in  a burst  of  energy-usually  this  energy 
comes  out  in  the  form  of  gamma  ray  photons.  The  positron  is  the  antiparticle 

of  the  electron.  Some  neutral  particle:,  may  be  their  own  antiparticles,  as  is  the 

0 

case  for  the  7T  meson  to  oe  discussed  in  Section  16.2.  However,  in  the  case  of 
the  neutral  leptons,  such  CIS  the  neutrino,  the  antiparticles  are  different  from  the 
particles. 

It  has  been  found  that  there  are  two  distinct  types  of  neutrinos;  one  type  is 
associated  with  the  appecirance  or  disappearance  of  electrons  in  weak  decays, 
while  the  other  type  is  associated  with  the  appearance  or  disappearance  of 
muons.  The  latter  type  is  called  a mu  neutrino  and  is  denoted  by  The  anti- 
particle is  frequently  indicoted  by  putting  a bar  over  the  symbol  for  the  particle. 
The  bar  changes  the  sign  of  the  charge;  for  example,  and  K are  the  same. 
Also,  refer  to  the  mu  neutrino  and  the  mu  antineutrino,  respectively. 
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Examples  of  the  decay  of  7T  mesons  into  muons  have  been  discussed  in  Chapter 
14.  A typical  decay  reaction  is: 

t'"  (16.1) 

Here  is  the  mu  neutrino  associated  with  the  appearance  of  the  muon.  The 
/jL'^  is  the  antiparticle  of  the  p.  . The  masses  of  and  p correspond  to  a 
rest  energy  of  105.66  MeV,  as  compared  to  0.51  10  MeV  for  the  electron  and 
positron.  The  ratio  of  muon  mass  to  electron  mass  is  206.8. 

It  has  been  found  experimentally  that  when  leptons  are  involved  in  interac- 
tions, both  the  electronic  lepton  number  and  the  muonic  lepton  number  are 
conserved.  By  electronic  lepton  number  here  we  mean  that  the  electron  and  neu- 
trino are  each  counted  as  plus  one  electronic  lepton,  and  the  corresponding 
a ntipa  rtic  les-the  positron  and  the  antineutrino-are  counted  as  minus  one  elec- 
tronic lepton  each.  Likewise,  the  p and  mu  neutrino  each  count  as  one  muonic 
lepton,  and  the  p^  and  the  mu  antineutrino  each  count  as  minus  one  muonic 

lepton.  The  total  lepton  numbers  are  then  found  by  adding  algebraically  the 

lepton  numbers  of  the  individual  particles  appearing  on  one  side  of  a reaction 
equation.  For  example,  in  the  decay  reaction  (16.1)^  the  muonic  lepton  number 
on  the  lefthand  side  of  the  reaction  is  zero,  because  no  leptons  are  present. 

On  the  righthand  side,  the  total  muonic  lepton  number  is  — 1 for  the  p^  and  -i-  1 

for  the  mu  neutrino:  the  total  is  — 1 -H  (-1-  1)  = 0,  the  same  value  as  on  the  left 
sid  e . 

Thus,  if  in  Q reaction  an  electron  is  created,  either  another  electronic  lepton 
mu^  have  been  destroyed  or  an  electronic  antileptan  must  have  been  created  at 
the  same  time.  Using  this  conservation  law  and  conservation  of  charge,  one  may 
deduce  the  reaction  for  the  beta  decay  of  the  p meson: 

p~  e~  + V (16.2) 

The  muonic  lepton  number  on  eoch  side  is  -i-  1 and  the  total  electronic  lepton 
number  on  each  side  is  zero.  The  mean  life  for  this  decay  is  2.20  x 10^'  sec. 

A similar  decay  involving  the  antiparticles  occurs  with  the  same  mean  life: 

fi*  -f-  e + + -\-  1/  (16.3) 

The  mu  neutrino  and  the  neutrino  are  distinctly  (different  particles.  In  difficult 
experiments  with  mu  neutrinos  from  a meson  decay,  it  has  been  shown  that 
mu  neutrinos  do  not  interact  with  nuclei  to  form  electrons,  whereas  the  creation 
of  electrons  from  similar  nuclear  interactions  with  neutrinos  does  occur.  Charged 
leptons  interact  with  nuclei  primarily  through  electromagnetic  forces,  i.e. 
Coulomb  interactions.  They  do  not  interact  through  shortrange  strong  nuclear 
forces.  The  uncharged,  zero  rest  mass  leptons  cannot  interact  by  means  of 
electromagnetic  potentials.  Their  interaction  with  the  charged  leptons  is  through 
forces  which  are  very  small  and  are  called,  appropriately,  weak  interactions. 
Because  of  the  smallness  of  such  interactions,  neutrinos  go  through  matter  almost 
as  freely  as  through  a vacuum. 


466  Elementary  particles 


16.2  MESONS 

As  was  discussed  in  Chapter  14,  the  Eixjstence  of  the  7T  meson  was  predicted  by 
Yukowa  to  explain  nuclear  forces  In  te'ms  of  particle  exchange.  By  an  uncertainty 
principle  argument,  the  7i’  mass  was  predicted  to  be  several  hundred  electron 
masses.  Two  charged  tT  mesons  exist,  denoted  by  7r^  and  7T  , with  rest  energies 
of  139.58  MeV.  Also,  there  is  a neutral  tt  meson,  which  has  a rest  energy 
of  134.98  MeV.  The  corresponding  masses  are  around  270  times  the  electron 
rest  mass.  The  71-°  is  its  own  antiparticle.  The  antiparticle  for  the  is  the  vj-”. 
The  TT  mesons  have  spin  zero  and,  th  js,  obey  Bose-Einstein  statistics.  They  and 

the  other  mesons  to  be  discussed  are  therefore  often  cailed  bosons. 

If  two  nucleons  collide  with  sufficient  initial  kinetic  energy,  they  can  create  a 
7T  meson.  Thus,  if  two  protons  coliide,  some  possibie  reactions  are: 

ip  + iP  \P  +iP  +tt 

,p'  + ip'  — * ,p'  + on’  + 7T^  (16.4) 

Since  the  rest  energy  of  the  7T^  is  139.58  MeV,  this  is  the  minimum  initial 

kinetic  energy  in  the  center  of  momentum  system  needed  to  create  a tt^  meson. 
Some  reactions  that  might  occur  for  a oroton,  neutron  collision  are: 

11-  + o'!  ~’  tP  + 0f1  + IT 

ip'  + off  *■  off ' + off  + 

}p  + off  ^ iP  iP  + If  (16.5) 

The  occurrence  of  processes  such  as  (16.4)  and  (16.5)  shows  that  there  is  no 
conservation  law  for  meson  number. 

One  decay  mode  of  a charged  tt  meson  is  the  reaction  given  in  (16.1).  The 

mean  life  for  such  a decay  is  2.55  X 10  ^ sec.  Another  decay  mode  which 

occurs  only  in  a very  small  fraction  of  1 he  decays  is 

7T^  e"*"  + ( 16.6) 

These  involve  neutral  leptons  and  thus  weak  interactions.  Note  that  both  of  these 
decays  have  lepton  numbers  of  zero  on  each  side  of  the  equation.  Since  electro- 
magnetic interactions  are  much  stronger  than  weak  interactions,  the  most  likely 
decay  mode  of  the  7T^  meson  is 

TT®  7 + 7 (116.7) 

-two  gomma  rays.  The  mean  life  here  is  about  2 X 10  sec.  No  leptons 
are  necessary  in  the  decay  of  the  since  no  charged  particles  are  needed  to 

conserve  charge.  Also,  the  cannot  decay  into  only  one  photon  because  then 
momentum  could  not  be  conserved.  In  fact,  in  all  these  decays  at  least  two 
particles  must  result  in  order  to  conserve  momentum. 

The  meson  exchange  theory  of  nuclear  forces  is  thought  to  be  essentially 
correct.  However,  many  other  mesons  have  been  found  which  could  affect 
nuclear  forces.  These  mesons  all  have  integral  spin  and  are  thus  bosons.  For 
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instance,  the  and  /C'^  mesons  have  spin  zero  and  decay  in  around  10  ^ sec. 
Their  antiparticles  are  designated  K'\  or  K'*' , and  [When  discussing  the  class 
of  particles  called  mesons,  the  muon  (fi  meson)  is  not  included.  The  muon  is  a 
lepton  and  has  spin  Vi  .]  Table  16.1  summarizes  the  kinds  of  mesons  that  fit  into 
the  patterns  which  will  be  discussed  later,  along  with  their  rest  energies  and 
spins.  All  of  these  particles  are  unstable  and  decay.  For  instance,  a meson 

can  decay  into  or  Into  two  or  three  TTmesons,  etc.  It  cannot,  however, 

decay  into  4 7r  mesons,  because  it  does  not  have  enough  rest  energy  to  form 
fo  u r 7T*S. 

TABLE  16.  1 Rest  Masses  and  Spin  Quantum  Numbers  of  Some  of  the  Mesons 


Meson 

Rest  Energy  ( AAeV) 

Spin 

± 

7T 

139.58 

0 

0 

7T 

134.97 

0 

493.8 

0 

K°,K° 

497.8 

0 

V 

548.8 

0 

n’ 

958.3 

0 

± 0 
P ,P 

765 

1 

0) 

783 

1 

891 

1 

K°*,  K°* 

- 897 

1 

<t> 

1019 

1 

A ± A 0 

A2  , A2 

-1315 

2 

* ®*,.*  K^** 

~ 1405 

2 

f 

1264 

2 

1' 

1515 

2 

.3  BARYONS 

There  is  another  class  of  particles  whose  number  is  conserved,  called  baryons, 
which  includes  the  proton  and  neutron,  and  their  antiparticles.  These  particles 
all  have  ha  If-od  d -integ  ra  I spin,  and  all  except  the  proton  — the  baryon  with  the 
least  mass-are  unstable.  The  baryons  interact  by  electromagnetic  and  short- 
range  nuclear  forces,  as  do  mesons.  The  combined  :>et  of  mesons  and  baryons 
that  can  interact  with  nuclear  fcrCGS  is  called  hodfOnS.  The  only  thing  that 
prevented  early  discovery  of  the  longer-lived  baryons  was  the  lack  of  particle 
beams  with  energy  sufficient  to  produce  them.  Soon  after  the  bevatron,  with 
enough  energy  to  produce  antiprotons,  was  completed,  the  antiproton  and  anti- 
neutron were  detected  by  several  teams  of  experimenters.  The  short-lived  baryons 
are  more  difficult  to  detect. 

Table  16.2  lists  some  of  the  baryons  that  fit  into  the  classification  patterns 
to  be  discussed  later,  along  with  their  rest  energies  and  spins.  The  bars  aver 
symbols  indicate  antiparticles.  The  antiparticle  always  has  the  opposite  sign  of 
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TABLE  16. i!  Best  Energies  and  Spins  of  Some  of  the  Baryons 


Baryon 

Rest  Einergy  ( MeV) 

Spin 

Pf  P 

938. 26 

1/2 

n,  n 

939. 55 

1/2 

A,  A 

1115. 6 

1/2 

S'",  S'" 

1189. 4 

1/2 

s“,s“ 

1192. 5 

1/2 

S‘,  S“ 

1197.3 

1/2 

1315 

1/2 

1321 

1/2 

3/2 

N *,  SSEl 

1236 

3/2 

3/2 

N \N  * 

3/2 

y,--'",  Y,  * 

1382 

3/2 

y?*,  yf* 

- 1385 

3/2 

yr\yr* 

1388 

3/2 

1529 

3/2 

v~*  v~* 

1534 

3/2 

a~, 

1672 

3/2 

charge  from  the  particle.  The  two  plusses  on  the  N'*”*’  * indicate  a charge  of 

2e  ■ 

In  any  reaction  involving  baryons,  the  total  baryon  number  is  always  con- 
served.  In  calculating  6,  the  total  baryon  number,  the  a ntip  a rtic  les  a re  assigned 
■■  1 and  the  particles  are  assigned  -f  1.  Then  the  algebraic  sum  of  the  numbers 
of  the  baryons  or  antiboryons  appearing  on  one  side  of  a reaction  equation 
must  be  the  same  as  the  number  appearing  on  the  other  side.  Thus  in  the  reac- 
tion 2^  — ^ A the  initial  and  final  baryon  numbersare  6 = +l.ln  the 

reoction  n — > p + e + -\-  v,  the  initial  and  final  baryon  numbers  are  6 = 

In  the  reaction  n -i-  n the  initial  and  final  baryon  numbers  are  6 = 0. 

16.  4 CONSERVATI  ON  LAWS 

In  discussing  various  quontities  thal  are  conserved  in  a particle  interaction,  it 
is  useful  to  note  what  kinds  of  forC6'S  are  predominant  in  causing  the  reaction. 
For  example,  ^ decay  processes  gc>  by  weak  interactions  and  the  numbers  of 
electronic  leptons  and  muonic  leptons  are  conserved.  It  has  been  found  that  there 
6xist  quantities  that  are  conserved  jq  nuclear  interactions,  in  which  mesons  are 
produced,  which  might  not  be  conserved  for  other  forces.  The  four  kinds  of 
forces  that  are  known  ore  nuclear  or  strong,  electromagnetic,  weak,  and  gravi- 
tational. For  particles  with  nucleon  masses,  on  the  order  of  one  fermi  apart,  the 
relative  sizes  of  these  forces  are  approximately: 

Strong:  Electromagnetic:  Weak:  Gravitational:  = 1:  10  10  10  (16.8) 
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Clearly,  in  reactions  wherie  only  a few  particles  are  involved,  gravitational  effects 
can  be  ignored.  Also,  weak  forces,  where  leptons  are  involved,  are  important 
only  when  a reaction  by  nuclear  or  electromagnetic  interactions  is  very  unlikely. 
A conservation  law  that  holds  for  cill  these  interactions  is  conservation  of  baryon 
number  6. 

] Isotopic  Spin 

Another  quantity,  which  is  conserved  in  strong  or  nuclear  interactions  but  which 
is  not  conserved  in  electromagnetic  or  weak  interactions,  is  isotopic  spin.  This 
new  quantum  number  is  closely  ariologous  to  ordinciry  spin.  It  arises  from  con- 
sidering that  the  neutron  and  the  proton  are  practically  identical  particles. 
Nuclear  forces  are  charge  independent;  the  neutron  and  the  proton  exhibit  the 
same  nuclear  forces.  They  also  have  nearly  the  same  mass.  The  only  essential 
difference  is  that  the  proton  has  a charge.  As  a first  approximation,  then,  one 
can  think  of  the  proton  and  neutron  as  different  states  of  the  same  particle, 
distinguished  only  by  an  internal  property  (charge),  which  is  described  by 
assigning  appropriate  internal  quantum  numbers  to  the  neutron  and  proton. 
Since  there  are  two  particles  in  this  case,  an  internal  quantum  number  having 
two  possible  values  is  needed.  If  the  value  T2  = Vi  is  assigned  to  the  proton 
and  T3  = — V7  \s  assigned  to  the  neutron,  these  numbers  are  very  closely 
analogous  to  the  z components  of  spin  of  a particle  of  spin  quantum  number 
T = V2  , which  would  have  27  + 1=2  possible  states.  There  are  found  among 
the  elementary  particles  numerous  exomples  of  such  groups  of  particles,  which 
can  be  described  as  isotopic  spin  mulfiplets,  different  states  described  by  2 J 1 
different  values  of  T3  for  the  isotopic  spin  quantum  number  J.  In  the  case  of 
the  proton  and  neutron,  the  similarity  to  ordinary  spin  V?  is  clear;  thus  the  name, 
isotopic  spin.  In  general,  is  analogous  to  the  azimuthal  quantum  number 
m,,  or  the  z component  of  spin,  and  J is  analogous  to  the  total  spin  quantum 
number  j. 

The  general  utility  of  the  concept  of  isotopic  spin  rests  on  the  fact  that  when 
several  particles  are  present,  the  isotopic  spin  of  the  system  may  be  obtained 
by  adding  isotopic  spins  just  like  #ordinary  spins,  leading  to  the  same  possible 
values  for  the  total  T and  73,  as  for  the  analogous  j and  m.  The  number  of 
states  is  2J  + 1,  similar  to  2/  + 1 for  ordinary  spin.  The  highest  is  assigned 

to  the  most  positive  particle  in  a group  of  the  same  J. 

For  example,  from  Table  16.2  there  are  3 2 particles.  If  this  number,  3,  is 

2 J + 1 , then 

J=  1 (16.9) 

Also,  73  for  each  of  the  three  particles  is 

2^,  h = 1:  h = 0:  2",  73  = -1  (16.10) 

For  the  "cascade"  particles 


2 


(16.1  1) 
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and  the  values  of  ote: 

73  "or  H = - 1;  73  for  z°  ==  + ^ (16.12) 

For  A,  which  has  zero  charge, 

T = 0;  T3  = 0 (16.13) 

In  all  cases,  the  antiparticles  woulc  hove  the  some  T and  opposite  signs  for 
73.  The  three  TTmesons  have  T = 1 and  the  K me  so  ns  hove  T = I/2  with 
K^,  having  73  = + !6  , — Vi  respectively. 

Let  us  consider  which  of  the  following  reactions  do  not  violote  any  conserva- 
tion lows  discussed  so  fai  : 

( 0 ) 2°  A +7 

{b)  K + p ^ 

( c ) + n ^ A + 7T° 

(d)  A — * p + 7T~  by  strong  interaction 

(e)  A — ► p + TT  by  weak  interaction. 

In  all  reactions,  the  charge  conservation  low  is  sotisfied.  Also  in  all  reactions, 
total  spin  ]/2may  occur  on  each  side,  so  the  re  is  no  difficulty  with  angular 
momentum  conservation.  Also,  the  baryon  number  is  + 1 on  each  side  of  the 
equations.  No  leptons  OCCUT  in  the  reactions,  so  conservation  of  leptons  is 
irrelevant.  In  (a),  y indicates  on  electromagnetic  interaction  where  T need  not 
be  conserved:  so  this  reaction  appears  possible.  In  reaction  (b),  the  total  T3  is  0 
on  the  left  but  on  the  right,  sc  conservation  of  isotopic  spin  is  violated. 

In  (c),  T3  = 0 on  both  sides;  so  this  appears  possible.  Likewise  in  (d),  T2  ==  0 

on  the  left  and  “16  on  the  right.  Thus,  this  reaction  cannot  occur  by  strong 
interaction.  Equotion  (e)  is  possible  since  T,  are  not  conserved  in  weak 

interactions. 

76.4.2  Hyperchorge 

Another  quantity  that  is  conserved  in  strong  and  electromagnetic  interactions,  but 
not  necessarily  in  weak  interactions,  is  strangeness,  S.  This  number  wos  originally 
introduced  to  explain  OSSOCiofed  production.  For  example,  in  the  reaction, 

p + 7t"  ^ + 2^  (16.14) 

the  and  2^  occur  together,  ore  re  associated.  Itwasfound  thato  reaction 
such  os 

n + tt"^  ^ 2 ^ 

in  which  the  2^  would  occur  not  associated  with  a , and  which  does  not 
violate  previously  known  conservation  laws,  does  not  occur  In  nature.  Later  it 
seemed  more  useful  to  introduce  a number  Y,  colled  hyperchorge.  In  place  of  S, 
with 


y = s + fi 


(16.15) 
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The  law  of  conservation  of  ^rangeness  is  a combination  of  conservation  of  hyper- 
charge  and  conservation  of  baryon  number.  We  will  use  hypercharge,  Y,  in  the 
rest  of  this  chapter,  rather  than  S.  One  of  the  reasons  for  introducing  hyper- 
charge is  to  exp  la  in  why  two  of  the  the  4^^:5and  the  A decay  in  a time 

characteristic  of  weak  interactions,  - 10“’°  sec,  rather  than  in  a time  character- 
istic of  strong  interactions,  sec.  (The  decay  time  is,  roughly,  inversely  pro- 

portional to  the  square  of  the  strength  of  the  interaction.)  We  may  then  say  that 
the  reaction 


2 + p + 7T°  (16.16) 

does  not  occur  by  strong  interactions,  because  the  value  of  Y or  hypenzharge  of 
the  2]^  is  different  from  that  of  p plus  that  of  The  values  of  Y for  all 
of  the  elementary  particles  may  be  determined  from  considerations  similar  to 
those  we  shall  now  discuss. 

The  zero  for  y and  the  spacing  between  / numbers  may  be  chosen  arbitrarily. 
The  reaction. 


vO 


A 


+ 7 


(16.17) 


takes  place  in  less  than  10  seconds,  and  is  an  electromagnetic  interaction 
because  a "y  ray  is  produced.  Since  y rays  occur  in  a wide  variety  of  reactions 
where  hypercharge  does  not  enter,  and  Y is  conserved  in  electromagnetic  inter- 
actions, we  should  take  V = 0 for  photons.  Then  we  see  that  / for  the  2^  particle 
is  equal  to  that  of  A.  Therefore,  we  may  take  Y = 0 for  the  A and  2^. 
Also,  since  the  value  of  is  the  quantum  number  that  differentiates  between 
d ifferent  Z pa  rtic  les,  Y is  the  sa  me  fo  r the  d ifferent  2^S.  Then  Y = 0for2*also. 
To  define  the  spacing  of  Y numbers,  the  hypercharge  of  the  proton  is  taken 
to  be  y = 1. 

The  reaction. 


p + p p + p + 7I-“  (16.18) 

takes  place  by  strong  interactions.  Therefore,  Y for  the  meson  is  zero.  The 
reaction. 


K + p ->■  A + TT°  (16.19) 

takes  place  through  strong  interactions.  Thus  we  can  say  that  the  Y for  K and 
y for  the  proton  have  the  same  magnitude  but  opposite  signs;  or  for  the  K , 
y = — 1.  The  y for  an  antiparticle  is  negative  to  that  of  the  particle.  Therefore 
we  conclude  that  the  hypercharge  of  the  is  + 1,  as  for  the  proton.  The 
rea  ction. 


K~  + P + H ‘ (16.20) 

takes  place  by  strong  interactions.  The  total  hypercharge  on  the  left  is  zero, 
while  on  the  right  the  hypercharge  of  the  is  + 1.  Therefore,  the  H particle 
must  have  a hypercharge  of  -1.  Table  16.3  lists  the  Y and  isotopic  spin  T for 
some  of  the  particles  in  Tables  16.1  and  16.2. 
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TABLE  16.3  Hypercharge  cind  Isotopic  Spins  of  Some  Hadrons 


Particles 

y 

T 

^ 0 

7T  , 7T 

0 

I 

k\k° 

1 

1/2 

K ,K° 

- 1 

1/2 

p,  n 

I 

1/2 

P<  " ... 

- 1 

1/2 

A®,  A® 

0 

0 

2*,  2®,  2*,  2° 

0 

1 

- 1 

1/2 

I 

1/2 

N *,  N°*,  N**,  N + 

I 

3/2 

y-*  yO*  y"*”* 

0 

1 

H"*  H®* 

- 1 

1/2 

sr 

- 2 

0 

The  il  particle  has  Y =:  2 and  T = 0.  it  does  not  decay  by  strong  inter- 

actions. In  the  reaction, 

0”  /C“  + (16.21) 


all  quantities  are  conserved  satisfactorily,  but  the  mass  of  the  i}  is  not  great 
enough  to  produce  a K and  a H.  Hiis  reaction  is  therefore  impossible. 

A relationship  between  ’^he  charge  0 of  a hodfOn  in  units  of  | e , its  hyper- 
charge Y,  and  its  isotopic  spin  number  is 


Q = h+'-y 


(16.22) 


Thus,  for  the  proton,  Q = 1,  T3  = /2  and  Y = 1.  Hence,  the  equation  is 
sa  tisfied . 

There  are  other  conservation  properties  associated  with  strong  and  electro- 
magnetic interactions,  related  to  time  inversion,  space  inversion  (parity)  and 
charge  conjugation  (change  of  particles  into  antiparticles  mathematically).  We 
shall  not  discuss  these  in  detail. 


16.5  DETECTION  OF  PARTICLES 

Thus,  we  have  the  following  particles  which  are  stable  under  strong  and  elec- 
tromagnetic interactions:  n.  A,  2^,  H , 7T^  and  their  corre- 

sponding antiparticles.  These  particles  last  long  enough  so  that  their  path  length 
is  of  reasonable  size  in  a bubble  chamber,  and  they  can  be  detected  by  this 

means.  The  TT^,  2*^  Tj  decay  rapidly  by  electromagnetic  interaction.  All  the 

other  particles  listed  in  Tables  16.1  and  16.2  decay  by  strong  interactions  in  a 
time  comparable  to  10  seconds.  In  ihis  time,  the  maximum  distance  a particle 

could  move  is  about  c =:  3 x 10  m = 3 fermi,  about  the  size  of  nuclei. 
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This  distance  is  not  detectable  on  photographic  plates.  Thus,  these  particles  must 
be  detected  indirectly.  In  the  discussion  of  jS  decay,  we  used  a phase  space 
argument  to  find  the  energy  distribution  of  the  electrons.  The  result  was  a smooth 
curve  of  number  of  electrons  versus  energy.  Any  sharp  peak  on  the  curve  would 
indicate  the  presence  of  other  particles.  Similarly,  in  nuclear  scattering  experi- 
ments one  can  look  for  peaks  in  phase  space  plots  to  find  these  short-lived 
particles.  This  is  the  primary  method  used  to  discover  them.  Statistical  analyses 
of  this  kind  necessitate  detailed  study  of  hundreds  of  thousands  of  photographs 
of  decay  products. 


16.6  HYPERCHARGE-  SOTO  PC  SP  N PLOTS 


Suppose  we  plot  points  on  a graph  of  ’ 
Then  some  interesting  symmetries  bee 


V 


igure  16bL  Hyperoharge-isotopic  spin  plot  of  the 
aryon  octet. 


versus  T3,  for  hadrons  of  the  same  spin, 
me  apparent.  Two  such  plots  for  the 


Figure  16.2.  The  baryon  decuplet  on  a hyper- 
charge-isotopic spin  plot. 


Figure  16.3.  Hyperoharge-isotopic  spin  plot  of  meson  octet  for  spin  zero. 
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baryons  of  Table  16.2  are  shown  in  Figures  16.1  and  16.2.  Figure  16.3  shows 
0 similar  plot  of  mesons  in  Table  16.1.  The  Tf'  particle,  which  has  V = 0, 
T2  =•  0,  for  reasons  of  symmetry  which  will  not  be  discussed  here,  should  be  in 
a diagram  by  itself.  The  spin  1 mesons  form  a similar  set  of  diograms,  with 
replacing  K'  S,  p's  replacing  tt's,  ^ replacing  7),  and  w replacing  7)'. 
Likewise  for  spin  2,  K K** , 7T  A:,,  ► f,  7;'  — *•  f 

These  various  ^mmetrical  combinations  of  quantum  numbers  can  be  shown  to 
occur  noturally  in  certain  "groups"  in  group  theory.  Group  theory  is  a branch 
of  mathematics  which  is  useful  for  systematically  finding  the  physical  conse- 
quences of  symmetries.  An  alternate  simple  way  of  getting  these  same  combino- 
tions  of  quantum  numbers  is  by  means  of  the  following  model.  In  atomic  physics, 
the  regularities  in  the  periodic  table  ere  connected  with  the  fact  that  combino- 
tions  of  electrons  lead  to  chemical  properties.  In  nuclei,  the  various  regularities 
in  isotopes,  isotones,  etc.  are  due  to  th(>  fact  that  nuclei  are  composed  of  neutrons 
and  protons.  This  suggests  by  analogy  that  the  hadrons  might  be  composed  of 
still  more  fundamental  particles.  Also,  high-energy  electron  scattering  experi- 
ments show  that  there  is  internal  structure-shells  of  c ha rge-within  the  proton 
and  neutron,  giving  further  evidence  that  they  might  be  composed  of  other 
particles.  While  the  charge  density  is  positive  in  the  proton,  it  varies  irregularly 
with  radius.  The  neutron  aopears  to  hove  a positive  charge  density  at  the  center 
and  negative  density  further  out. 

16.7  QUARKS 

All  of  the  diagrams  of  Figures  16.1,  16.2  and  16.3  have  at  least  threefold 

symmetry  about  the  origir.  This  suggests  that  we  should  consider  that  each  of 
the  hadrons  is  composed  of  possibly  three  fundamental  particles.  Let  us  denote 
these  three  particles  by  n',  p',  A’.  They  have  been  called  quarks.  Consider  the 
least  symmetric  of  the  diogranis  exhibiting  threefold  rather  than  sixfold  symmetry 
-the  one  involving  the  spin  in  Figure  16.2.  This  contains  the  N*‘s, 

Y*'s,  and  Q . Further,  to  find  the  values  of  Y and  fo  be  associated 

with  the  quarks,  we  QSSUTie  that  N * is  made  of  three  n'  quarks,  * of 

three  p'  quarks,  and  12  of  three  A'  quarks.  Then,  for  the  N~\  3Y,  = 1 
orY„  = Ys.  For  the  n'  quark,  373  = -%  or  73  = — Y2  . Similar  arguments  for 
* and  12”  give  us: 


0 
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Figure  16.4.  plot  for  the  three  quarks. 

These  three  quarks  are  shown  on  a Y T2  plot  in  Figure  16.4.  Again,  there  is 
threefold  symmetry  about  the  origin.  If  Q = Ta  -f  '/2  for  the  quarks,  as 
in  Equation  (1 6.22),  the  chargesofn',  p' , A'  \r\  units  of  |e  a re  — 

— Vs  , respectively. 

Since  three  quarks  can  give  rise  to  an  ordinary  intrinsic  spin  quantum  number 
of  ^/2  f the  spin  of  each  quark  should  be  V2  . Also,  since  combinations  of  three 
quarks  should  always  give  a baryon  number  of  1,  we  take  6 = V2  for  each 
quark.  A careful  search  has  been  made  for  particles  of  fractional  charge 

Vs  e I , % I e I , but  none  have  yet  been  definitely  identified.  The  reason  could 
be  that  quark  masses  are  so  large  that  present  machines  cannot  produce  them. 
(Another  possibility  is  that  quarks  do  not  really  exist.) 

Now  let  us  see  if  the  other  baryons  can  be  explained  as  combinations  of  three 
quarks.  Consider  a baryon  made  up  of  two  n’  quarks,  and  a p^  The  resulting 
particle  has  Q — 0,  Y = 1,  T3  = — V2  . These  agree  with  the  numbers  for  n and 
N*^*,The  three  baryonsconsisting  of  an  n',  a p'  and  a A^are  the 
and  Similarly,  it  can  be  verified  that  all  possible  combinations  of  quarks 

taken  three  at  a time  correspond  to  baryons. 

This  quark  scheme  was  worked  out  before  the  12  particle  had  been  observed. 
The  theory  predicted  the  charge,  isotopic  spin  and  hypercharge  of  the  12  along 
with  an  estimate  of  its  mass,  and  showed  that  because  of  the  associated  con- 
servation laws,  the  12  should  decay  by  weak  interactions.  Hence  it  would  leave 
an  observable  track  in  a bubble  (chamber.  An  experimental  sea  rc  h yielded  the 
first  observation  of  the  12  , shown  in  Figure  16.5. 


TABLE  16.4  Quantum  Numbers  for  then’,  p'  and  A^  Quarks 


Charge 

B 

Spin 

r 

Ti 

Y 

n' 

-e/3 

1/3 

1/2 

1/2 

-1/2 

1/3 

p' 

+ 2e/3 

1/3 

1/2 

1/2 

+ 1/2 

1/3 

A' 

! 

-e/3 

1/3 

..  1 

1/2 

0 

0 

-2/3 

It  is  possible  that  more  than  one  baryon  can  correspond  to  a given  com- 
bination of  quarks.  We  might,  for  example,  take  the  wavefunction  of  N~  * to 


track  and  decay  of  particle  3 indicates  that  it  must  be  the  12  particle,  predicted  by  the 
theory  leading  to  Figure  16.2.  (Courte^  IJrookhaven  National  Laboratories) 
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be  a pioduct  of  three  quark  wavefunctions  (labeled  2,  3),  as  follows: 

'I'n  ■ = 'I'n  (1)  'I'n  (2)  (16.23) 

Likewise,  we  might  take  for  the  wavelutKtion  of  V * the  combination: 

^',v(2)’l'„  (3) 

V3 

+ 'I' A ( I )'!'„■  (2)  ^„'(3)]  (16.24) 


Both  of  these  wavefunctions  are  symmetric  under  exchange  of  any  two  quarks. 

would  be  a symmetric  combination  of  the  six  products  under  interchange 
of  1,  2,  3 in  the  products  of  the  form: 

'^„-(l)'I'p.(2)'I'A.(3) 

Since  there  ate  three  independent  product  functions  making  up  there  ate 

two  other  independent  linear  combinations  which  could  represent  / = 0,  T3  = 
-1  baryons.  One  of  these  is  the  2)  . The  other  belongs  to  another  group  of 
eight  particles-an  octet  similar  to  that  containing  the  n,  p and  Z . Also,  there 
are  six  linear  combinations  that  give  V = 0,  T3  = 0 particles.  Three  of  these  are 
the  A and  Two  belong  to  the  second  octet  of  particles  just  mentioned. 

The  sixth  forms  a singlet,  a group  containing  only  one  particle.  Particles  have 
been  found  experimentally  which  fit  into  all  these  various  sets.  Some  of  the 
properties  of  the  particles  in  the  second  octet  are  still  not  known  experimentally. 
The  total  number  of  these  baryons  is  a group  of  10  (containing  N 0 , etc.), 
one  group  of  eight  (containing  p,  n,  etc.)  and  another  group  of  eight  plus  one 
of  1 = 27  baryons.  This  corresponds  to  three  quarks  making  up  each  particle, 
with  three  possibilities  for  each  quark.  The  total  number  of  possibilities  is  then 
3x3x3=  27.  All  these  baryons  have  antibaryons,  presumably  made  of 
antiquarks. 


.8  MESONS  IN  TERMS  OF  QUARKS 

To  form  mesons  with  integral  spin  from  spin  V2  quarks,  it  is  necessary  to  use  an 
even  number  of  quarks.  We  shall  assume  that  combinations  of  two  quarks  form 
the  mesons.  Since  the  baryon  number  of  a meson  is  zero,  we  need  one  quark 
and  one  antiquark  for  each  meson.  The  values  of  /,  T2  and  Q for  all  the  com- 
binations of  a quark  with  an  antiquaik  are  given  in  Table  16.5. 


TABLE  16.5  Formation  of  Mesons  Rom  Quarte 


n'n' 

n'p' 

fi'A' 

p'n' 

P'P' 

p'A' 

A'n' 

A'P' 

A'A' 

y 

0 

0 

1 

0 

0 

1 

-1 

-1 

0 

h 

0 

-1 

-1/2 

1 

0 

1/2 

1/2 

-1/2 

0 

Q 

0 

0 

1 

0 

1 

0 

-1 

0 
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For  the  spin  zero  mesons,  combinations  of  n'n',  p'p',  A'A'form  re- 

spectively. Also,  n 'p  ’ forms  X ”,  n ’ A ' forms  K^,  p ' A'  forms  K',  etc . Hig  he  r-sp  in 
mesons  can  be  considered  to  consist  of  similar  combinations  of  quarks  in  excited 
states,  with  some  additional  (orbital)  angular  momentum.  Since  one  quark  and 
an  antiquark  are  needed  to  create  Cl  meson,  whereas  an  odd  number  of  quarks 
are  required  to  create  a boryon,  one  can  understand  both  baryon  conservation 
and  non-conservation  of  mesons  in  terms  of  conservation  of  quark  baryon 
numbers. 

One  can  believe  either  that  the  quarks  correspond  to  actual  particles  or  are 
simply  a convenient  way  of  seeing  regularities  in  hadrons.  In  the  former  way 
of  looking  at  the  elementary  particles,  the  only  thing  special  about  the  proton 
and  neutron  is  that  they  have  the  lowest  masses  of  all  the  baryons,  so  that 
nuclei  composed  of  other  types  of  baryons  would  eventually  decay  into  nuclei 
composed  of  ptDtons  and  neutrons. 


summary 


LEPTONS 

The  leptons  are  the  electron,  positron,  neutrino,  antineutrino,  positive  and  nega- 
tive fl  mesons,  and  the  fj.  meson  neutrino  and  antineutrino.  If  the  electronic 
lepton  number  for  the  electron  and  neutrino  is  taken  as  -i-  1,  and  that  for  the 
other  electronic  leptons  is  1,  in  reactions  the  sum  of  the  electronic  lepton  num- 
bers is  conserved.  A similar  conservation  law  holds  for  the  muonic  lepton  number. 
All  the  leptons  have  spin  V2  . The  neutrinos  have  zero  re^  mass.  The  H meson  has 
a mass  of  about  207  times  the  electron  mass,  and  decays  in  2.2  x 10'"*  sec.  The 
neutral  leptons,  the  neutrinos,  can  interact  only  through  weak  interactions. 

MESONS 

The  mesons  (not  including  the  fj.)  have  integral  spin,  and  can  interact  through 
strong  or  nuclear  interactions.  The  most  easily  observed  mesons  are  the 
7T  , 7T^,with  mass  270  times  that  of  the  electron,  and  the  , K , ^ 

The  mesons  typically  decay  in  10  ^ — 10  S6C  to  other  mesons  or  leptons,  by 
weak  interactions,  or  in  a shorter  time  to  ^ rays  by  electromagnetic  interactions. 
Some  decay  in  a much  shorter  time  by  strong  interactions.  Exchange  of  mesons 
by  nuclei  is  thought  to  be  the  source  of  the  interaction  forces  between  the  nuclei. 

BARYONS 

Particles  of  proton  mOS'J  and  above,  with  half-integral  spin,  and  with  electro- 
magnetic, nuclear  and  weak  interactions,  are  called  baryons.  If  a baryon  numiber 
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of  + 1 is  assigned  to  the  particle:>  and  — 1 to  antiparticles,  it  is  found  that  the 
sum  of  baryon  numbers  is  conserved  in  interactions.  Thus  baryons  deCCy  to  other 
baryons  with  various  combinations  of  mesons  and  leptons.  The  proton  and 
neutPDn  are  the  mo^  easily  observed  of  these  baryons 

CONSERVATION  LAWS 

Conservation  of  lepton  and  baryon  numbers  have  already  been  mentioned.  Also 
always  conserved  in  particle  interactions  in  which  external  forces  are  negligible, 
are  mass  energy,  momentum,  angular  momentum  and  charge.  A number  used  to 
distinguish  different  particles  with  the  same  nuclear  interactions  is  isotopic  spin. 
This  is  conserved  for  strong  particle  interactions.  Isotopic  spins  add  like  ordinary 
spins.  Another  quantum  number  which  was  necessary  to  distinguish  different 
groups  of  baryons  and  mesons  is  hypercharge.  This  is  conserved  in  strong  and 
electromagnetic  interactions.  Another  related  quantum  number  sometimes  used  is 
strangeness.  Strangeness  is  hypertharge  minus  baryon  number. 

QUARKS 

It  is  found  that  by  postulating  that  three  kinds  of  basic  particles,  called  quarks, 
exist,  with  the  proper  charges,  spins,  isotopic  spins,  hypercharges  and  baryon 
numbers,  the  various  baryons  and  mesons  can  be  considered  to  be  composites 
of  three  or  two  quarks,  respectively. 


problems 

1.  ^"mesons  con  become  bound  with  atomic  nuclei,  displacing  the  inner  elections,  to 

form  fl-fnes'\c  atoms.  Calculate  the  radius  of  the  first  Bohr  orbit  for  a /U-mesic 

atom  of  tin;  compare  with  the  riUcl^QT  radius.  What  would  the  binding  energy  of 

the  jl  meson  be  if  the  nucleus  were  of  zero  ladius? 

Answer:  4.46  fermis;  nuclear  radius  = 6.5  fermis;  8.08  MeV. 

2.  In  what  region  of  the  spectrum  — x-ray,  infrared,  etc. -would  the  photons  be, 

arising  from  transitions  due  to  a fj.  meson  dropping  down  into  lower  and  lower 
states  in  a /Z-mesic  iron  atom? 

•f  +4 

3.  If  the  X is  initially  at  rest,  in  the  reaction  X — fJ.  + what  is  the  kinetic 

energy  of  the  fl  r 

Answer;  4.12  MeV. 

4.  In  the  reaction  p + p —*■  p + p p -j-  p,  a p roto  n- a ntiproto  n pair  is  created. 

What  is  the  threshold  kinetic  ard  total  energy  of  each  of  the  original  protons  in 

the  C6nt6r  of  momentum  system  far  this  reaction  to  occur?  The  total  energy 
in  the  c.m.  system  is  given  in  terms  of  the-total  energy  f o in  the  lab  system 
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as  E,  = V2E  ^niQC^,  when  one  of  the  two  identical  initial  particles  of  rest  mass 
mg  is  at  rest  in  the  lab.  Find  the  threshold  kinetic  and  total  energies  in  the  lab  system. 
Answer:  5630  MeV  lab  kinetic  energy. 

5.  If  the  j''  is  at  fast,  what  is  the  gamma  ray  energy  in  the  reaction  S*'  A + y, 
by  an  electromagnetic  interaction? 

Answer:  75  MeV. 

6.  For  a A at  rest,  what  is  the  kinetic  energy  of  fhe  tt  meson  given  off  in  the  weak 
decay,  A— *-p  + w ^ 

Answer.  32  MeV. 

7.  The  meson  has  a wean  life  in  ifs  resf  system  of  1.2  x ]0  * sec.  Abouf  how  for 
could  a beam  of  1 billion  eV  particles  go  before  half  the  particles  decayed? 

Answer  6.77  m. 

8.  One  unlikely  decay  mode  of  the  tt^  results  in  a gamma  ray  in  addition  to  the  . 
Write  the  reaction.  An  even  more  unlikely  mode  produces  a tt  and  a positron. 
Write  the  reaction. 

9.  In  inelastic  proton-alpha  particle  collisions,  either  n®  and  tt  , or  p*  and  rr’^, 
can  come  off  along  wi'h  fhe  alpha.  The  spin  and  isotopic  spin  of  fhe  alpha  particle 
are  both  zero.  Discuss  the  possible  vi^lues  of  spin  and  isotopic  spin  of  the  outcoming 
particles  which  are  consistent  with  the  spin  and  isotopic  spin  of  the  incoming  particles. 
What  are  the  total  T ard  Tg  of  fhe  combination  of  outgoing  particles? 

Answer  s = 'A  , h = ’/?  . 

10,  What  are  the  isotopic  spins,  T and  T3,  of  2^6^,  and  , H^,  assuming  these 

quantum  numbers  are  as  small  as  possible?  For  the  reactions,  p + He^  ^ He"*  + 

and  p -t-  He"*  -|-  7r°,  show  that  the  initial  and  final  total  Tg's  are  the  same. 

What  must  the  total  initial  T's  be? 

Answer:  0,  0;  ’/2  , ’/i  ; 16,  —’6,  1. 

11,  A A*^  decays  in  flight  into  a and  a proton;  it  has  a kinetic  energy  of  150  MeV. 

Calculafe  the  angle  at  which  the  pn^ton  is  projected,  if  fhe  tt  goes  off  af  90”  with 
respect  to  the  incident  direction  of  fhe  A°. 

Answer:  5.4”  from  direction  of  incident  A. 

12,  What  is  the  threshold  y energy  such  that  a meson  can  be  created  when  a 7 
collides  with  a proton?  What  is  the  other  particle  produced? 

Answer:  151  MeV. 

13,  Which  of  the  following  reactions  are  impossible? 


(a) 

+ 

TT 

+ 7T 

+ TT 

(b) 

K+ 

0 

7T 

0 

+ TT 

■f 

(c) 

— 

0 

n 

-h  7T° 

+ 

- ^ 

(d) 

A° 

+ / 

-f- 

14,  A selection  rule  that  appears  to  hold  for  weak  interactions  is  that  the  magnitude 

of  the  change  in  hyperchorge  is  unity,  AV  = 1.  Which  of  the  following  two 

sequences  is  possible? 

(a)  S n°  * 1T~ 

(b)  H ^ A°  + ir^  ^ + ir°  + a-  — n°  -f  2-y  -F  tt 

15,  A TT**  meson  decays  in  flight  into  2'/%,  which  make  equal  angles  of  I)  with  respect 

to  the  incident  direction.  Derive  an  expression  for  the  total  energy  of  the  7r°. 
Answer:  E = m„c  /sin  d. 

16,  What  conservation  laws  prevent  A°  ir^  + tt  ? 
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17.  Why  doesn't  the  decay  n • P t occur  by  strong  interaction?  It  doesn't  occur 
by  weak  interaction  either.  Why? 

18.  As  pointed  out  in  this  chapter,  + electromagnetic  interaction. 

Give  two  re  a so  ns  why  does  not  decay  by  a strong  interaction  such  as^^--^ 

t 0 

A + 7T  . 

19.  One  of  these  re  actions  can  occur  by  strong  interaction  but  the  other  cannot. 
Exp  ia  in  why. 

(a)  V + n * K + A 

(b)  7T ' + n ” + A 

20.  The  decay^^^  *“A  + 'yOCCUriiVery  rapidiy,  in  far  iess  than  10  *^sec.  The  decay 

^ • p + 7 occurs  in  about  10  ^ se  c . Why  is  there  this  large  difference  in 

decay  probability? 

21.  What  conservation  laws  prevent  ihe  reaction,  7T*  + p * P + A + K + ? 

22.  The  re  action  ^ p 7 'S  r^bout  10  "^timesQSlikelyasthe  reaction 

p + 7T^.  Why  do  you  think  this  is  so?  Both  0r6  weak  interactions. 

23.  What  conservation  laws  prevent  the  decay,  ^ + "y? 

24.  Whydoesn'tthereaction  gobyStrOnQinteraction? 

25.  To  what  baryons  listed  in  Table  16.2does  the  combination  of  two  A quarks  and 
one  p'  quark  correspond? 

26.  To  what  baryons  listed  in  Table  16.2  does  the  combination  of  two  p quarks  and 
one  n'  quark  correspond? 

27.  To  what  mesons  in  Table  16.1  does  the  combination  of  Qp'  quark  and  an  n 
quark  correspond? 
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In  this  appendix  the  detailed  proofs  of  results  quoted  in  Chapter  8,  for  the  kinetic 
energy  and  angular  momentum  operators  in  spherical  polar  coordinates,  will  be 
given.  The  kinetic  energy  operator,  p^j2m,  in  rectangular  coordinates  is 


2m 


Pop 


2 m 


(AM) 


We  wish  to  express  this  operator  in  spherical  polar  coordinates  r,  0 and 
defined  by  the  coordinate  transformations: 


X = r sin  0 cos  p 
y = r sin  ^ sin 


r = X 


+ y'  + 


tan  6 = 


z = r cos  0 


tan  V? 


y 

X 


(Al  .2) 


Since  the  operator  in  Equation  (Al.l)  is  a second-order  differential  operator, 
after  making  the  transformation  to  spherical  polar  coordinates,  no  derivatives  of 
order  higher  than  the  second  can  appear.  The  most  general  form  of  such  an 
operator  is: 


dr 


+ -E  6, 

dr 


H-  8j  + C,  — -t-  Cj  — 
<18^  dO  d<f 


+ D, 


drdd 


drdip 


+ D3 


dddip 


where  the  coefficients  A,,  A2,  • • • O3  are  some  functions  of  the  coordinates  r, 
6^  a nd  if. 

This  expression  may  be  simplified  somewhat  by  noting  that  apart  from  the 
factor  j2rr\  appearing  in  Equation  (Al.l),  every  term  has  the  physical 
dimensions  of  (length)”^.  In  spherical  polar  coordinates,  the  only  variable  with 
physical  dimensions  of  length  is  the  radius  r;  hence,  the  coefficients  A„  A2,  . • • D3 
must  each  contain  the  factor  — and  enough  factors  of  l/r  to  give  each 
term  the  same  physical  dimensions  CIS  in  Equation  (Al  .1).  Thus  we  must  have: 
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Top  Pe 


2m 


ill 

1 


1 6 


- + b, 


1 


b,~ 


1 5 


^61 


+ Cl  ^ 


dif'^ 


+ C-! 


+ c/,  - —— - 

^ fi(/;  r drdd 


r (5r^i^  Odd  if/ 


(AI  .3) 


wliere  now,  at  most,  a,,  O2,  . . c/3  can  be  dimensionless  real  functions  of  6 and 

These  functions  may  be  identified  by  the  following  argument.  In  Cartesian 
coordinates,  the  vector  momentum  operator  is 


Pop 


'Tx^'dy 


(A  I .4) 


A A 

where  /,  f and  k are  unit  vectors  along  the  x,  y and  z directions,  respectively. 
2 

The  operator  pop  appearing  in  Equation  (AI  .1)  Is  the  square  of  p^p, 


POP  = Pop  • 


Pop 


(A1.5) 


which  reduces  immediately  to  the  sum  of  second  derivatives  in  Equation  (A  I .1), 
because  of  the  orthogonality  and  constancy  of  the  thr^e  unit  vectors,  t,  f and  k. 
If  we  can  derive  an  expression  for  the  vector  momentum  operator  in  spherical 
polar  coordinates,  analogous  to  Equation  (AT. 4),  then  Equation  (AI.5)  can  be 
used  to  calculate  the  kinetic  energy. 

To  derive  the  vector  momentum  operator  in  these  coordinates,  we  introduce 
unit  vectors  as  follows: 

(1)  r is  pa  ra  llel  to  r; 

(2)  0 is  in  the  (p  = constant  plane,  pointing  in  the  direction  a particle  would 
move  if  only  its  coordinate  0 were  increased; 

(3)  <p  normal  to  P and  0,  such  that  ? X0  = tf  \s  parallel  to  the  x-y  plane 
and  is  in  the  direction  a particle  would  move  if  only  its  coordinate  ^ were 
increased. 

These  vectors,  each  of  unit  length,  are  indicated  at  the  point  (r,  0,  ip)  in  Figure 
AI  .1.  They  are  mutually  perpendicu  ar  at  each  point,  and  change  direction  when 
the  angles  ip  and  19  change.  These  changes  in  direction  must  be  accounted  for 
when  taking  the  scalar  product,  as  in  Equation  (A1.5),  to  calculate  the  kinetic 
energy;  for  then  p^p  . P,  pop  ■ 0,  and  pop  . (p  are  not  zero. 

The  momentum  operator  p may  be  written  in  terms  of  its  components  in  the 
r,  0 and  p directions  by  noting  that  if  0 and  <p  are  held  constant,  and  r is 
changed,  the  differential  increment  of  distance  is 


d s,  = d r 


(PiU) 


If  r and  ip  are  held  constant  while  0 is  changed,,  the  differential  increment  of 


distance  is 


dsg  = rdd 


(AI  .7) 
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and  changing  if  while  keeping  f and  6^  constant  gives  the  differential  element  of 
distance: 


6%^  = r sin  Q d<f  (Al  ,8) 

In  general,  the  component  of  the  vector  momentum  operator  in  the  direction 
corresponding  to  an  increase  of  linear  distance  ds  is 


Ps  - 


h 

i ds 


So,  using  Equations  (A1.6)  through  (A1.9),  in  spherical  polar  coordinates  the 
momentum  operator  must  be: 


Pop 


0 1 A + 

»■  dff 


, 1 8 \ 



r sin  8if  j 


We  need  to  calculate  Pop  ' Pop.  or 


(Al  .9) 


P 


2 

op 


^ 8 ^ ] 8 . 1 
\ dr  r go  r sin  6 difj 


L 8 8 1 s\ 

\Tr  r ^ 


(AI.IO) 


Consider  first  only  the  terms  arising  from  the  scalar  product  in  Equation  (Al.lO), 
which  involve  d eriva tives  of  sec o nd  order.  Since  r,0  and  form  an  orthogonal 
set  of  unit  vectors,  the  only  second  derivative  terms  which  survive  are 


. . 8‘ 
r • r — 

dr^ 


+ d-e  — — a 


86^ 


IL 

8r^ 


r"  86^ 


8' 


sin^  6 8(^^ 


(AMI) 
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There  can,  for  example,  be  no  term  involving  d^ldrdO,  because  this  would  have 
to  a rise  from  a term  sue  h QS  * d 1/  r d whic  h va  n ishes  bee  a use  r - 8 =■■  0. 

Other  cross-terms  vanish  for  similar  reasons. 

Hence,  from  Equation  (Al.ll),  the  coefficients  ai,b],C),di,c/2  0ndc/3 
of  the  sec o nd -d e riva tive  terms  in  Equation  (A1.3)  may  immediately  be  deter- 
mined. These  ar^: 

a,  = 1,  b,  = 1,  C]  = sin  ^ 0,  d,  = c/2  = <^2  = 0 {A1.12) 


Only  the  coefficients  02/62  ^2  derivatives  of  first  order  in  Equation 

(Al  .3)  remain  to  be  determined.  These  coefficients  may  be  identified  by  compar- 
ing the  effect  of  the  two  alternate  expressions,  (Al  .1)  and  (Al  .3),  when  differen- 
tiating arbitrarily  chosen  functions  of  r,  6 and  ip.  One  sequence  of  choices  of 
functions  which  allows  the  unique  determination  of  the  three  remaining  coeffi- 
cients is:  r^,  z and  x. 

(A)  Let  (Al  .3)  act  on  For  brevi'y,  we  put  C = — The  result  is: 


=:C(2o,  + 2o2)  = c ( 2 +2a, 


(A1.13) 


2 2 2 2 

Let(AI.I)acton  f = x ■+  / + Z.A  typical  term  is  calculated  qs  follows: 


dx 


= 2x 


dx^ 


Similarly,  d^r^ldy^  = d^r^jdz^  = 2.  Hence, 

T,y  = 6C  (A1.14) 

Equating  (A1.13)  and  (A1.14),  we  rrust  have 


or 


2 "E  202  ~ h 


(A1.15) 


The  results  are  unique,  since  letting  Equations  (A1.13)  and  (A1.14)  act  on  r"f. 
for  any  > 2,  gives  results  for  O2  identical  to  the  above. 

(B)  Let  (A1.3)  act  on  2 = r COi  d.  The  result,  after  utilizing  (A1.12)  and 

(Al  .15),  is: 

T„p  (r  COS  0)  = C cos  ^ ^ 61  - sin  (A1.16) 

Letting  (Al.l)  act  on  Z,  the  result  is  obviously  zero.  Hence,  from  (Al  .16), 


0 = c 


,e  - 


(A1.17) 


and  therefore. 


b 2 


cos  0 


(A1.18) 
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(C)  Let  (Al  .3)  act  on  x = r sin  ^ cos  ip.  The  result  is: 

■ o 1 . 1 COS^  6 

r.„  (r  sin  0 cos  (f)  = \-  sin  O cos  l: sin  0 cos  tp  + cos  (fi 

\r  r r sin  0 


■ sin  6 cos  (f  — sin  d cos  <p)  (A1.19) 

'■  / 


But  letting  the  alternate  expression,  (Al  . 1),  act  on  X,  the  result  is  zero.  Hence, 

. 2 . 1 fl  j.  1 cos^  0 

0 = ~ sin  p cos  (//  — - sin  (7  cos  cos  x 

f'  f r sin  0 


1 sin  ^ ^2  - 

cos  (f  — — sin  (7  cos  ip 


^ sin^ 


cos  ip  fsln^  B + cos^  ^ — 1 C2  sin^  0 sin 
cos  y' 


— C2  sin  ^ sin  ^ 

r 

Therefore, 

C2  = 0 

Collecting  our  results,  we  find: 


+ 

2 1+1 
r dr 

1--  + 

cos  6 

d ^ 1 d"\1 

2m 

dr" 

sin  d 

dd  sin"  d d(py 

(Al  .20) 


(A1.21) 


(Al  .22) 


which  was  to  be  proved. 

One  method  of  obtaining  components  of  the  angular  momentum  operator 
was  given  in  Chapter  8.  Here,  to  obtain  the  expression  for  the  angular  mo- 
mentum operator,  we  use  instead  a straightforward  transformation  of  variables 
based  on  the  chain  rule,  from  calculus.  The  same  method  could  have  been  used 
in  finding  p^p  above.  This  rule  states  that  the  net  change  in  a function  of 
several  variables  such  as  6,  ip),  is  the  sum  of  contributions  due  to  changes 
in  the  variables  separately: 


di^  = dr  + + 

dr  dO  dip 

If  the  changes  in  r,  6 and  <p  are  due  to  a change  in  x,  then  upon  dividing 
by  dx,  we  have 


^ - £f'^f  + ae  cV  ^ 

dx  dx  dr  dx  3 6 dx  d<f> 
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Using  the  transformations  (A1 .2),  W6  have: 

Br  X . a 96  ] a dip  1 sin 

— = - = sm  COS  if,  — = - cos  cos  p,  ~ - — — 

Bx  r Bx  r dx  r sin  6 


— = cos  sin  0 h 


. n , cos  d d\p\  sin  ip  dip 


dr  r a8  / r sin  6 dtp 


Similarly,  for  dipjdy  we  need: 

dr  Y a ■ 96  ^ n ■ dy?  + 1 cos  y: 

■— - = - = sin  (7  sin  ip,  — = - cos  o sin«,  — = 

dy  f dy  f dy  f sin  6 


dip  _ dr  dip  dd  dip  dip  dip 

dy  dy  dr  dy  d6  dy  dtp 


I . a 9ip  cos  dip\  cos  p dip 

(A1.24) 


For  the  calculation  of  dip/dz, 


^ ^ _ !iH_^  — = 0 

dz  r ' dz  r ' dz 

Then,  using  the  chain  rule,  we  find: 

dip  ,,  dip  sin  6 dip 

si  ■ '“‘  -57  - M (A'  25) 

V^e  may  combine  Equations  (A1.23),  (A1.24)  and  (A1.25)  to  obtain  expres- 
sions for  the  angular  momentum  operators.  For  example,  for  we  have: 


I.  - - h # 


/ y dy  dx 


. n I . ■ Q d sin  1/5  cos  0 a , COS  1^  d 

r sin  a cos  p siri  ic  sin  p — + — -I-  — 

\ dr  r BO  r sin  6*  dp 

■ a ■ ( a d cos  p co%  6 d sin  s5  d ' 

-r  sin  6 sin  p[  :os  y;  sin  0 ^ 

\ Br  r B0  r sin  6 dp j 


Tr  / 2 I . 2 \ d -i-  3 

= - (cos  p -F  sin  p)  — = —1/1  — 

i dp  dp 


(A  1.26) 


This  is  the  same  as  the  result  derived  in  Equation  (8.50).  To  obtain  I,  in  spherical 
polar  coordinates,  we  use; 
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L = ~ih 


= —ih 


y -r  - ^ \ 

dz  dy 


0 sin  (/5  [ COS  0 


dr 


n 0 d 

~ dd 


n I n d sinipCOS0,9  COS(^!a 

-rcosP  sin  c;sin  0 — + + 

dr  ^ dd  r sin  0 dip 


= -it  -sin  ip 


d cos  0 cos  p a 

d0  sin  6 dip 


(AI  .27) 


Simila  riy, 


t = -ifi  [z  — - X ^ 
'ax  dz 


= —ih 


^ 1 1C  OS  ip  sin  9 


a cos  ip  cos  0 3 sin  a 
dr  r dO  r sin  0 dip, 


-r  sin  0 cos  j c o s 0 


d sin  0 d 
dr  r dt 


= —ih 


cos  (/  sin  a 


as 


6 dtp 


(AI  .28) 


The  square  of  the  angular  momentum,  i.^,  is  given  by 

- Ll  + Ll  + Ll  (AI  .29) 

Calculating  these  squares  term  by  term,  we  have  (using  d cot  0 - — sin~^  0d0), 


Li'P  = -"fi  f s i n ip  — + 


a cos  0 cos  ip  a 


sin  0 dip  I \ as 


dip  cos  0 cos  If  dip 


0 dp 


= --hMsin"  - 

' d0^ 


d^lp  sin  cos  i/J  ^l/'  COS  l9  sin  cos  d^ip 


sin’  0 dp 


sin  0 


dpdO 


cos  0 COS^  p 04'  + cos  0 cos  p sin  p_  3 * 

s\n  0 as  sin  ^ dpdO 


0 sin  p cos  ,P  d4  COS^  0 COS^  p d^  4 


7^  + 


0 dp  sin^  0 dp^ 


(A  I .30) 
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Similarly, 


,5,  .■)  I d\l/  co-i  & %\n  dip 

L:p  = -7l  COS  <Z5 — 

\ dd  sin  d dtp 


cos  tp 


dip  cos  9 sin  Ip  dp 


dO 


sin  6 dip 


2 d'^p  cos  ip  sin  ip  dp  cos  6 cos  ip  sin  ip  d^p 


= -/i^  cosV  — + 

a@ 


sin 


6 dip 


dipdd 


9 sin^  p dp  cos  6 sin  p cos  p dp 


a S 


sin  d 


dpdd 


cos^  sin  yjcos  os^i/'  cos^  sin^  cp  d^p 

sin^  6 dp  sin^  0 dp^ 


Adding  these  two  results,  we  obtain: 

fd'^  , co%  d d , cos^  d 


I i I I i __  _ 1 2 ( 1^ I '■oa  U V 

)6^  sin  6 dd  sin^  d dp‘ 


Then,  since  = —1l^{d^/dp^),  we  get 


= -h‘ 


— + S2L§  A + T d^  \ 

dd^  sin  d dd  sin^  d (5(P7 


(Al  .31) 


(Ai  .32) 


(Al  .33) 


which  is  the  expression  qiv6n  in  Equation  (8.52)  for  the  angular  momentum 
sq  u a re  d . 

The  tedium  of  the  above  calculations  can  be  greatly  reduced  by  using  more 
powerful  calculational  methods  derived  from  vector  and  tensor  analysis. 
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ORTHOGONALITY  of  wavefunctio  ns 


The  eigenfunctions  of  operators  which  have  only  real  eigenvalues  satisfy  ortho- 
gonalify  relations.  For  example,  for  two  eigenfunctions  which  have 

different  energy  eigenvalues  E„,  respectively,  the  orthogonality  relation  is 

J = 0,  m :pin  (A2.1) 


where  the  integral  goes  over  all  the  space  In  which  the  wa vefunctions  are  de- 
fined. More  generally,  the  orthogonality  relations  state  that  the  integral  over 
space,  of  the  product  of  one  eigenfunction  of  an  operator,  times  the  complex 
conjugate  of  another  eigenfunction  of  the  operator,  vanishes  when  the  eigen- 
functions correspond  to  different  eigenvalues. 

As  an  important  fir^t  example,  we  will  consider  the  operator. 


P-iE-  I V 

2M 


(A2.2) 


-the  total  nonrelativistlc  energy  operator-kinetic,  plus  potential.  Suppose  that 
’/'n  and  are  eigenfunctions  of  this  operator  with  eigenvalues  and  ^ 
respectively.  Then, 


a nd 


2M  \ dy^  dz^  ) 

2M  \ dx^  c»y  dz^  j 


+ 


+ '^'P„  = 


(A2.3) 


(A2.4) 


Taking  the  complex  conjugate  of  the  equation  for  , we  have: 


2M  \ dx^  dy^  dz^  ) 


+ V\p*  = E^ip* 


(A2.5) 


because  the  potential  energy  and  energy  eigenvalues  are  real  numbers.  Let  us 
multiply  Equation  (A2.3)  by  and  Equation  (A2.5)  by  . The  difference  of  the 
resulting  two  equations  is 
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dx^ 


+ 


+ {V\j/„i{/*  — V'p*ip„)  = (£„  — E„)\p*\p„  (A2.6) 


or  by  adding  and  subtracting  terms  of  the  form  {d\p  „ / dx){d\p*  / dx),  Xhe  diff'Sr- 
enC6  can  be  written  as: 


2At  dx\  dx  dx  j dy\  dy  dy  j 


d^m 

~dT 


(A2.7) 


The  terms  in  the  potential,  V,  cancel  out.  Integration  over  a volume  (dV  = 
dxdydz)  gives 


Here  X]  and  X2,  the  values  of  x at  the  boundary  of  the  volume,  could  be  func- 
tions of  y and  z,  depending  on  the  shape  of  the  boundary  of  the  volume.  If 
(^n  " 'Am  IS  the  Same  when  evaluated  at  x^and  at  Xj,and 

similarly  for  the  terms  involving  derivatives  with  respect  to  y and  z,  then  the  left 
side  of  Equation  (A2.8)  is  zero.  This  would  occur,,  for  example,  for  periodic 
boundary  conditions.  Also,  for  a localized  particle,  where  the  wavefunction  ap- 
proaches zero  as  the  coordinates  go  to  infinity,  the  quantities  in  parentheses 
would  all  be  zero  as  the  volume  of  integration  approaches  the  volume  of  all 
space.  If  the  wa vefunctions  or  the  derivatives  of  the  wa vefunctions  are  zero  at 
the  boundaries,  as  is  the  case  for  a particle  in  a box,  then  again  all  terms  on  the 
lefi  side  of  Equation  (A2.13)  vanish.  We  then  have: 


(E. 


0 


For  E„  7^  E,,  this  equation  can  be  satisfied  only  if 


(A2.9) 


(A2.10) 


This  is  the  orthogonality  relation.  Th(}  eigenfunctions  are  said  to  be  orthogonal. 
If  there  is  degeneracy,  \\  is  possible  that  , in  which  case  lAn  c/V 

might  not  be  zero.  However,  it  is  still  always  possible  to  find  linear  combinations 
of  different  eigenfunctions  ;Am  ^nd  \pn>  such  that  for  the  new  combinations, 
relations  like  Equation  (A2. 10)  hold. 
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Clearly,  a similar  proof  could  have  been  made  for  the  one  dimensional 

Schrodinger  equation.  In  particular,  let  us  consider  the  one  dimensional  case 
2 2 

when  V{x)  =:  0,  and  p = p^.  The  energy  eigenfunctions  may  then  also  be 
eigenfunctions  of  p^.  If  two  energy  eigenvalues  are  different,  and  E = p^/2m, 
then  the  momentum  eigenvalues  are  different.  Hence,  for  periodic  boundary 
conditions,  the  momentum  eigenfunctions  are  orthogonal.  Likewise,  the  Bloch 
functions  in  solid  state  physics,  discussed  in  Chapter  12,  are  orthogonal,  since 
they  satisfy  periodic  boundary  conditions. 

Let  us  investigate  the  orthogonality  relations  for  the  hydrogen  atom  WQVe- 
functions.  The  previous  discussion  shows  that  the  wa vefunctions  and 

\j/^’ are  orthogonal  for  different  energies,  i.e.  if  the  principal  quantum 
numbers  n and  n’  are  different.  However,  we  moy  show  that  the  individual 
product  functions  are  also  orthogonal  if  n n',  t ^ {.\  or  m ^ m\  The 
hydrogen  wavefunctions  discussed  in  Chapter  8 are  of  the  form: 

(A2.1  1) 


with  n,  -I  and  m integers.  The  orthogonality  of  the  functions  may  be 

demonstrated  directly.  Thus, 


r 


/(m  • 


m ' ) 


2jr 

=0  if  m'  7^  m 

0 


(A2.12) 


If  m = m’,  the  integral  is  not  zero  but  27T.  Hence,  the  eigenfunctions  of 

the  2 component  of  the  angular  momentum,  are  orthogonal. 

The  functions  s^d  „ satisfy  the  equations: 


2M 


2 _ l{l  + 1) 

dr^  r dr 


n.-e 


47reof 


<n.-t 


= E„R„^,  with  £„  = — 


2(47rccifj)^n^ 


(A2.13) 


d^@i 


d0^ 


tan  0 dO 


0 


= ~l(l  ^ ^)®U 


(A2.14) 


The  orthogonality  of  the  functions  ^ for  different  n's  and  the  same  t,  and 
of  m fo*"  different  t and  the  same  rnay  be  demonstrated  in  a fashion 
similar  to  that  used  above  for  the  solutions  of  the  Schrodinger  equation.  The 
infinitesimal  volume  in  sp  he  heal  coordinatesisr'drsin  0 dO  dip.  The  c/y?was 
used  above  for  the  proof  of  the  orthogonality  of  the  eigenfunctions  of  I,.  The 
one  dimensional  volume  elements  needed  in  discussing  the  orthogonality  of  the 

I and  of  the  ®T,m  rnay  therefore  be  taken  to  be  r^c/f  and  sin  0 dO,  respec- 
tively. 

For  the  radial  wavefunctions,  ^ , orthogonality  will  be  shown  for  functions 
of  the  same  I . Hence  let  us,  for  simplicity,  drop  the  f subscript.  Then,  multiply- 
ing Equation  (A2.13)  by 
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7M 

_ — R*.R„  = E„  R*R„  (A2.15) 

47reoC 


d^R„ 

dr^ 


+ 


dR„  (I 


1) 


dr 


r:r, 


A similar  equation  is  obtained  by  taking  the  complex  conjugate  of  Equation 
(A2.15)  and  interchanging  n and  n'.  The  difference  of  the  two  equations  leads  to: 


2M  dr 

\ dr  dr  j 

- E„.)R^.R„ 


The  integral  over  r^c/ffor  r running  from  zero  to  infinity  is 


2M 


-Ej/  R^-Rydr  (A2.16) 


Since  both  R and  dR/dr  approach  zero  exponentially  as  r — ► oc  and  are  finite 
at  r = 0,  the  left  side  of  Equation  (^i2.16)  is  zero.  Thus,  for  different  energies, 
which  is  the  same  as  for  different  n's, 


R„\.(R„,{r^dr  ^ 0 (A2.17) 

This  could  also  have  been  deduced  from  the  general  orthogonality  relation, 
Equation  (A2.10),  for  the  eigenfunciions  in  the  time  independent  Schrodinqer 
equation,  since  for  two  functions  with  the  same  -t  and  m but  different  n,  there  is 
no  energy  degeneracy  and  the  angular  integrals  over  0 and  (p  cannot  give  zero. 
Therefore,  the  radial  part  of  the  function  must  satisfy  an  orthogonality  relation. 
Since  R may  be  chosen  real,  the  complex  conjugate  used  here  was  not  really 
necessary. 

For  the  angular  functions  (h).^ ^ , orthogona  lity  will  be  demonstrated  for  func- 
tions of  the  same  m.  Therefore,  for  simplicity  the  m subscript  will  be  dropped. 
Then,  from  Equation  (A2.14)/ 


dd^ 


1 

tan  6 


©; 


d®i 

dO 


®l'©^ 


-1(1  + l)@l. 


(A2.18) 


and  a similar  complex  conjugate  equation,  with  interchange  of  ^ and  is 

valid.  The  difference  between  these  two  equations  leads  to: 


1 d 

sin  B dd 


d®, 

dd^ 


= [-1(1  + 1 ) + l'H+  1)]®,*'®^  (A2.19) 
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The  integral  over  sin  0 dO  for  6 running  from  0 to  7T  is 

L dd  do  /Jo 

= [— ) + 't '(  V + ^ ja  fa  ®|' 

The  left  side  of  Equation  (A2.20)  is  zero.  Thus,  for  t ^ i 


sin  0 dl9  = 0 


(A2.20) 


(A2.21) 


Sine  e eigenfunclion  of  the  square  of  the  angular  momentum 

operator,  Equations  (A2.12)  and(A2.21),  show  that  the  angular  momentum 
wavefunctions  are  orthogonal  either  for  different  total  angular  momenta,  speci- 
fied by  different  or  for  different  z components  of  angular  momenta,  specified 
by  different  m’s. 

Similar  orthogonality  relations  for  eigenfunctions  with  different  eigenvalues 
can  be  proved  for  all  operators  with  real  eigenvalues. 
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ATOMIC  MASSES,  NUCLEAR  SPINS  and  magnetic  moments 
OF  THE  STABl£  NUCLIDES 


Given  here  are  the  masses  of  the  neutral  atoms  of  all  stable  nuclides  and  a few 
unstable  ones.  The  unstable  nuclides  are  indicated  by  an  asterisk  following  the 
mass  number  A.  Nuclear  :ipins  and  magnetic  moments  are  also  given.  Errors  in 
listed  values  are  in  the  last  significant  figure  only.  The  atom  is  the  standard 
at  12.000000  amu.^ 


' 1 omu  on  the  C”  scale  = 93  1.48  MeV 


Z Element 

A 

N 

Atomic  Mass 

Spin  1 11  (nuclear  magnetons] 

0 n 

1 

1 

1.0086652 

1/2 

-1.91314 

1 H 

1 

0 

1.00782519 

1/2 

+ 1.79277 

2 

1 

2.0141022 

1 

-hO.857406 

3* 

2 

3.0160497 

1/2 

-1-2.97885 

2 He 

3 

1 

3.0160297 

1/2 

-2.1  2755 

4 

2 

4.0026031 

0 

0 

5* 

3 

5.012297 

6* 

4 

6.018893 

3 Li 

5* 

2 

5.012538 

6 

3 

6.015125 

1 

-t-0.822010 

7 

4 

7.016004 

3/2 

-1-3.25628 

a* 

5 

8.022487 

4 B e 

7* 

3 

7.016929 

8* 

4 

8.005308 

9 

5 

9.012186 

3/2 

-1.17744 

10* 

6 

10.013534 

5 B 

8* 

3 

8.024609 

9* 

4 

9.013332 

10 

5 

10.012939 

3 

+1 .80063 

11 

6 

11.0093053 

3/2 

-1-2.68857 

12* 

7 

12.0143537 

6 C 

10* 

4 

10.016810 

1 1 * 

5 

11.011432 

12 

6 

12.000000000 

0 

0 
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z 

El  e me nt 

A 

N 

Atomic  Mass 

5pi  n 1 

{ nuclear  magnetons) 

13 

7 

13. 003354 

1/2 

+0.702381 

14* 

8 

14. 003242 

0 

0 

15* 

9 

15. 010600 

7 

N 

12* 

5 

12. 018641 

13* 

6 

13. 005738 

14 

7 

14. 0030744 

1 

+0.40361 

15 

8 

15. 000108 

1/2 

- 0. 2 8 3 0 9 

16* 

9 

16. 006103 

17* 

10 

17. 00845 

8 

0 

14* 

6 

14. 0085971 

15* 

7 

15. 003070 

16 

8 

15. 9949150 

0 

0 

17 

9 

16. 999133 

5/2 

■ 1.  8 9 3 7 0 

18 

10 

17. 9991600 

0 

19* 

11 

19. 003578 

9 

F 

17* 

8 

17. 002095 

18* 

9 

18. 000937 

19 

10 

18. 9984046 

1/2 

+ 2.6287 

20* 

11 

19. 999987 

10 

Ne 

18* 

8 

18. 005711 

19* 

9 

1 9.  00  1 8 8 1 

20 

10 

19.992440 

2 1 

11 

20. 993849 

3/2 

- 0. 66176 

22 

12 

21. 991385 

23* 

13 

22. 994473 

11 

Na 

23 

12 

22. 989771 

3/2 

+ 2.21751 

12 

Mg 

24 

12 

23.985042 

25 

13 

24. 985839 

5/2 

- 0. 8 5 5 1 2 

26 

14 

25. 982593 

13 

Al 

27 

14 

26. 981539 

5/2 

+ 3.64140 

14 

Si 

28 

14 

27. 976929 

29 

15 

28. 976496 

1/2 

- 0.  5 5 5 2 5 

30 

16 

29. 973763 

15 

P 

29 

14 

28.981808 

3 1 

16 

30.973765 

1/2 

+ 1.13166 

16 

s 

32 

16 

31. 972074 

ID 

33 

17 

32.97146 

3/2 

+ 0.64327 

34 

18 

33.967865 

0 

36 

20 

35.96709 

17 

Cl 

35 

18 

34.968851 

3/2 

+ 0.82183 

37 

20 

36.965897 

3/2 

+ 0.68409 

18 

Ar 

36 

18 

35.967544 

38 

20 

37.962728 

40 

22 

39.962384 

19 

K 

39 

20 

38.963710 

3/2 

+ 0.39140 

40* 

2 1 

139. 964000 

4 

■1.2981 

4 1 

22 

40.  96  18  32 

3/2 

+ 0.21483 

20 

Ca 

40 

20 

39.962589 

42 

22 

41.958625 

43 

23 

42.958780 

7/2 

1.  3172 

44 

24 

43. 955490 
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z 

Element 

A 

N 

Atomic  Mass 

Spin  1 ^ ( nuclear  magnetons) 

46 

26 

45.95369 

48 

28 

47.95253 

21 

SC 

45 

24 

44.951)919 

7/2 

+4.75626 

22 

Ti 

46 

24 

45.952632 

47 

25 

46.95'1768 

5/2 

-0.7881 

48 

26 

47.947950 

49 

27 

48.947870 

7/2 

-1.1036 

50 

28 

49.944786 

23 

V 

50* 

27 

49.947164 

6 

+ 3.347 

51 

28 

50.943961 

7/2 

+ 5.148 

24 

Cr 

50 

26 

49.946054 

52 

28 

51.940513 

53 

29 

52.940653 

3/2 

-0.47434 

54 

30 

53.9313881 

25 

M n 

55 

30 

54.938050 

5/2 

+ 3.4678 

26 

Fe 

54 

28 

53.939617 

56 

30 

55.934936 

57 

31 

56.9315398 

1/2 

+0.0902 

58 

32 

57.933273 

27 

C 0 

59 

32 

58.933189 

7/2 

+4.6583 

28 

Ni 

58 

30 

57.935342 

60 

32 

59.930787 

61 

33 

60.931056 

62 

34 

61.928342 

64 

36 

63.927958 

29 

c u 

63 

34 

62.929592 

3/2 

+ 2.2261 

65 

36 

64.927786 

3/2 

+ 2.3849 

66 

37 

65.928871 

30 

Zn 

64 

34 

63.929115 

66 

36 

65.926052 

67 

37 

66.927145 

5/2 

+ 0.87552 

68 

38 

67.924857 

70 

40 

69.925334 

31 

Ga 

69 

38 

68.925574 

3/2 

+ 2.01602 

71 

40 

70.924706 

3/2 

+ 2.56161 

32 

Ge 

70 

38 

69.924251 

72 

40 

71.922082 

73 

41 

72.923462 

9/2 

-0.8788 

74 

42 

73.921181 

76 

44 

75.92'1405 

33 

AS 

75 

42 

74.921596 

3/2 

+ 1.4390 

34 

Se 

74 

40 

73.922476 

0 

0 

76 

42 

75.919207 

77 

43 

76.919911 

1/2 

+ 0.5344 

78 

44 

77.917314 

0 

0 

35 

Br 

79 

44 

78.9113329 

3/2 

+ 2.1056 

81 

46 

80.916292 

3/2 

+ 2.2696 

36 

Kr 

78 

42 

77.920403 

80 

44 

79.9116380 

82 

46 

81.91.3482 

83 

47 

82.914131 

9/2 

-0.97017 

84 

48 

83.911503 

z 

Eiement 

A 

N 

36 

Kr 

86 

50 

37 

Rb 

85 

48 

87* 

50 

38 

Sr 

84 

46 

86 

48 

87 

49 

88 

50 

39 

Y 

89 

50 

40 

Zr 

90 

50 

91 

51 

92 

52 

94 

54 

96 

56 

41 

N b 

93 

52 

42 

M 0 

92 

50 

94 

52 

95 

53 

96 

54 

97 

55 

98 

56 

100 

58 

43 

TC 

98 

55 

44 

Ru 

96 

52 

98 

54 

99 

55 

100 

56 

101 

57 

102 

58 

104 

60 

45 

Rh 

103 

5 8 

46 

Pd 

102 

56 

104 

58 

105 

59 

106 

60 

108 

62 

no 

64 

47 

Ag 

107 

60 

108 

61 

109 

62 

48 

Cd 

106 

58 

108 

60 

no 

62 

111 

63 

112 

64 

113 

65 

114 

66 

116 

68 

49 

In 

113 

64 

115* 

66 

50 

S n 

112 

62 

114 

64 

115 

65 

Atomic  Mass  Spin  / 


85.910616 

84.911800 

5/2 

86.909  186 

3/2 

83.913430 

85.909285 

86.908892 

9/2 

87.90564  1 
88.905872 

V/2 

89.904700 

90.905642 

5/2 

91.90503  1 
93.906313 
9.5.908286 
9’2. 906382 

9/2 

91.906810 

93.905090 

94.905839 

5/2 

95.904674 

96.90602 

5/2 

97.905409 

99.907475 

97.90711 

915.907598 

97.905289 

98.905935 

5/2 

99.9042  18 
100.905577 

5/2 

101.904348 
103.905430 
102.90551  1 

1/2 

101.905609 

103.904011 

104.905064 

5/2 

1051.903479 

107.903891 

109.905164 

106.905094 

1/2 

107.905949 

1088.904756 

1/2 

105.906463 

107.904187 
109.903012 

110.904188 

1/2 

111.902762 

112.904408 

1/2 

113.903360 

115.904762 

112.904089 

9/2 

114.901745 

9/2 

111.904835 

113.902773 

114.903346 

1/2 
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+ 1.35267 
+ 2.7505 

--1.0930 

■0.137316 

- 1.30285 

+ 6.1671 

-0.9133 

-0.9325 

-0.62 

■0.7 

-0.0883 

-0.615 

-0.113548 

-0.130538 

-0.59501 

- 0.62243 

+ 5.5233 
+ 5.5351 

-0.91781 
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z 

El  e me  n t 

A 

N 

At  omi  c Mass 

Spin  1 

p ( nuclear  magnetons) 

116 

66 

115,  901745 

117 

67 

116.  002958 

- 0.  9 9 9 8 3 

118 

68 

117.  901606 

119 

69 

1 1 8.  9 0 3 3 1 3 

1/2 

■ 1. 0462  1 

120 

70 

1 1 9.  9 0 2 1 9 8 

122 

72 

121. 903441 

124 

74 

1 2 3.  9 0 5 2 7 2 

51 

Sb 

121 

70 

1 2 0.  9 0 3 8 1 6 

5/2 

+ 3.3590 

123 

72 

1 2 2.  9 0 4 2 1 3 

7/2 

+ 2.547 

52 

Te 

120 

68 

119. 904023 

122 

70 

1 2 1.  9 0 3 0 6 6 

123 

7 1 

122. 904277 

1/2 

■ 0,  7 3 5 8 5 

124 

72 

123. 902842 

125 

73 

124.  904418 

1/2 

- 0.  8 8 7 1 5 

126 

74 

125.  903322 

128 

76 

127.  904426 

130 

78 

129. 906238 

53 

127 

74 

126. 904470 

5/2 

+ 2.8091 

54 

Xe 

124 

70 

123. 90612 

126 

72 

125. 90429 

128 

74 

127, 90354 

129 

75 

1 2 8.  9 0 4 7 8 

1/2 

■ 0, 7 7 6 8 6 

130 

76 

129. 90351 

131 

77 

1 3 0.  9 0 5 0 9 

3/2 

+ 0.69066 

132 

78 

131. 90416 

134 

80 

13390540 

136 

82 

135, 90722 

55 

c s 

133 

78 

132. 90536 

7/2 

+ 2.5789 

56 

Ba 

130 

74 

129. 90625 

132 

76 

131. 90512 

134 

78 

1 3 3.  9 0 4 6 1 

135 

79 

1 3 4.  9 0 5 5 5 

3/2 

+0.83718 

136 

80 

135. 90430 

137 

81 

136. 90550 

3/2 

+0.93654 

138 

82 

137. 90500 

57 

L a 

138* 

81 

137. 90691 

5 

+ 3.7071 

139 

82 

138. 90614 

7/2 

+ 2.7781 

58 

Ce 

136 

78 

135, 90710 

138 

80 

137, 90583 

140 

82 

139. 90539 

142 

84 

141. 90914 

59 

Pr 

141 

8 2 

14CI.90760 

5/2 

+4.3 

60 

Nd 

142 

82 

141. 90766 

143 

8 3 

145!.90978 

7/2 

■1.064 

144* 

84 

143. 91004 

145 

85 

144. 91254 

7/2 

■0.653 

146 

8 6 

14!i.91309 

148 

88 

147, 91687 

150 

90 

149. 92092 

6 1 

P m 

147 

86 

14t5. 91511 
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z 

El  ement 

A 

N 

Atomic  Mass 

Spin 

/ M (nuclear  magnetons) 

62 

Sm 

144 

82 

143. 91199 

147* 

85 

146. 91487 

7/2 

■0.8 

148 

86 

147. 91479 

149 

87 

148. 91718 

7/2 

"0.65 

150 

88 

149. 91728 

152 

90 

151. 91976 

154 

92 

1 S 3. 9 2 2 2 8 

63 

Eu 

151 

8 8 

150.91984 

5/2 

+ 3.465 

153 

90 

152. 92124 

5/2 

+ 1.52 

64 

Gd 

152 

88 

1511.91979 

154 

90 

1513.92093 

155 

91 

15~4. 92266 

156 

92 

155. 92218 

157 

93 

156. 92403 

158 

94 

157. 92418 

160 

96 

159. 92712 

65 

Tb 

159 

94 

158. 92539 

3/2 

66 

Dy 

156 

90 

155. 92392 

158 

92 

157. 92445 

160 

94 

159. 92520 

161 

95 

160. 92695 

162 

96 

161. 92680 

163 

97 

162. 92876 

164 

98 

163. 92920 

67 

H 0 

165 

98 

164. 93042 

7/2 

68 

Er 

162 

94 

161. 92874 

164 

96 

1 6.3.9  2 9 2 9 

166 

98 

16.5.93031 

167 

99 

166. 93206 

7/2 

168 

100 

1617.93238 

170 

102 

169.93556 

69 

T m 

169 

100 

1613.93425 

1/2 

70 

Yb 

168 

98 

167.  9342 

170 

100 

169.  93502 

171 

101 

170. 93643 

1/2 

+0.4930 

1 

172 

102 

17'  1.9  3 6 3 6 

173 

103 

173,93806 

5/2 

■0,678 

174 

104 

173, 93874 

176 

106 

175.94268 

71 

Lu 

175 

104 

174. 94064 

7/2 

+ 2.23 

176* 

105 

175. 94266 

72 

Hf 

174 

102 

173. 94036 

176 

104 

175, 94157 

177 

105 

176. 94340 

7/2 

+ 0.61 

178 

106 

177, 94388 

179 

107 

178.94603 

9/2 

■0,47 

180 

108 

179. 94682 

73 

Ta 

181 

108 

180. 94801 

7/2 

+2.35 

74 

w 

180 

106 

179, 94700 

182 

108 

181. 94830 
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z 

El  e me nt 

A 

N 

Atom!  c Mass 

Spi  n 1 

IX  { nuclear  magnetons) 

183 

109 

182.  95032 

1/2 

+0.117224 

184 

no 

183.9,5103 

18E 

112 

1 8 5.9.  5 4 4 4 

75 

Re 

185 

no 

184.  95306 

5/2 

+ 3.1718 

187* 

112 

186.  95583 

5,/2 

+ 3.2043 

74 

OS 

184 

108 

183,  95275 

186 

no 

185.  95387 

187 

111 

186.95583 

188 

112 

187.  95608 

189 

113 

188. 95830 

190 

114 

189. 95863 

192 

116 

191.  96145 

77 

Ir 

191 

114 

190. 96064 

3/2 

+0.16 

193 

116 

1 9 2.  9 6 3 0 1 

3/2 

+ 0.17 

78 

Pt 

190* 

112 

189. 95995 

192 

114 

191.96115 

194 

116 

193. 96272 

195 

117 

1 9 4.  9 6 4 8 1 

1/2 

+0.60602 

196 

118 

195. 96497 

198 

120 

197, 96790 

79 

A u 

197 

118 

196. 96654 

3/2 

+0.74485 

80 

Hg 

196 

116 

195. 96582 

198 

118 

197, 96676 

199 

119 

198. 96828 

1/2 

+ 0.502702 

200 

120 

199. 96833 

201 

121 

2 0 0.  9 7 0 3 1 

3/2 

■0,556701 

202 

122 

201.9'  7064 

204 

124 

203, 97349 

81 

Tl 

203 

122 

202. 972353 

1/2 

+ 1.61169 

205 

124 

204. 974442 

1/2 

+ 1.62254 

206* 

125 

205. 976104 

207* 

126 

206, 977450 

208* 

127 

207. 982813 

209* 

128 

208. 985296 

210* 

129 

209. 990054 

82 

Pb 

204 

122 

203. 973044 

206 

124 

205. 974468 

207 

125 

206. 975903 

1/2 

+0.5895 

208 

126 

207, 976650 

209 

127 

208. 981082 

210* 

128 

209. 984187 

211* 

129 

210. 988742 

212* 

130 

211. 991905 

214* 

132 

213, 99977 

83 

Bi 

209 

126 

208. 980394 

9/2 

+4.0802 

210* 

127 

209. 984121 

211* 

128 

210. 987300 

212* 

129 

2 1 1.9  9 1 2 7 9 

213* 

130 

212. 994317 

214* 

131 

213. 998686 
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1 

El  e me nt 

A 

N 

84 

PO 

209* 

125 

210* 

126 

211* 

127 

212* 

128 

213* 

129 

214 

130 

215* 

131 

216* 

132 

218* 

134 

85 

At 

215* 

130 

216* 

131 

217* 

132 

218* 

133 

86 

Rn 

219* 

133 

220* 

134 

222* 

136 

87 

Fr 

22T 

134 

223* 

136 

88 

Ra 

223* 

135 

224* 

136 

225* 

137 

226* 

138 

228* 

140 

89 

Ac 

225* 

136 

nr 

138 

228* 

139 

90 

Th 

227* 

137 

228* 

138 

229* 

139 

230* 

140 

231* 

141 

232* 

142 

9 1 

Pa 

231* 

140 

233* 

142 

234* 

143 

92 

U 

2 3 3' 

141 

234* 

142 

235* 

143 

238* 

146 

93 

Np 

237* 

144 

94 

Pu 

240* 

146 

95 

A m 

24T 

146 

Atom!  c Mass  Spin 


2 08.9  8 2 42  6 1 /2 

209.982876 

210. 986657 

211. 988866 

212. 992825 

213.995201 

214. 999423 

216.001922 

218.008930 

214. 998663 

216. 002411 

217.004648 

218.008607 

219.009481 

220. 011401 

222.017531 

221.014183 

223.019736 

223.018501 

2'  2 4.  0 2 0 2 1 

2'  25. 02352 

2'  2 6.  02  5 3 6 

2'  28. 03114 

2'  25. 02315 

2:27.02775 

228.03108 

227.02771 

228.02875 

2:29.03165 

230. 03309 

231.03629 

232.03812 

231.03588 

233.04013 

234. 04330 

233.03952 

234. 04090 

235.04392 

238.05377  7/2 

237.04806 

240. 05388 

2 41.056  7 1 5/2 


/ ^ (nuclear  magnetons) 
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SOME  PHYSICAL  CONSTANTS  AND  CONVERSIONS' 

Table  of  physical  constants 

Speed  of  light,  c = 2.998  x 10*m/sec. 

Planck’s  constant,  h = 6.626  x 10  ' joule-sec. 

Tt  = h/iw  = 1.0545  X 10  joule-sec. 

Reciprocal  of  fine  structure  constant,  1 /a  = 1 /(  e^/47reohc)  = 137.04. 
Gravitational  constant,  G = 6.67  x 10~"  nt-m  /kg  . 

Boltzmann  constant,  kg  = 1.381  x 10  joule/K. 

Avogadro’s  number,  Ng  6.022  X 10^^/mole. 

Gas  constant,  R = Ngkg  = 8.31  joule/K-mole  = 1.99  calories/K-mole. 

Electron: 

Charge,  e = 1.602  x 10  coulombs; 

Mass,  me  = 9.109  x 1 0 kg  = 0.5  1 1 0 MeV; 

Magnetic  moment  (Bohir  magneton),  ng  = eii/2irtg 

= 9.273  X 10  joule/(weber/m^); 
Compton  wavelength,  = h/m^C  = 2.426  x 10  m; 

Bohr  radius,  a = 47rColi/mee^  = 5.2917  x 10  " m; 

Rydberg  constant,  R „ 1/2  mee^//ic(47reoTj)  ^ = 1.0973731  x 10^/m. 

Proton; 

Mass,  m„  = 1 .673  X 10  kg  = 938.2  MeV  = 1 836.1  m , ; 

Nuclear  magneton, Mn  = eTt/2«.-p~  5.051  x l5  joule/( weber/m  ). 
Constant  in  Coulomb’s  law,  1 /(  47TCo)  = 8.987  x 10*  nt-m*/coul^. 

Stefan-Boltzmann  constant  In  black  body  radiation, 

a = 2ir’kJ/15c^/i^  = 5.67  X 10  watts/m^-K^. 

Table  of  conversions 

1 radian  = 57.3  degrees;  1 degree  = 0.01745  radians 
1 amu  = 1.660  xlO  ^kg=  931 .48 MeV 
1 eV  = 1.602  X 10  ” j;  1 j=  6.242  x 10'®eV 
I MeV  = 1.6  0 2 X 10^'^  j 
1 term!  - 10  m 
1 Angstrom  = 10  ^ m 

I foot  - 0.3048  m;  1 m :=  3.281  ft. 

I mile  - 1.609  km;  1 km  - 0.621  mil 
1 burn  =10  m 
I day  = 86400  S6C 
I year  = 3.156  x 10^  sec 
1 curie  = 3.7  x 1 0 disintegrations/'sec. 

1 Reference;  8.  N.  Taylor,  W.  H.  Parker,  D N.  Langenberg,  Reviews  of  Modem  Physics 

41,375,(1969). 
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Absolute  space,  53 
Accelerators,  402 
Acceptor,  373 
Acoustic  branch,  356 
Actinium  series,  440 
Alkali  metals,  256 
Alpha  decay,  441 
theory,  443 
Alpha  particle,  391 
model.  425 
scattering,  393 
amu,  5 

Angular  momentum 
conservation,  230 
intrinsic , 240 

operator,  231, 232, 488 
quantization,  218 

quantum  number,  218,  232,  234,  244 
spin,  240 
total,  233,243 
Annihilation,  123 
Anomalous  ^eman  effect,  243 
Antineutrino.  447.  464 

Antiparticle,  464 
Antisymmetric  function.  258 
Atomic  mass 
number,  409 
table,  495 
unit,  5 

Atomic  number,  401 
Average  lifetime,  461 
Average  value,  20 
momentum,  296 
Avogadro's  number,  6,504 
Azimuthal  quantum  number,  232,  235 

Balmer  formula,  2 15 
Balmer  series,  217 


Band.  364,  366,  367 

conduction,  370 
valence,  370 
Band  spectra,  246 
Bam,  unit,  391 

Barrier  penetration,  190,  443 
Boryon,  467 
Beta  decay,  43  1,447 
theory,  450 
Beta  particle,  391 
Binding  energy 
definition,  230 
deuteron,  415 
hydrogen  atom,  230 
impurity,  373 
nuclear,  422 
per  nucleon,  424 
Black  body  radiation,  328 
Bloch  theorBm,  365 
Bohr  magneton,  237 
Bohr  model,  hydrogen,  2 17 
Bohr  radius,  221 

Boltzmann  (constant,  kg,  4,  289,  504 
Boltzmann  'distribution,  335 
Boltzmann  factor,  238,  312 
Bench-Bruevich  experiment,  58 
Bond 

covalent,  346 
ionic,  346 
meta  Hie . 347 

Bose-EinSein  distribution,  335 
Boson,  312 

Boundary  conditions,  170,  192,  316 

Brackett  series,  217 

Bragg  formula,  148 

Bravais  lattice.  341 

Brillouin  zone.  367 

Bucherer  experiment,  83 
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c,  speed  of  light,  43,504 
Carbon  based  amu,  5 
Carbon  dating,  458 
Center  of  mass  ^stem,  220 
Charge  independence,  417 
Classical  statistical  mechanics,  279 
Collision,  43 
Complex  numbers,  8 
Compound  nucleus,  455 
Compton  effect,  119 
Compton  wavelength,  123,  504 
Conduction  band,  370 
Conductors,  370,  371 
Configurations,  electron,  262 
Conservation  laws 
baryons,  468 
energy,  43,  88 
leptons,  465 
mass,  44 
mass-energy,  88 

momentum,  43,  83 

Strong  interactions,  469 
Constant  potential,  169 
Contraction,  lengths,  64 
Conversion  of  units,  504 
Coordinate  transformations 
Galilean,  51 
Lorentz,  65 

Correspondence  principle,  47 
quantum  theory,  207 
(Coulomb  barrier,  443 
(Coupling,  S ' L/  241 
Covalent  binding,  346 
'Cross-section 

differential,  388 
Rutherford,  397 
tota  I,  387 

Crystal  binding  force,  346 
Crystal  classification,  341 
Curie,  unit,  504 
Cyclotron,  402 

D state,  255 
Daughter  nucleus,  433 
Davisson-Germer  experiment,  146 
De  Broglie  relations,  145 
De  Broglie  wave,  141,218 
De  Broglie  wavelength,  21  8 
Decay 

alpha,  441 


beta,  447 
fission,  457 
gamma,  454 
Decay  constant,  432 
Dee,  402 
Degenerecy 

eigenvolues,  226,  256 
statistics,  3 16,  336 
Density  of  states,  288 
energy,  299,321 

momentum,  295,316,318 
Detailed  balance,  305,314,321,335 

Deuteron,  414 
Diatomic  molecule,  244 
Diffraction,  electron,  148 
Dilation,  time,  61 
Dipole  moment,  magnetic 
electron,  236 
nuclei,  413 

Discrete  medium,  349 
Disintegration  constant,  431 
Dispersion  relation,  6,  352 
Di^ribution  function,  16 
Bose-EinSein,  335 
energy,  300 
Fermi-Direc,  315 
ideal  gas,  291 
Maxwell-Boltzmann,  291 
momentum,  295,299 
phase  space,  285 
Donor,  373 
Doppler  effect,  100 
Double-slit  diffraction,  130 
Duane-Hunt  law,  115 
Dulong-Petit  law,  302,  361 

e,  electron  charge,  504 
Effective  mass,  368 
Eigenfunction,  158,  162 
Eigenvalue,  158 

Einstein  photoelectric  equation,  1 17 
Electrostatic  Coulomb  potential,  424,443 
Electron 

charge,  504 
magnetic  moment,  504 
mass,  504 

Electron  capture,  453 
Electron  configuration,  262 
Electron  diffraction,  148,  151 
Electronic  specific  heat,  324 
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Electron  lepton  number,  465 
Electron-positron  pair,  123 
Electrons  in  metals,  323 
Electron  spin,  240 
Electron  volt,  4 
Elementary  particles,  16 
Elements,  periodic  table,  266 
Emission 

spontaneous,  331 
stimulated,  332 
Endothermic  reaction,  456 
Energy 

conservation,  43,88 
frequency  relation,  photon,  113 
kinetic,  87 

lattice  vibrations,  357,  359 
mass  relation.  87 
momentum  relationship,  90 
momentum  transformation,  97 
operator,  164,482 
relativistic,  86 
test,  86 

Energy  band,  364,365 

Energy,  binding,  230 

Energy  density  of  Sates,  300,  32  1 

Energy  eigenfunction,  158 

Energy  equipartition,  302 

Energy  level,  194 

Energy  level  diagram,  195 

Energy,  probability  function,  280,  300 

Energy  quantization,  193 

Equal  a priori  probabilities,  12 

Equiportition  of  energy,  302 

Erro  rs 

repeated  experiments,  28 
rms,  25 

Exclusion  principle,  254,  258 
and  SatiSics,  313 
Exothermic  reaction,  456 
Expectation  va lue,  20,32 
energy,  164 

gaussian  diSribution,  35 
momentum.  160 
Experimental  error,  24,28 
Exponential  function,  9 
Extrinsc  semiconductor,  373 

F state,  255 

Fermi-Dirac  diSribution,  315 

Fermi  energy,  315,322,324 


Fermion,  312 
Fermi,  unit,  384 
Fine  Sructure 

conSant,  219,  504 
splitting,  240 
x-ray,  272 
Fission,  nuclear,  457 
Flux,  particle,  386 
Fractional  error,  26 
Frequency,  energy  relation,  1 13 
Frequency,  wave  vector  transformation,  139 
Fusion,  nuclear,  457 

Galilean  transformations,  51 
velocity,  52 

Gamma  decay,  436,454 
Gamma  rays,  123,436 
Gaussian  diSribution,  34 
Gaussian  packet 
free-particle,  179 
harmonic  oscillator,  205 
Geiger-Nuttall  rule,  447 
Ground  Sate,  194,  197,  2 16,  260 
Group  speed,  6,  141 

h,  Planck's conSant,  1 1 1,  1 13,  1 15,  13  1, 

150 

■ft,  150,504 
Hadron,  467 
Half-life,  433 
Hall  effect,  373 
Halogens,  265 
Hard  sphere  scattering,  389 
Harmonic  oscillator 
average  energy,  302 
distribution  function,  301 
energy  eigenvalues,  198 
quantum,  196 
Heat  capacity 

electron  gas,  325 
lattice.  302,  364 

Heisenberg  uncertainty  principle,  152,  154 
Helium,  liquid,  321,  336 
Hole,  371 
Hydrogen 

Bohr  model,  217 
energy  levels,  2 15,  226 
ortho-,  para-,  275 
Schrddinger  equation,  222 
wavefunctions,  226 
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Hlyperchorge,  470 

isotopic  spin  plot,  473 

Ideal  gos 

distribution  function,  291 
energy,  288 

in  gravitational  field,  294 
Impact  porometer,  394 
impurities  in  semiconductors,  373 
Incident  flux,  386 

Indistinguishability  of  particles,  256 

Inert  gases,  263 

Inertial  frame,  48 

Inertial  system,  48 

Insulator,  371 

Interferometer,  Michelson,  54 
Internal  conversion,  454 
Intrinsic  semiconductor,  373 
Inversion  ^mmetry,  344 
Ionic  binding,  346 
Ionization  energy,  230 
Isomer.  436,454 
Isotone,  411 
Isotope,  411 
Isotopic  Spin,  469 

/,  angular  momentum  quantum  number, 
Boltzmann  constant,  4,  289 
kr  wave  number,  6 
Kfj.  x-ray  line,  271 
K capture.  453 
Kinetic  energy,  87 

operator,  168,222,483 
K meson,  467 

■i,  angular  momentum  quantum  numbe 
234,235 

Lambda  particle,  90,  468 
Laser,  333 

Lattice  specific  heat,  364 
Lattice  vector,  341 
Lattice  vibrations,  351 
enegy,  357 
quantizotion,  360 
Legendre  polynomials,  234 
Lepton,  464 
Linear  accelerator.  403 
Linear  chain  of  atoms,  350,354 
Liquid  drop  model,  421 
Longitudinal  Doppler  effect,  102 


Lorentz  force,  3 
Lorantz  transformations 
coordinate,  65 
enegy-momentum,  96 
velocity,  71 
wove  vector,  139 
Lyman  series,  217 

Magic  number,  425 
Magnetic  moment,  236,413 
Magneton 
Bohr,  237 
nuclear,  413 
Moss  conservation,  44 
MOSS 

effective,  368 
relativistic,  83 
test,  83 

Moss-enegy  conservation,  87 
Moss,  atomic,  409 
Moss  number,  409 

Maxwell-Boltzmonn  distribution,  288 
experimental  verification,  298 
ideal  gas,  291 
Mesons,  419,466 

243  Meson  theory  of  Yukawa,  418 
Metallic  binding,  347 
MeV,  4 
MeV/c,  5 

Michelson  interferometer,  54 
Michelson-Moriey  experiment,  54 
Miller-Kusch  experiment,  296 
Minimum  uncertainty,  181,  197 
MKS  units,  3 
Molecular  rotation,  244 
Momentum 

conservation,  43 
enegy  relationship,  90 
enegy  transformation,  98 
operator,  162 
relativistic,  83 

Momentum  density  of  states,  295 
Momentum  distribution  function,  295,  299 
Momentum  eigenfunction,  159 
Mosely  low,  271 
Most  probable  value 
enegy,  300 
momentum,  296,299 
m*,  218,  232,  235 
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Mu  meson,  63,  383,  464 
Muon,  464 

Mvonic  lepton  number,  465 

n,  principal  qvontvm  number,  226,  235 
n-type  semiconductor,  373 
Natural  radioactivity,  431 
Neptunium  series,  438 
Nevtrino,  464 
flux,  458 

Neutron,  410,411,  467 

Neutron  number,  41  1 

Newton's  laws  of  motion,  42,  53,  54 

Nondegenerate  statistics,  316,  336 

Non-ineitial  system,  49 

Nomial  distribution,  35 

Nornial  2beman  effect;  239 

Nomialization,  21,  193,  204 

Nuclear  binding  energy,  422 

Nuclear  fission,  457 

Nuclear  forces,  416,418 

Nuclear  fusion,  457 

Nuclear  magnetic  moment;  413 

Nuclear  magneton,  413 

Nuclear  masses,  409 

Nuclear  models  421 

Nuclear  radium  384,  394 

Nuclear  reactions,  454 

Nuclear  spin,  413 

Nuc  leon,  41 1 

conservation,  448 
Nvciide,  427,  431 
Number  of  modes 
bond,  367 
sound,  354,356 
Number  of  states 
barxl,  367 
shell,  256 

Optical  branch,  356 

Orbital  angular  momentum,  231,  232,  233 
Orthogonoirty,  491 
Orthohydrogen,  273 

P state,  255 

p-type  semkorKtuctor,  373 

F^ir  annilhilation,  126 

F^ir  production,  123 
F^rahydrogen,  273 
F^rent  nucleus,  433 


F^rticle  accelerators,  402 
F^rticles;  elementary,  464 
F^rticle  in  a box,  190,  2 13 
F^schen  series,  217 
F^vli  exclusion  prirKiple,  254,  258 
F^riodk  boundary  conditions,  316,353,  366 
F^riodk  table,  266 
Pfvnd  series,  217 
F^ase  space,  284,  450 
volume  element  286,  287 
Phase  speed,  6,  137,  141 
F^se,  wave,  136,  138 
F^non,  361 

F^todisintegration,  415 
F^toelecttk  effect;  1 15 

Photon,  5,  112,  113,  116,  119 

distribution,  328 
F^  meson,  4 19,467 

Franck  energy-frequency  relation,  1 13 

F^arKk  radiation  formula,  329 

Planck's  constant;  1 11,  113,  115,  13  1,504 

Ffoatron,  124,  464 

Postulates  of  relativity,  55 

Ffotential  energy,  88 

F^mitive  lattice  vector,  341 

F’robabillty,  11 

amplitude,  130;  157 
der»ty,  30 

distribution  function,  16 
equal  a priori,  12 
products  of,  14 
sums  of,  1 3 

F^babillty,  wavefonction,  130,  156 
Proton,  411,467 
mass;  504 

Proton-proton  cycle,  457 

F^ncipal  quantum  number,  226,  235 

Ferine  iple 

exclusion,,  254,  258 
relativity,  56 
superposition,  130,  163 
uncertainty,  152,  154 
Ftaducts  of  probability,  14 

Q,  reaction  energy,  441 
Quanta,  11  I 
Qvantization 

Bohr  model,  218 
lattice  vibrations,  360 
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Quantum  mechanics,  167 
Quantum  theory  of  radiation,  329 
Quark,  474 

R,  gas  constant,  302,  504 
Radial  momentum  operator,  224 
Radiation,  black  body,  329 
Radioactive  carbon  dating,  458 
Ra d ioa c tive  decay 
laws,  432,433 
table,  437 

Radioactive  series,  436 
Radius 
Bohr,  221 
nuclear,  384,394 

Rayleigh-J eans  radiation  formula,  329 
Red  shift,  103 
Reduced  mass,  220 
Reflection  coefficient,  186 
Reflection  plane,  344 
Reflection  symmetry,  344 
Relativistic  transformations 
longitudinal  length,  64 
Lorentz,  65 
time,  60 

transverse  length,  60 
velocity,  71 

Relativistic  kinetic  energy,  37 

RelativiSic  mass,  83 

Relativistic  mechanics,  85 

Relativistic  momentum,  88 

Relativistic  postulates,  57 

Relativistic  wave  equation,  169 

Rest  energy,  87 

Rigid  rotator,  244 

Root  mean  square  deviation,  24 

Rotation  axis,  342 

Rotational  quantum  number,  244 

Rotational  spectrum,  245 

Rotational  symmetry,  342 

Rutherford 

atomic  model,  393 
cross-section,  397 
Rutherford  scattering,  393 
theory,  394 

Rydberg  constant,  215,219,  221,504 

S,  electron  spin,  240 
S!  state,  255 


Scattering,  385 
Scattering  angle,  387 
Rutherford,  396 

Schrodinger  equation,  166,  167 
examples,  178 
hydrogen,  222 
Selection  rule,  239,  244 
Semiconductor,  371 
Shell  model,  425 
Sigma  particle,  468 
Simple  harmonic  oscillator 
average  energy,  302 
distribution  function,  301 
energy  eigenvalues,  198 
quantum,  196 
Simultaneity,  67 
Single-slit  diffraction,  153 
Solid  Sate,  341 
Sound  waves,  347,349 
Specific  heat 

electron  gas,  325 
solid  lattice,  302,  362 
Spectral  series,  2 17 
Speed 

group,  6,  141 
phase,  6,  141 
Speed  of  light,  43,504 
Spherical  polar  coordinates,  222,  23  1,483 
Spin,  240,  24  1 

Spin  magnetic  quantum  number,  240 
Spin  orbit  interaction,  241 
Spontaneous  emission,  33  1 
Spreading  of  packet,  182 
Square  potential  barrier,  188 
Stability  line,  447 
Standing  wave,  192 
Stationary  Sate,  195,213 
StatiSical  mechanics,  279,  312 
Stefa  n-Boltzmann  conSant,  504 
Step  potential,  183,  187 
Stem-Gerioch  experiment,  242 
Stimulated  emission,  332 
S:ir1ing  formula,  35 
Strangeness  quantum  number,  470 
Sums  of  angular  momenta,  242 
Sums  of  probabilities,  13 
Superposition,  130,  163 

of  lattice  modes,  359 
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Surface  energy,  nuclear,  423 
Symmetric  function,  258 
Symmetries  of  crystals,  341 

Temperature,  280 
Thermal  equilibrium,  280 
Thorium  series,  437 

Threshold  energy,  125,415,456 
Time  dilation,  61 
Time  reversal,  305 
Transformation 
Galilean,  51 
Lorentz,  65 

Transition  probability,  314 
Transitions,  214 
Translational  symmetry,  341 
Transmission  coefficient,  187 
Transverse  Doppler  effect,  101 
Tunneling,  188,443 

Uncertainty,  minimum,  181,  197 
Uncertainty  principle 
energy-time,  152 
light  waves,  127,  128 
momentum,  position,  154 
Unit  cell,  341 
Units,  3 

conversion,  504 

Universal  gas  constant,  R,  302,  504 
Uranium  series,  439 

Valence  band,  370 
Valence  crystal,  346 
Van  der  Wools  force,  347 
Velocity 


group,  6,  141 
phase,  6,  141 

Velocity  transformations,  52,  71 
Vibration,  lattice,  349 
Volume  energy,  nuclear,  423 
Volume  element 
energy,  300 
momentum  space,  295 
phase  space,  287 
Von  Loue  diffraction,  149 

Wave  equation,  sound 
continuous  medium,  349 
discrete  irnedium,  350 
Wavefunction,  130 
free  particle,  159 
hydrogen,  226 
Wavelength,  6 
Wave  mechanics,  167 
Wave  packets,  179,205 
Wave  vector,  frequency  transformation,  140 
Weak  interaction,  465 
Work  function,  1 16,  326 
Work,  relativistic,  86 

Xi  particle,  468 
X rays,  1 14,  270 
Young's  modulus,  348 
Yukawa  force,  421 

Zeeman  effect,  236 
anomalous,  243 
normal,  239 

Zero  point  energy,  197,  206 
Zero  rest  mass  particle,  11  1 


